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Abstract

We study a canonical model of reputation between a long-run player and a sequence of short-run
opponents, in which the long-run player is privately informed about an uncertain state, which determines
the monitoring structure in the reputation game. We present necessary and sufficient conditions (on the
monitoring structure and the type space) to obtain reputation building in this setting. Specifically,
in contrast to the previous literature with only stationary commitment types, reputation building is
generally not possible when there is uncertainty about monitoring. Moreover, reputation formation is
highly sensitive to the inclusion of other commitment types. However, we show that with the inclusion of
appropriate dynamic commitment types, reputation formation can again be sustained while maintaining
robustness to the inclusion of other arbitrary types.
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1 Introduction

Consider a long-run firm building a reputation for producing environmentally friendly products. Such a
reputation is valuable for the firm because consumers inherently care about the environmental impact of
their purchases and are often willing to pay more for green products. Consumers make purchase decisions
based on the presence/absence of “eco-friendly” labeling of the product, but are typically unsure of how to
interpret the labels.! Many of these labels are genuine certifications with stringent standards, but numerous
others have been discredited. As a result, upon seeing an eco-label, consumers are uncertain about its
informational content.? Faced with such uncertainty among consumers, a firm, even after honest investment
in green products and after undergoing reliable certification, may find it difficult to establish a positive
reputation among the consumers. In such a setting, how can a firm build a green reputation and convince
consumers that its products are indeed environmentally friendly?

Similar examples arise in other contexts. Consumers make purchase decisions based on the product
reviews of a particular review site but do not know exactly how to interpret the reviews. For instance, they
may face uncertainty about the degree of correlation between their own tastes with those of the reviewer: so,
a positive review may signal either good or bad quality. As another example, consider a citizen who must
decide whether to contribute to a local political campaign. She wishes to contribute only if she is convinced
that the local representative will exert effort to introduce access to universal child-care. She must however
decide based on information in public media about the candidate’s work and faces uncertainty about the
bias of the media source. In all these settings, the audience (consumer or citizen) cannot accurately monitor
the actions of the reputation builder, because she is uncertain about how to interpret the signals that she
observes (lack of credibility of ecolabel / unknown bias of the reviewer). As a result, she cannot link what
she observes directly to the actions of the reputation builder. The central question of this paper is whether
reputations can be built in environments with such uncertainty in monitoring.

To start, consider reputation building in environments in the absence of such uncertainty. Canonical
models of reputation (e.g., Fudenberg and Levine (1992)) study the behavior of a long-run agent (say, a
firm) who repeatedly interacts with short-run opponents (consumers). There is incomplete information
about the firm’s type: consumers entertain the possibility that the firm is of a “commitment” type that is

committed to playing a particular action at every period of the game. Even when the actions of the firm are

lIndeed, as reported by Ecolabel Index, there are over 400 eco-labels and green certification systems in the market.

2The Federal Trade Commission maintains: “Very few products, if any, have all the attributes consumers seem to perceive
from such claims, making these claims nearly impossible to substantiate.” According to Scott Poynton, founder of The Forest
Trust, “The trouble ...with eco-labels is that some of them are OK, especially when done well. But they can also be highly
misleading ... When there are so many cases where a variety of eco-labels are shown up as greenwashing nonsense, how can you
have confidence in any of them?"



noisily observed, the classical reputation building result states that if a sufficiently rich set of commitment
types occurs with positive probability, a patient firm can achieve payoffs arbitrarily close to his Stackelberg
payoff of the stage game in every equilibrium.? Intuitively by mimicking a commitment type that always
plays the Stackelberg action, a long-run firm can eventually signal to the consumer its intention to play the
Stackelberg action in the future and thus obtain high payoffs in any equilibrium. Importantly, this result is
robust to the introduction of other arbitrary commitment types.

Of course this intuition critically relies on the consumer’s ability to accurately interpret the noisy signals.
On the other hand, if monitoring is uncertain, the reputation builder finds it difficult to signal his intentions.
To study reputation building with uncertain monitoring, we consider a canonical model of reputation build-
ing, with one key difference. At the beginning of the game, a state of the world, (f,w) € © x Q is realized,
which determines both the type of the firm, w, and the monitoring structure, g : 41 — A(Y): a mapping
from actions taken by the firm to distribution of signals, A(Y'), observed by the consumer. We assume for
simplicity that the firm knows the state of the world, but the consumer does not.*

We first show in a simple example that uncertain monitoring can cause the traditional reputation building
result to break down: Even if consumers entertain the possibility that the firm may be a “commitment” type
that is committed to playing the Stackelberg action every period, there exist equilibria in which even an
arbitrarily patient firm obtains payoffs far below its Stackelberg payoff. In the context of our eco-labeling
example, such “bad equilibria” arise because even if the firm mimics the commitment type’s strategy of
producing green products when being certified by a reliable eco-labelling agency, the consumer may still
believe that the firm is using dirty technology and obtaining a certification from an unreliable eco-labeling
agency. Such negative examples arise due to an identification problem that arises as a result of the uncertainty
about monitoring: Potentially good actions in one state cannot be statistically distinguished from a bad
action in a different state. This simple example leads us then to ask what might restore reputation building
under uncertain monitoring even in the face of such identification problems.

In our main theorem, we construct a set of commitment types such that when these types occur with
positive probability, a sufficiently patient firm obtains payoffs arbitrarily close to the Stackelberg payoff in
all equilibria even when the consumers are uncertain about the monitoring environment. Importantly, as in
the classical reputation literature, this result is robust to the inclusion of other arbitrary commitment types,
and thus is independent of the fine details of the type space. In contrast to the commitment types considered

in the previous literature, the commitment types that we construct are committed to dynamic strategies

3The Stackelberg payoff is the payoff that the long-run player would get if he could commit to an action in the stage game.
4We conjecture that our results extend in a straightforward manner to an environment in which the state 6 is also unknown
to the reputation builder.



(time-dependent but not history dependent) that switch infinitely often between “signaling actions” that
help the consumer learn the unknown monitoring state and “collection actions” that are desirable for payoffs
(the Stackelberg action). A key contribution of our paper is the construction of these dynamic commitment
types that play periodic strategies. It turns out that such dynamic commitment types are indeed necessary
for reputation building under uncertain monitoring. This is because signaling the unknown monitoring state
and Stackelberg payoff collection may require the use of different actions in the stage game.

Our main reputation theorem admits an additional important interpretation as a robust reputation
result. The commitment types and uncertainty regarding the monitoring structure can be interpreted as
representations of the subjective uncertainty that the consumers possess about both the actual monitoring
structure and the behavior of the reputation-building firm. Under this interpretation, our reputation theorem
states that the firm can indeed effectively establish a reputation, as long as the consumers assign positive
probability to the constructed commitment types and the correct monitoring structure. Importantly our
result holds independently of what beliefs the consumer may have about the behavior of the firm under
incorrect monitoring structures, highlighting its robustness.

The argument underlying our main theorem proceeds in two key steps. First, under mild assumptions on
the information structure, we show that, in type spaces that place positive probability on our constructed
types, the firm can, by mimicking these types, guarantee that consumers learn the true (monitoring) state
during the signaling phases at a rate that is uniform across all equilibria. The uniformity of the rate of
learning is not obvious and we use merging arguments similar to those used in Gossner (2011) and Sorin
(1999). Secondly, it may still not suffice to ensure that the opponent’s belief on the true monitoring state
is high during the signaling phase. Since the commitment type alternates between signaling and collection,
we need to ensure that that the consumer’s belief on the true state does not dramatically decrease during
an intervening collection phase. We use Doob’s up-crossing inequality for martingales to produce a uniform
(across all equilibria) bound on the number of times such decreases in beliefs can occur in the intervening
collection phases. The above arguments establish that by mimicking the constructed commitment type, the
consumers’ beliefs are guaranteed, in any equilibrium, to be high on the true state with large probability
most of the time. Then by using merging arguments a la Gossner (2011) and Sorin (1999), we can show that
indeed the firm obtains payoffs arbitrarily close to the Stackelberg payoff.

It is important to highlight a key feature of our dynamic commitment types: They return to the signaling
phase infinitely often. Our simple negative example demonstrates the necessity for reputation building of a
commitment type that engages in a signaling phase. However, one might conjecture that the inclusion of

a commitment type that begins with a sufficiently long phase of signaling followed by a switch to playing



the Stackelberg action for the true state would also suffice for reputation building. Importantly this is not
sufficient, and the recurrent nature of signaling is essential to reputation building. If we restrict commitment
types to be able to teach the monitoring state only at the start of the interaction (for any arbitrarily long
period of time), we can construct a counterexample to show that reputation building fails: there exist
equilibria in which even an arbitrarily patient long-run player obtains a payoff that is substantially lower
than the Stackelberg payoff.

Returning to the eco-labelling example, if consumer purchase decisions depend on product labeling,
and the consumer is uncertain about how to interpret eco-labels, a firm cannot build a reputation for
environmentally friendly products quality by simply investing effort into producing these products. Effective
reputation building requires not only the actual production of environmentally friendly products but also
a repeated commitment to credibly convey to the consumer the meaning of the eco-labels. Indeed, we
observe this in practice. There are some high-quality eco-labels and stringent certification systems like
Energy Star in the US or Blue Angel in Germany. Firms that have invested in producing environmentally
friendly products typically obtain certifications from these reliable certification systems and, from time to
time, run expensive integrated campaigns aimed to educate the consumer about the environmental practices
required to obtain these certifications. For instance, TCP a leading seller of energy efficient lighting solutions,
ran a widespread campaign with educational events across the US to educate consumers on significance of
their Energy Star certification. UPM-Kymmene Corporation, a global forest products company, invested
significantly to use recycled and renewable material to obtain certification by the EU ecolabel. Subsequently,
the company ran widespread promotion campaigns to increase public awareness and knowledge about what
the EU Ecolabel stood for, and the stringent standards the company adhered to.® Moreover, we see that
firms that have invested in green products typically renew their certifications regularly according to the most
recent standards, and employ such integrated awareness campaigns throughout the product lifecycle.

While this paper is motivated by environments with uncertain monitoring, our results apply more broadly
to other types of uncertainty. First, our model allows for both uncertainty regarding monitoring and uncer-
tainty about the payoffs of the reputation builder. Our results also extend to environments with symmetric
uncertainty about monitoring. For example, consider a firm that is entering a completely new market and
is deciding between two different product offerings. Neither the consumer nor the firm initially know which

product is better for the consumer. Is it possible for the firm to build a reputation for making the better

5Curtin (2002) points out that industry analysts maintain that companies that are committed to sound environmental
practices also engage in green advertising. As another example, Church & Dwight, maker of Arm & Hammer baking soda
products, which has been conservation oriented since its inception in 1888, not only produces environmentally friendly products,
but also continues to sponsor green radio and TV broadcasts and produces in-store consumer education displays called Enviro-
centers to maintain consumer awareness about their practices and labeling.



product? Note that our results apply here. Mimicking a commitment type that both signals and collects is
useful to the firm here in two ways: It not only helps the consumer learn about the unknown state of the
world, but simultaneously enables the firm to learn the true state of the world. Then, we can interpret the
commitment type as one that alternates between learning the state and payoff collection.

Thus far, we have restricted our discussion to a lower bound on the long-run player’s equilibrium payoft.
Of course the immediate question that arises is whether the long-run player can possibly obtains payoffs much
higher than the Stackelberg payoff: How tight is this lower bound on payoffs? With uncertain monitoring,
there may be situations in which a patient long-run player can indeed guarantee himself payoffs that are
strictly higher than the Stackelberg payoff of the true state. We present several examples in which this
occurs: It turns out that the long-run player does not find it optimal to signal the true state to his opponent,
but would rather block learning and attain payoffs that are higher than the Stackelberg payoff in the true
state. In general, an upper bound on a patient long-run player’s equilibrium payoffs depends on the set of
commitment types and the prior distribution over types. Such dependence on the specific details of the game
makes a general characterization of an upper bound difficult.® A precise characterization of an upper bound
is beyond the scope of this paper. Nevertheless, we provide a joint sufficient condition on the monitoring
structure and stage game payoffs that ensure that the lower bound and the upper bound coincide for any
specification of the type space: Loosely speaking, these are games in which state revelation is desirable for

the reputation builder.

1.1 Related Literature

There is a vast literature on reputation effects which includes the early contributions of Kreps and Wilson
(1982) and Milgrom and Roberts (1982) followed by the canonical models of reputation developed by Fu-
denberg and Levine (1989), Fudenberg and Levine (1992) and more recent methodological contributions by
Gossner (2011). To the best of our knowledge, our paper is the first to consider reputation building in the
presence of uncertain monitoring.

Aumann, Maschler, and Stearns (1995) and Mertens, Sorin, and Zamir (2014) study repeated games with
uncertainty in both payoffs and monitoring but focus primarily on zero-sum games. In contrast, reputation
building matters most in non-zero sum environments where there are large benefits that accrue to the
reputation builder from signaling his long-run intentions to the other player. There is some recent work on

uncertainty in payoffs in non-zero sum repeated games by Wiseman (2005), Horner and Lovo (2009), Horner,

6This is in sharp contrast to the previous papers in the literature, where the payoff upper bound is generally independent of
the fine details of the type-space such as the relative probabilities of commitment types.



Lovo, and Tomala (2011). In all of these papers, however, the monitoring structure is known to all parties
with certainty. Our paper’s modeling framework corresponds most closely to Fudenberg and Yamamoto
(2010) who study a repeated game model in which there is uncertainty about both monitoring and payoffs.
However, Fudenberg and Yamamoto (2010) focus their analysis on an equilibrium concept called perfect
public ex-post equilibrium in which players play strategies whose best-responses are independent of any
belief that they may have about the unknown state. As a result, in equilibrium, no player has an incentive
to affect the beliefs of the opponents about the underlying monitoring structure. In contrast, our paper
studies, more generally, equilibria where the reputation builder potentially benefits from affecting the beliefs
of the opponent about the monitoring structure. In fact, the possibility of such manipulation is crucial in
our setting.

To the best of our knowledge, the construction of the dynamic types necessary to establish a reputation
result is novel. The necessity of such dynamic commitment types in our setting is somewhat surprising,
and arises for a very different reason than in the literature on reputation building against long-run, patient
opponents.” In particular, dynamic commitment types arise in Aoyagi (1996), Celentani, Fudenberg, Levine,
and Pesendorfer (1996), and Evans and Thomas (1997), since establishing a reputation for carrying through
punishments after certain histories potentially leads to high payoffs.® In contrast, our non-reputation players
are purely myopic and so the threat of punishments has no influence on these players. Dynamic commitment
types turn out to be necessary in our setting to resolve a potential conflict between signaling the correct
state and Stackelberg payoff collection which are both desirable to the reputation builder: “signaling actions”
and “collection actions” discussed in the introduction are generally not the same. As a result, by mimicking
such commitment types that switch between signaling and collection actions, the reputation builder, if he
wishes, can signal the correct monitoring structure to the non-reputation builders.

The rest of the paper is structured as follows. We describe the model formally in Section 2. In Section 3,
we present a simple example to show that reputation building fails due to non-identification issues that
arise when there is uncertainty about the monitoring structure. Section 4 contains the main result of the
paper, in which we provide sufficient conditions for a positive reputation result to obtain. In this section,
we also discuss to what extent our conditions may be necessary. In particular, we explain what features are
important for reputation building. The proof of the main result is in Section 5. In Section 6, we discuss

potential upper bounds on long-run payoffs. Section 7 concludes.

"In this literature, some papers do not require the use of dynamic commitment types by restricting attention to conflicting
interest games. See, for example, Schmidt (1993) and Cripps, Dekel, and Pesendorfer (2004).

8For other papers in this literature that use similar ideas, see e.g., Atakan and Ekmekci (2011), Atakan and Ekmekci (2015),
Ghosh (2014).



2 Model

A long-run (LR) player, player 1, faces a sequence of short-run (SR) player 2’s.? Before the interaction
begins, a pair (§,w) € © x Q of a state of nature and type of player 1 is drawn independently according to
the product measure v := p x v with v € A(©), and p € A(Q). We assume for simplicity that O is finite
and enumerate © := {0y, ...,0,,_1}, but that Q may possibly be countably infinite.!® The realized pair of
state and type (6,w) is then fixed for the entirety of the game.

In each period t = 0,1,2,..., players simultaneously choose actions a! € A; and af € Ay in their
respective action spaces. We assume for simplicity that A; and As are both finite. Let A denote A; x As.

¢, a public signal y* is drawn from a finite

Each period ¢t > 0, after players have chosen the action profile a
signal space Y according to the probability 7(y' | a},6).!* Note importantly that both the action chosen at
time t and the state of the world 6 potentially affect the signal distribution. Accordingly, we interpret 6 as
representing the unknown monitoring structure. Denote by H? := Y the set of all ¢-period public histories
and assume by convention that H° := §. Let H := |J;-, H' denote the set of all public histories of the
repeated game.

We assume that the LR player (whichever type he is) observes the realized state of nature § € © fully
so that his private history at time ¢ is formally a vector H! := © x A} x Y*.12 Meanwhile the SR player at
time ¢ observes only the public signals up to time ¢ and so his information coincides exactly with the public
history HS := H'.13 Then a strategy for player i is a map o; : UL H! — A(A;). Let us denote the set
of strategies of player ¢ by ;. Finally, let us denote by A := A(A;) the set of mixed actions of player 1

with typical element « and let B be the set of static state contingent mixed actions, B := A™ with typical

element (.

2.1 Type Space

We now place more structure on the type space. We assume that @ = Q¢ U {w°}, where Q° is the set of
commitment types and w® is a opportunistic type. For every type w € ¢, there exists some strategy o, € ¥
such that type w always plays o,. In this sense, every type w € €€ is a commitment type that is committed
to playing o, in all scenarios. In contrast, type w® € Q is an opportunistic type who is free to choose any

strategy o € 3.

91n the exposition, we refer to the LR player as male and SR player as female.

10The assumption of allowing 2 to be countably infinite is standard in the existing literature (see, for instance, Fudenberg
and Levine (1992)) when the Stackelberg action of the stage-game can be mixed.

I Note that the public signal distribution is only affected by the action of player 1.

12We believe that it is a straightforward extension to consider a LR player who must learn the state over time.

13Observability or lack thereof of previous SR player’s actions do not affect our results.



2.2 Payoffs

The payoff for the SR player 2 at time ¢ is given by:
E [UQ(a,ﬁ, aga 6) | hta 01, 02] .
On the other hand, the payoff of the LR opportunistic player 1 in state 6 is given by:

Ui(oy,09,0) :=E |(1 —5)Zétu1(aﬁ,a§,0) | o1,09,0
t=0

Then the ex-ante expected payoff of the LR opportunistic player 1 is given by:

Ur(o1,02) = Y_ v(0)Us(01,02,0).
6co

Finally, given the stage game payoff u;, we can define the statewise-Stackelberg payoff of the stage game.
First for any a; € A, let us define Ba(aq,0) as the set of best-responses of player 2 when player 2 knows
the state to be € and player 1 plays action a;. The Stackelberg payoff and actions of player 1 in state 6 are

given respectively by:

1(0) = inf 0
ul( ) ozrfleaj\i azeég(al,e) Ul(al,OQ, )7
aj(0) ;= arg max inf  wuy(ag,q0,6).1

a1€A1 as€Bs(a1,0)

Finally, we define S° to be the set of state-contingent mixed actions in which the worst best-response of

player 2 approximates the Stackelberg payoff up to € > 0 in every state:

S =3B eB:  inf  ui(Bi(0),09,0) € (ui(0) —e,ul(0) +e) VIO .
{51 a2€B>(51(6),0) 1(B1(0), a2, 0) € (ui(0) 1(0) +¢) }

2.3 Information Structure

Definition 2.1. A signal structure 7 holds action identification for (a1,6) € A x © if

(-] ar,0) =7(- | a},0) = a1 = af.

Using the above definition, we define the following set.

4 Note that o] is generally a correspondence and not a function.



Y

Figure 1: Assumption 2.3 is satisifed. Figure 2: Assumption 2.3 is violated.

Definition 2.2. © C O is the set of all states § € © such that there exists some a; € «j(f) such that

information structure 7 has action identification for (aq,#).

In words, a state # € ©% if and only if there exists some Stackelberg action such that conditional on
the state 6 being common knowledge, the Stackelberg action would be statistically identified from all other
actions. Note that this is generally a minimal condition that is required for a LR player to be able to
guarantee Stackelberg payoffs in state 6, since if this condition did not hold, reputation building may be
impossible even when 6 is common knowledge. Thus our reputation theorem will focus only on reputation

building at states § € ©*¢. We furthermore make the following assumption for the remainder of the paper.

Assumption 2.3. For every # € ©¢ and 6’ € © such that 0’ # 6, there exists some a; € A such that
W(' | 04179) 7é 7T(' | 0/1791)

for all o] € A.

Given the above assumption, for any pair of states # € ©' and #' € ©, we denote a1 (6,6') to be the
action defined above. The above assumption is novel. First note that Assumption 2.3 does not assume that
a1(0,6") must be the Stackelberg action in state . We can visualize the assumption above as follows. For
each 6, denote by II? the set of all probability distributions in A(Y") that are spanned by possibly mixed
actions in A at the state 6:

M7 = {7(- | ,0) €A(Y): € A}.

Note that each point in II? is a probability distribution over Y and not an element of Y. If for each pair
of states 6 # @, neither I1? C 1% nor 11 C II? holds, then the assumption holds as in Figure 1. On the
other hand, Assumption 2.3 is violated if there exists a pair of states in which II¢ C % as in Figure 2.

We only impose the condition above pairwise. In fact, even if for some 6,6,6”, 11 C II? U II?", the

10



above assumption may still hold. Our analysis will focus on perfect Bayesian equilibria and to shorten the
exposition, subsequently we will refer to perfect Bayesian equilibrium as simply equilibrium.

Finally, before we proceed let us establish the following conventions and notation for the remainder of
the paper. We will use N to represent the set of all natural numbers including zero and define N := N\ {0}.
Whenever the state space © is binary with 6 € ©, we will let —f denote the state that is complementary to
6 in ©. Finally, we establish the convention that inf ) = co. Given any two actions aj,a} € A; and some
real number A € [0, 1], let Aay & (1 — \)a) denote the mixed strategy that plays a; with probability A and

ay with probability 1 — A.

3 Illustrative Example

We begin with a simple example to illustrate that uncertainty in monitoring can have damaging consequences
for reputation building. As in the introduction, consider a LR firm (row player) and a sequence of myopic
SR consumers who arrive sequentially. At each time period, the LR firm chooses whether to produce a clean
product (C) or an environmentally dirty product (D). Simultaneously, the consumer chooses to buy (B) or
not buy the product (N). The firm has an incentive to protect the environment as long as the consumer is
willing to buy the product. Furthermore, the consumer only would like to buy the product if it is a clean

product. Otherwise, he would like to abstain from purchasing the product. The stage game is given by:

B N
C Oé-’Y—’—B,]_ _770
D B,—1 0,0

Figure 3: Stage Game

We assume that a,, 3 > 0 with a — v > 0.1°

First note that the Stackelberg payoff is @ — v 4+ 8 and the Stackelberg action is C. Secondly note
that in the stage game, B is a best-response to the LR player’s stage game mixed action if and only if
a1(C) > a1(D). Suppose now that there are two states © = {g,b}, which have no effect on payoffs but
do affect the distribution of signals observed by the SR players. The state g corresponds to the scenario

in which the environmental monitoring agency is indeed good, so that eco-labels and other information on

15We can interpret these payoffs as arising from the fact that the long-run firm would like to establish a reputation for
producing the “eco-friendly” product due to the consumer’s preference for eco-friendly products and its own inherent interests.
As a result the firm’s utility function given an action profile (a1, a2) is:

alc(a1)lp(az2) + Blp(az) — v1c(a1).

We assume here that o« — v > 0 so that the Stackelberg strategy is pure for simplicity. Nevertheless the same negative example
with slight modifications survives even if a — v < 0.

11



packaging is informative, while b corresponds to the scenario in which the monitoring agency is bad, in which
case information on packaging and labels are completely uninformative.

There are two possible public signals: Y = {g,y}. We can interpret these as the signals observed by
the consumer (presence of eco-labels or information on packaging). The information structure is given in

Figures 4 and 5 and reflect the fact that the signals are informative in one state and not in the other. First

O=9| v | v b=b1 9 | ¥
C 3/4 | 1/4 C 3/4 ] 1/4
D 1/4 | 3/4 D 3/4 | 1/4
Figure 4: Info. Structure under 6 = g Figure 5: Info. Structure under § = b

note that conditional on the state § = g, actions are identified. Thus if § = g were common knowledge,
then the classical reputation results would hold: If there was a positive probability that the LR player could
be a commitment type that always plays C, then a sufficiently patient LR player would achieve a payoff
arbitrarily close to a — v + f in every equilibrium. We will demonstrate below that this observation is no

longer true when there is uncertainty about the monitoring states.!6

3.1 Failure of Reputation Building

We will construct an equilibrium in which the LR player gets a payoff close to 0. Suppose that there is
uncertainty about the type of the LR player: either he is an opportunistic type, w®, who is free to choose
any strategy or he is a commitment type, w® that always plays C.!7 Consider the following strategy in which

types play according to Table 1 at all histories.

we | w?
0=qg| C | D
0=b| C | D

Table 1: Strategy of Player 1

We show that when p(w®) > 0 is sufficiently small, there is a perfect Bayesian equilibrium for all § € (0, 1)
in which the LR player plays according to the strategy above while the SR player always plays D. To simplify
notation, we let u(w®) = £ and v(g) = p. To this end, first consider the Bayesian inference of the SR players.

We compute the probability that the SR players assign to the commitment type, which will then be a

161n this example, b ¢ ©'d_je., the Stackelberg action is not identifiable, even conditional on state b being known. This is
in keeping with our application that there could be completely uninformative eco-labels. But this feature is inessential for the
failure of reputation building. We can construct examples with failure of reputation building even when 6 € ©% for all 6.
17This type space mirrors those type spaces studied in the classical reputation literature.
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sufficient statistic for his best-response given the candidate equilibrium strategy played by the opportunistic
LR player. At any time ¢, conditional on a history ht, let /the(ht) denote the probability conditional on the
public history A’ that the SR player assigns to the event in which the state is  and the LR player plays a;.

To analyze these conditional beliefs, consider the following likelihood ratios at any history:

icy (W) oy (W) m(ye | Cog)  ply (')
W) (W) el | Do) (R
poh (B by (W) m(ye | Cb)  ply (W)
P (ALYl (R0 w(ye | D,b) — pyy (RY)

:U’Cg(ht) _ M%g(ho) _ pg
Hpp(ht)  upy(h0) (1 —p)(1—¢)
fen(hY) _ f1e (h°) _ £ .
py(ht) — ppy(R0) 1€
As a result, we have for all times ¢ and all histories h?,
e | RY) = ub. (BY) + ut htg( Pg +§>.
o ( | ) :u’Cg( ) :u’C'b( ) (1_p)(1_£) 1_§

Then given any p € (0, 1), there exists some £* such that whenever £ < £*, ut(w® | h') < % for all ¢t and all
ht.

Given the candidate strategy of the LR player, we have shown that whenever £ < &*, the SR player’s
best-response is to play N at all histories. Finally given the SR player’s strategy, there are no inter-temporal
incentives for the LR player, and hence it is also incentive compatible for the opportunistic LR player to
always play D (regardless of the discount factor). This gives the LR player a payoff of 0 in this equilibrium,
regardless of his discount factor.

Thus this example runs contrary to the reputation results of the classical reputation literature. Such
problems for reputation building arise because of the additional problems that non-identification of the
Stackelberg action across states poses: 7(- | C,g) = «(- | D,b). Unlike in the classical reputation models,
the opportunistic type here cannot gain by deviating and playing C' in state g, because by doing so, he will
instead, convince the SR player that she is actually facing type w® who always plays D in state 6 = b. As a
result, the equilibrium renders such deviations unprofitable.

Returning to the motivating example, our observations above imply that if consumer purchase decisions

can only be influenced though observed eco-labels and packaging information, and the consumer does not
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know enough to be able to interpret these labels, a firm cannot build reputation for high quality by simply
investing effort into producing environmentally friendly products. In our main theorem to follow, we will
show that with additional repeated investment in the form of campaigns promoting awareness about the
requirements involved to obtain eco-friendly certification, the firm can once again sustain reputation building.
Only after this investment is the firm able to credibly convey to the consumer the meaning of the eco-labels,

after which consumers are able to interpret the eco-labels accurately.

3.2 Discussion

Note first that the existence of such an example does not depend on the value of p. In fact, even if p becomes
arbitrarily close to certainty on state b, such examples exist, which seems to suggest a discontinuity at p = 1.
However, this seeming discontinuity arises because £* > 0 necessarily becomes vanishingly small as p — 1.
This highlights the observation that when the type space contains only simple commitment types that play
the same action every period, whether or not the LR player can guarantee Stackelberg payoffs depends
crucially on the fine details of the type space such as the relative probability of the commitment type to the
degree of uncertainty about the state 6. This is in contrast to the previous literature on reputation building
where such relative probabilities did not matter.

In contrast to Ely, Fudenberg, and Levine (2008), our negative example above does not rely on the
existence of bad types. The reason is that in our setting, opportunistic types endogenously play “bad”
actions in equilibrium. Meanwhile, in the bad reputation setting of Ely, Fudenberg, and Levine (2008), low
payoffs are attainable in equilibrium only if there is sufficiently high probability of bad commitment types.

Finally, one of the assumptions underlying our negative example was that «(- | C,g) = «(- | D,b).
This may lead one to be suspicious about whether such negative examples are robust, since the example
required the ezxact equality of the distribution of the public signal conditional on the opportunistic LR
player equilibrium action (D) in state b and the public signal distribution conditional on the action of the
commitment type (C) in state g. However, as we will see in Section 4.3.1, negative examples arise even
if the information structure does not have this knife-edge characteristic if the type space includes “bad”

commitment types.'®

18These examples in Section 4.3.1 show that, in contrast to the existing literature on reputation building, the fine details of
the type space matter for a reputation result if the type space only contains the standard stationary commitment types. In
this paper, we aim to obtain a robust reputation theorem that only requires the existence of certain commitment types but is
robust to the addition of other arbitrary types. We show that it is not possible to obtain such a result if the type space only
includes the standard stationary commitment types.
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3.3 Recovering Reputation Building

Suppose now that the LR player can undertake a costly action to signal the credibility of the eco-labeling
agency. In the example highlighted in the introduction, this took the form of campaigns that promote
awareness about the tests involved to obtain eco-friendly certification. In this setting, the new stage game

of Figure 6 includes a third action I. The signal structure is given by Figures 7 and 8.

B N
Cla—v+p4,1 —,0
D 3,1 0,0
I —10,0 ~10,0

Figure 6: Stage Game

0=g | g Y Y b 0=b|g Y Y b
C 0(3/4]1/4]0 C 0]3/4(1/410
D 0]1/413/4]0 D 0]3/4|1/4]0
I 11 0 0 |0 I 0| 0 0 |1
Figure 7: Info. Structure under 6 = g Figure 8: Info. Structure under 8 =b

In this new game with the same type space as in the previous example, there still remains a perfect
Bayesian equilibrium in which the LR player always plays D and obtains a payoff of 0 in both states.
However, suppose we now modify the type space to include a type that plays I in period 0 followed by the
play of C thereafter. The inclusion of such a type then would rule out the “bad equilibrium” constructed
above. In equilibrium, the LR opportunistic type will no longer find it optimal to play D always in state
6 = g, since by mimicking this described commitment type, he could obtain a relatively high payoff (if he is
sufficiently patient) by convincing the SR players of the correct state with certainty and then subsequently
building a reputation to play C. Essentially by signaling the state in the initial period, he eliminates all
identification problems from future periods.

The remainder of the paper will generalize the construction of such a type to general information struc-
tures that satisfies Assumption 2.3. However, the generalization will have to deal with some additional
difficulties, since, in general, information structures may have full support, in which case, learning about
the state is not immediate, as in our simple illustrative example. Moreover, in such circumstances, it is
usually impossible to convince the SR players with certainty about a state. Therefore there is an additional
difficulty that even after having convinced the SR players to a high level of certainty about the correct state,
the LR player cannot necessarily be sure that the belief about the correct state will dip to a low level there-

after. Interestingly, due to such issues, even if the state is persistent as in our model, a robust reputation
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theorem requires the presence of dynamic commitment types that commit to repeated (forever), periodic
investment to signaling the state. We present a more detailed discussion of these issues after the statement

of Theorem 4.1 in Section 4.

4 Main Reputation Theorem

Let C be a collection of commitment types w that always play strategy o, and let Ge be the set of type
spaces (€, 1) such that C C  and p(w) > 0 for all w € C. Virtually all reputation theorems in the existing
literature have the following structure. For every (€, u) € Ge and every € > 0, there exists §* such that
whenever § > §*, the LR player receives payoffs within € of the Stackelberg payoff in all equilibria. In short,
the fine details of the type space beyond the mere fact that w* exists with positive probability in the belief
space of the SR players do not matter for reputation building. In this sense, reputation building is robust.
In our model with uncertain monitoring, we ask the following question in this spirit: Is it possible to
find a set of commitment types C such that regardless of the type space in question, as long as all w € C
have positive probability, then reputation can be sustained for sufficiently patient players? We have already
seen an example in Section 3 that shows that such a result will generally not hold if C contains only “simple”
commitment types that play the same action every period. By introducing dynamic (time-dependent but

not history dependent) commitment types, reputation building is recovered.

4.1 Construction of Commitment Types

We first construct the appropriate commitment types. A commitment type of type (k, (1) € Ny x B will
have a signaling phase of length km and a collection phase of length k2.1% The length of a block of this
commitment type is then given by (k) := km + k2.

In Assumption 2.3, we have already defined the mixed action ay(,6’) for any 6 € ©' and § # 0'. To
simplify notation, let us also choose ay(6,6') € A arbitrarily if either # = 6’ or § ¢ ©'. Then for every
k € Ny and 3; € B, we now define the following commitment type, w*#*, who plays the (possibly dynamic)
strategy 051 € ¥ in every play of the game. We define this strategy o*# as follows, which depends only

on calendar time:

B1(9) if 7 mod x(k) > km,
7 (0) =

a1(0,60;) if 7 mod k(k) < km —1,j:= |7 mod k(k)/k]|.

19Recall that m = Q).
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This commitment type plays a dynamic strategy that depends only on calendar time and is periodic with
period k. At the beginning of each one of these blocks, the commitment type plays a sequence of mixed
actions, {a1(6,00)} k-times, followed by {1 (6,61)} k-times, and so forth. We call this phase of the commit-
ment type’s strategy, the signaling phase, which will be used to signal the state 6 to the SR players. After
the signaling phase, the commitment type plays a mixed action £;(6) until the end of the block, which we
call the collection phase of the commitment type strategy. The type then returns to the signaling phase and
repeats. We defer discussion about the important features of this commitment type until after the statement

of our main reputation theorem.

4.2 Reputation Theorem

We are now equipped to state the main result of the paper: In Theorem 4.1 below, we show that our
assumptions on the monitoring structure along with the existence of the commitment types constructed
above is sufficient for reputation building in the following sense. A sufficiently patient opportunistic LR
player will obtain payoffs arbitrarily close to the Stackelberg payoff of the complete information stage game

in every equilibrium of the repeated incomplete information game (at all states § € ).

Theorem 4.1. Suppose that Assumption 2.3 holds. Furthermore, assume that for every k € N and every
€ > 0, there exists 1 € S° such that u(w*P) > 0. Then for every p > 0 there exists some §* € (0,1) such

that for all § > 6* and all € ©', the payoff to player 1 in state 0 is at least ui(0) — p in all equilibria.

Before proceeding to the proof in Section 5, we first discuss the important features of the constructed
commitment types here. Our example in Section 3 already suggested that reputation building is generally
impossible with only simple commitment types that are committed to playing the same (possibly mixed)
action in every period. The broad intuition is that, since the uncertainty in monitoring confounds the SR
player’s ability to interpret the outcomes she observes, reputation building is possible only if the LR firm can
both teach the SR player about the monitoring state and also the intention to play the desirable Stackelberg
action. The commitment types that we constructed above do exactly this: They are committed to playing
both “signaling actions” that help the consumer learn the unknown monitoring state and “collection actions”
that are desirable for payoffs of the LR player. It is worth highlighting that our commitment types are
non-stationary, playing a periodic strategy that alternates between signaling phases and collection phases.
A similar reputation theorem can be proved also with stationary commitment types that have access to a

public randomization device.?°

20We thank Johannes Horner for pointing this out.
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Furthermore, as we have emphasized previously, our reputation result is robust to the inclusion of other
possibly “bad” commitment types. This is seen in our result, since Theorem 4.1 only requires the existence
of types w® 1 while placing no restrictions on the existence or absence of other commitment types.

Relatedly, our theorem can also be interpreted as a robust reputation result in the following sense.
Suppose that we interpret the state space © as a representation of the “subjective” uncertainty of the SR
players about the informativeness of the public signals about the actions of the LR player. Then our main
theorem states that as long as the SR players place a positive probability on the correct # and the constructed
commitment types, then the LR player can build reputation effectively in the correct state 6, regardless of
the SR players’ beliefs about play at any other state 8’ # 6. We will show in the remainder of this section
that when the type space does not include the constructed commitment types, such a robust reputation

result need not hold.

4.3 Examples: Necessary Characteristics of Commitment Types

Note that our commitment types w®# share an important feature: the commitment type switches play

between signaling and collection phases infinitely often. In this subsection, we show the importance of both
1. the existence of switches between signalling and collection phases in at least some commitment types
2. and the recurrent nature of the signalling phases.

To highlight 1), we construct an equilibrium in an example in which the opportunistic LR player regardless
of his discount factor obtains low payoffs if all commitment types play stationary strategies. To highlight
the importance of 2), we consider type spaces in which all commitment types play strategies that front-load
the signaling phases. In such cases, we again construct equilibria (for all discount factors) in which the

opportunistic LR player gets payoff substantially below the statewise Stackelberg payoff in all states.

4.3.1 Stationary Commitment Types

We show here in the example to follow that regardless of a given countable (and possibly infinite) set of com-
mitment types that contains only stationary commitment types, £2*, we can construct a set of commitment
types Q¢ 2 Q* and a probability measure p over ¢ U {w°} such that there exists an equilibrium in which
the opportunistic LR player obtains payoffs significantly below the statewise Stackelberg payoff.2!

Consider the stage game described in Figure 9 whose payoffs are state independent. The Stackelberg

payoff is 3 and the Stackelberg action is T. Note that L is a best-response in the stage game if and only if

211n the public randomization interpretation, these types correspond to types that do not use the public randomization device.
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L R
T[3,1]0,0
B[0,0]1,3

Figure 9: Stage Game

6=t] 5 | y O=r1 4y |y
T [1/3|2/3 T |2/3[1/3
B [5/6]1/6 B | 1/6 | 5/6

Figure 10: Info. Structure under 6 = ¢ Figure 11: Info. Structure under 8 = r

a(T) > %. The set of states, © = {¢,r}, is binary with equal likelihood of both states. The signal space,
Y = {7, y} is also binary. The information structure is described in Figures 10 and 11.

Suppose we are given a set 0* of commitment types, each of which is associated with the play of a
state-contingent action § € B at all periods. For each w € Q*, let 8“ be the associated state contingent
mixed action plan. For any pair of mixed action a € A such that a(T) > 2 and state § € ©, let a_y € A be
the unique mixed action such that 7(- | @_g, —6) = (- | @, 6).22 Note that because of the symmetry of the
information structure, &_g does not depend on the state # € © and so we subsequently omit the subscript.

For each w we construct another type @ who also plays a stationary strategy consisting of the following

state contingent mixed action at all times:

: B=(=0) if B=(=0)(T) > 3/4,
5e(0) =

B otherwise.

Let Q := {@:w € Q*} and let the set of commitment types be Q¢ = QU Q*. We prove the following claim.

Claim 4.2. Consider any pn € A(Q) such that for all w € O, p(w) < p(w). Then for any § € (0,1), there

exists an equilibrium in which the opportunistic type plays B at all histories and states.

Proof. We verify that the candidate strategy profile is indeed an equilibrium. Let us define the following set
of type-state pairs:

D:= {(M,Q) €N xO:8°0)T) > Z}

Let Dgq be the projection of D onto 2. Note that Do C Q* by construction.

22Note that for any « € A with o(T) > 3/4, such an action always exists.
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Furthermore, for any (w, ) € D, note that

= <1
7(@7 —0 | ht) 7(0‘}’ _9) /.L((L‘) -
Note that by construction, if a(T") > 3/4, then
1 1 2
—a(T)+ -a(T) = = 4.
2a()+2a() 3<3/
Thus given the candidate strategy profile, we have for all ht:
P(T|h)= > BYO)(T)y(w, 0|1
(w,0)€Q°x O
= Y (Y@, 01 hBYO)T) + (@, =0 | ") (=0)(T)) + > Y(w, 0 | 1')B=(0)(T)
(w,0)eD (w,0)e(Q*xO)\D
3 ‘ _ + 3 + 3
(w,0)eD (w,0)e(Q*xO)\D

As a result, the SR player always plays R and thus it is a best-response for the LR opportunistic type to

always play B. O

The example above shows that if we only allow for the presence of commitment types that always plays
the same strategy, then the reputation result breaks down in the sense that the mere existence of these
commitment types is not sufficient for reputation building. The co-existence of other “bad” commitment
types makes it possible for the LR player to still end up with very low payoffs in equilibrium. In contrast,
notice that, Theorem 4.1 does not restrict the type space beyond requiring the existence of the appropriate

commitment types.

4.3.2 Finite Type Space with Front-Loaded Signaling

Consider the stage game described in Figure 12 that augments the one in Figure 9 by adding a third action
B to the LR player’s action set. In this modified game, the Stackelberg action is again T' giving a payoff of
3 to the LR player. Moreover, L still remains a best-response for the SR player if and only if ay (T) > %.
The public signal space is binary Y = {¥,y} and the state space is © = {/,r} with each state occurring with
equal likelihood. The information structure are described by Figures 13 and 14.

Note that all of our assumptions for the main theorem are satisfied in the information structure presented

above and so the main theorem holds as long as types with recurrent signaling phases exist. In contrast,
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L R
T[ 31 0,0
M| 0,0 1,3
B [ =10,0 | —10,3

Figure 12: Stage Game

0=¢] 7 Y 0=r 7 Y
T 3/5 | 2/5 T 2/5 1 3/5
M 2/5 | 3/5 M 3/5 1 2/5
B 1/5 1 4/5 B 4/5 | 1/5

Figure 13: Info. Structure under 6 = ¢ Figure 14: Info. Structure under 6 = r

we now consider a type space in which such commitment types with recurrent signaling phases do not exist
and instead, consider a type space in which all of the commitment types have signaling phases that are
front-loaded. In such environments, we will show that a reputation theorem does not hold.

For notational simplicity let & := 4.23 Consider the following type space. Let w' denote a commitment
type that plays B until period ¢t —1 and thereafter switches to the action T forever. Let N € N, and consider
the following set of types: Q = {w, ..., 0w} U {w°}.

To define the measure p over the types, first fix some pu* > 0 such that

<

—_
\
=
*
=
\
—_
>

Consider any type space such that p({w?,...,w™}) < u*. We will now show that for any such type space
and any discount factor ¢ € (0, 1), there exists an equilibrium in which the LR opportunistic type plays M
at all histories and SR players always play R.

To show this, we compute at any history the probability that the SR player assigns to the LR player

playing T' (given the proposed candidate strategy profile above):

P(T | h') = p({w®:s <t} | h') =~ ({w® : s <t} 0| A') + v ({w® s <t},r | A).

Now given state 6 € {{,r}, we want to bound the following likelihood ratio from above:

Y {w s < t},0] 1) :i 7 ({w},0 | 0t
y{wh =00y Sy ({woh =0 R

23This corresponds to the maximum likelihood ratio according to the signal structure described above. As the construction
proceeds, the reader will see exactly why this is important.
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But note that given s < t, the strategy of w® in state 6 generates exactly the same distribution of public
signals as w® in state —0 at all times 7 between s and t. Therefore learning between these two types ceases

after time s. This allows us to simplify the above expression at any time ¢ and history h’:

y{w s <th,0[h) NS ywe ey 7 (w?, 0| h*)
Y (@), -0t Z S8R = 2 (w0 Th)

s=1

min{t,N}

But then note that the above implies:

) min{t,N s s—
V(w5 <t).0|hY) _ i by (w0 | 19) Hl (y- | B.0)
7 ({0 [ ) 2o Sw,—0 1m0 L7, Tar —9)
min{t,N} ( ) ‘ ho)

<X S

(w? 9|h0)

N
Z:: =0 1h0)"

5

y({w®:s < N}, 0| RO N

v({we}, -0 [h%) =
Y{w*:s < N} O | hO) kNH — pt kN g
v ({w}, =0 [ h0) k=1 l—p* k-1

S

|
A

= W

Using the inequalities derived above, we have for any ¢ and h':

]P’(T|ht):,u({w8:s§t}|ht):7({w5:s§t},€|ht)+'y({ws:s§t},r|ht)

§ o t § o t_§ o t
<Y (@ IR gy (W TR = Sy (W | R < 7

Hk\w

Then the above shows that the probability that the SR player assigns at any history h* to the LR player
playing T is at most 3/4. This then implies that the SR player’s best-response is to play R at all histories,
which in turn means that it is incentive compatible for the opportunistic LR player to play M at all histories.
Remark. Note that when a type can teach only for up to N periods, then whether the SR players’ beliefs
about the correct state are high in the future before the switch to the Stackelberg action occurs depends on
the probability of that commitment type. If this probability is too small (relative to N), then mimicking that
type may not lead to sufficiently large beliefs about the correct state in the future. Thus the relative ratio

between K and the probability of the commitment type crucially matters. As a consequence, the existence
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of such a type is again not sufficient for effective reputation building and the fine details of the type space

matter.?*

4.3.3 Infinite Type Space with Front-Loaded Signaling

Note that the finite nature of the type spaces considered above places restrictions automatically on the
amount of learning about the state that can be achieved by mimicking the commitment type. We now argue
through an example that problems in reputation building are not caused by such limitations in learning
the state correctly. In particular, we show more strongly in the following example that even when there is
an infinite type space, and learning about the state can be achieved to any degree of desired precision (by
playing C for enough periods), difficulties still persist regarding reputation building if all commitment types
have signaling phases that are front-loaded.

Consider exactly the same game with the same information structure described in the Subsection 4.3.2
with the following modification of the type space. First choose t* > 0 such that

Kkt 1 <
1— 22 1—k~1 47
—K

Furthermore, we can choose ¢ > 0 such that

—t*

K 1 < 3
1—1”‘721*2—51—’4_1 4’
—K

The set of types is infinite and is given by the following set: Q = {w ,w® *1 ...} U {w™>, w°}, where w™ is
a type that plays B at all histories. Again each state is equally likely and the probability measure over the

types is given by p € A(Q):

*
1%7215

oo
(W) =g, p(w?) =1 Zﬂfzszl—m

s=t*

—&.

We will now show that in the above type space, as long as € > 0 is sufficiently small, regardless of the
discount factor, there always exists an equilibrium in which the opportunistic LR player plays M at all
histories and the SR player always plays R. Using arguments similar to those in Subsection 4.3.2, we can
show that, at any history at any time ¢, the SR player never assigns more than % probability to the LR player

playing T, which means that the SR player’s best-response is to play R at all histories. As a result, there

240f course, if we place more restrictions on the measure i, one might conjecture that a reputation theorem might be salvaged.
But again such restrictions imply that the fine details of the pair (2, u) matter beyond just positive probability of commitment

types.
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are no inter-temporal incentives for the opportunistic LR player and so it is also indeed his best-response to
play M always. The interested reader may refer to the appendix for details.
To ensure that learning about the correct state is not the source of the problems with reputation building

in the above example, we present the following claim.

Claim 4.3. Let p € (0,1). Then for every 6 = £, r, there exists some t > t* such that in any equilibrium,

P(p(0|h')>1—plw,0)>1—0p.

Proof. The proof is a direct consequence of merging arguments that will be illustrated in the next section.?®

O

One perhaps surprising feature of the above example is that because of the inclusion of infinitely many of
these switching types {w®}22,., the state can be taught to the SR players to any degree of precision that the
LR player wishes. Nevertheless, reputation building cannot be guaranteed in this example because it may
be impossible for the LR player to convince the SR player of both the correct state and the intention to play
the Stackelberg action simultaneously. We see this in the example. As the opportunistic LR player mimics
any of these commitment types, the SR players’ beliefs are converging (with arbitrarily high probability) to
the correct state. At the same time however, the SR players are placing more and more probability on the
types that teach the state for longer amounts of time instead of those types that have switched play to the

Stackelberg action.

5 Proof of Theorem 4.1

Before we proceed to the details of our proof, let us provide a brief roadmap for how our arguments will
proceed. We first show that in any state § € ©*¢, by mimicking the strategy of the appropriate commitment
type, the LR player can ensure that the SR players learn the state at a rate that is uniform across all
equilibria.?® In order to prove this, we first use merging arguments a la Gossner (2011) and Sorin (1999) to
show that at times within the signaling phases, player 2’s beliefs converge to high beliefs on the correct state

at a uniform rate across all equilibria. However, note that this does not preclude the possibility that beliefs

250One may wonder why we only allow for types w® with s > ¢*. In fact, the construction can be extended to a setting
in which w?,... ,wt**l are all included but with very small probability. We omitted these types to simplify the exposition.
Moreover, one may also wonder why we include the type w®. The inclusion of this type makes Claim 4.3 very easy to prove.
The arguments for the impossibility of reputation building proceed without modification even when € = 0, but it becomes much
more difficult to prove a claim of the form above. Nevertheless, the inclusion of such a type does not present issues with the
interpretation of the above exercise, since we are mainly interested in a reputation result that does not depend on what other
types are (or are not) included in the type space.

26In the proof, we will formalize this notion of uniform rate of convergence.
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may drop to low levels outside the signaling phase. To take care of this potential difficulty, with the help
of the well-known Doob’s up-crossing inequalities for martingales, we provide a uniform (across equilibria)
bound on the number of times that the belief can rise from a low level outside the signaling phase to a high
level in the subsequent signaling phase (see Proposition 5.4 below). This then shows that the belief, at most
times, will be high on the correct state with high probability, in which case action identification problems
are no longer problematic. We then use the merging arguments of Gossner (2011) again to construct our

lower bound on payoffs.

Remark. It is worth highlighting that Doob’s upcrossing inequality is also an important part of the proof
of Fudenberg and Levine (1992)’s reputation result. There are two main differences between our use of the
inequality and theirs. First, they use the up-crossing inequality to analyze the SR players’ belief process
about the types of the LR player while we use the inequality to analyze the evolution about the beliefs of
6 € O, which is absent in Fudenberg and Levine (1992). In particular, they use the up-crossing inequality
mainly to show that for any subset ' C €, the number of times that the likelihood ratio, (1 — p(Q')) /u(QY),
falls dramatically in any equilibrium under the probability measure over histories induced by the play of
types in €’ must be finite, with large probability.

Secondly and more importantly, the study of the belief process about 6 € © is inherently different from
the analysis of the evolution of the likelihood ratio of types in Fudenberg and Levine (1992). This is because
in our analysis, the belief process governing the evolution of %&lg) is generally neither a super-martingale
nor a sub-martingale under the probability measure over histories induced by a commitment type in state
0. Thus Doob’s up-crossing inequality cannot immediately be applied to study this process and instead, we

study a modified process that admits a natural comparison to the original belief process.?”

5.1 Distributions over Public Histories

Let us first define some notation which will be useful for our proof. First note that any o € 3; and a prior
v € A(O) together determine an ex-ante probability measure over the set of infinite public histories, which
we denote P, , € A(H®). With a slight abuse of notation, we let Py, := Py, ,, where 15 is the Dirac
measure that places probability one on state 6.

Furthermore, given that type w® chooses a strategy o € X1, we define € A(X;) to be a mixed strategy

27See Section 5.2 for a more detailed discussion.
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that randomizes over the strategies played by the types in € according to the respective probabilities:

5(0) = p(w). (0 = S uw) Vo # o
{weQc:o,=0"}
7 is essentially the aggregate strategy of the LR player that the SR players face when the opportunistic type
chooses to play o. Of course, & is outcome equivalent to a unique behavioral strategy in >; and so, with the
abuse of notation, henceforth, & will refer to this unique behavioral strategy.
Given any behavioral strategy o € ¥; and any prior over the states v € A(®), we define at any public

history h* € H the following probability measure in A(Y?):

t+4—1

Poo (W) T,y n(yr | oty yr—1),0
8ol esac) | 1) = 3 vl 2o = e L 1),0)
eco va

V » represents the probability distribution over the next ¢-periods’ public signals given that the LR player
is known to play according to o conditional on the public history h!. As before, we abuse notation slightly
to write gbg’ for ¢19 o

Finally, given any prior v € A(©) and ¢ € X, we can define at any history the conditional probability
of a state § € ©, v(- | ht) € A(O) in the following manner:

Py.»(h')

v (0| h) = V(Q)Pyg(ht)'

In particular, if 0¢ € ¥ is an equilibrium behavioral strategy of type w® then in equilibrium, the SR player’s

belief about the true state 6 € © at history h is given by v7 (- | h?).

5.2 Uniform Learning of the State

We first begin by showing that playing the strategy o1 associated with type w1 at state 6 leads to
uniform learning of the true state 6 in all equilibria. Recall the following definition of the relative entropy
of probability measures (also often called the Kullback-Leibler divergence): Given two probability measures

P,Q € A(Y),

w15 o ().

yey
Then recall the basic properties of relative entropy that H(P | Q) > 0 for all P,Q € A(Y) and H(P | Q) =0
if and only if P = Q.

The following lemma is key to guaranteeing learning of the true state by the SR players.
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Lemma 5.1. For every € > 0, there exists some k* € Ny such that for all k > k* there exists A > 0 such

that for all b1 € B, alloc € ¥4, all 0 € O, allv € A(O), and all t,
H (97 (1 REO) [ @l (] 10)) <X m 07 (0| R5091) > 1 — e,
The proof is relegated to the appendix. Define the following sets for an equilibrium strategy ¢¢ € X5:

kPG, 0 0) ={he H®: H (qb’gﬁml ( | h“(k)t> | ¢]j’g ( | h'“(k)t)) > )\ for at least J values of t}

Clr6,J,0) :={he H®: H( bmes ((]RY) | (b’;’g (| ht)> > v for at least J values of t},

DFPYO, Je) -

he H® v (0 | h“(k)t> <1 — ¢ for at least J values of t},

Il
=

DAL, J,e) :

heH®: (9 | ht) <1 — ¢ for at least J values oft}.

Note that C¥: (6, J, \) and D¥”* (0, J, ) concern only times that are multiples of (k). The following lemma

follows from a standard merging argument.

Lemma 5.2. Let A\, J > 0. Then for all ¢ € ¥ and all p1 € B,

—kmlog (v(ﬁ,wk’ﬁl))
JA ’

P o (cfj; 0, J, /\)) <
Proof. This is an immediate consequence of Lemma 5.8. O

The next corollary then follows almost immediately from the above two lemmata.

Corollary 5.3. Let € > 0. Then there exists some k* € Ny such that for every k > k*, there exists A > 0

such that for every equilibrium strategy o€ € 3¢, all f1 € B, and every J > 0,

—kmlog (W(G,wk’ﬁl))
JA ’

Pe’o.k,ﬁl ('Dg’eﬂl (9, J, 6/2)) <

Proof. Note that by Lemma 5.1, there exists some k* € N, such that for every k > k*, there exists A > 0
such that for all o€ € X$, and all §; € B, ’Dﬁ’fl 0, J,e/2) C Cﬁ;ﬂl (0, J, \). Therefore given k > k* and such
a >0, forall 0¢ € X%, all 1 € B, and all J > 0,

—kmlog (7(0, wk’ﬁl))
I ’

Pg’ak,ﬁl (’Dgéﬁl (9, J, 5/2)) < Pg,ak,sl (C;CZZBI (9, J, )\)) <
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Note however, that D¥1(0, J,&/2) focuses only on beliefs at the beginning of the signaling phases. For
our reputation theorem, we need the beliefs to be correct outside of the signaling phases, since those are
exactly the times of the dynamic game in which the reputation builder actually collects valuable payoffs.
To show that with high probability, the beliefs will be correct even outside the signaling phase (for most
times), we use Doob’s up-crossing inequality. To use Doob’s up-crossing inequality, however, note that the
stochastic process in question must be either a supermartingale or submartingale. The SR players’ beliefs
about the state indeed do form a martingale with respect to the measure P, 5. However, these same beliefs
are generally no longer a supermartingale nor a submartingale with respect to the measure Py ,x.5,. Our
proof will necessarily take care of these additional issues.

First let us introduce some notation. Given a deterministic real-valued sequence z := {z}§2, and real
numbers a < b, we can define the up-crossing sequence Ut(a’b) (z) in the following manner. Define the following

sequence of times:

7o =1inf {t : &, < a},

7 i=inf{t > 7§ : s > b}.
Now we define 73, and 73, , | recursively:

Top i=inf {t > 75, 1@ <a},

Toppr i= inf {t > 73, : &, > b} .
Then we can define the number of up-crossings on the interval (a,b) that occur up to time ¢:
U (z) == inf{k € Ny : 75, _, < t}.

Finally, since the up-crossing sequence is a non-decreasing sequence, we can define the number of up-crossings
in the whole sequence:
Ul (z) = lim U (z) € NU {oo}.

t—o0

Proposition 5.4. Let € > 0 and let 0¢ € X°. Given any h € H*® and 0 € O, define the sequence

V7 (0 h) = {07 (0| BN},
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and the corresponding up-crossing sequence Ut(176’17€/2)(1/56 (0| h)). Then for allt and all J >0,

Booron [0 P00 1]
J = (0, wkB) T

Py oo (UFD07 (01 ) 2 ) <

As a consequence,

e 2
(1—e,1—¢/2)(, & > < ———F7—
]P)e}o.k,fﬁ (UOO (V (9 | h)) = J) — ,y(g’wk:,ﬁl)J

The proof of the proposition is relegated to the Appendix.
We can now use the inequalities proved above together with the previously established observations to

bound Py k.5, (Dgi(@, J, s)) uniformly across all equilibrium strategies o € 5.

Proposition 5.5 (Uniform Learning of True State). Let € > 0. Then there exists k* € Ny such that for all

k > k*, there exists A > 0 such that for all 0¢ € X%, all 51 € B, and every n > 1,

) 1 2 kmlog (7(6,w*51)
Py k.61 (’D&(Q,Qnm(k),e)) < - (7(0 o ( | ) )

The proof is in the Appendix. Note importantly that the above bound is independent of the equilibrium,

which is useful in establishing a lower bound on payoffs that is uniform across all equililbria.

5.3 Applying Merging

Having established a bound on the number of times that the belief on the correct state is low, we can then
show that at the histories where belief is high on the true state and predictions are correct, the best-response
to the Stackelberg action must be chosen. As a result we obtain our main reputation theorem. To this end,

we extend the notion of e-confirmed equilibrium of Gossner (2011) to our framework.?®

Definition 5.6. Let (), ¢) € [0,1]2. Then (a1, az2) € A; x Az is a (), )-confirmed best-response at 6 if there

exists some (f1,v) € B x A(©) such that
e (s is a best-response for player 2 to 81 given belief v about the state,
o v(f) >1—c¢,
e and H(w(- | aq,0) | w(- | B1,v)) < A

Lemma 5.7. Let p > 0. Then there exists some \* > 0 and €* > 0 such that for all (aq,a) that is a

(A", €%)-confirmed best-response at 0 € ©, uy (a1, az,0) > infycp,(ay,0) w1 (a1, s, 0) — p.

28Fudenberg and Levine (1992) provide a similar definition that uses the notion of total variational distance between proba-
bility measures instead of relative entropy.
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Proof. This lemma is a standard continuity result. O

We first define the following set of histories given any two strategies 0,0’ € ¥1:
ME, (0, 7,0) :={h € H® : H (¢§ (- | h) | ¢, 5(- | h')) > X for at least J values of } .

Lemma 5.8. Let k>0, p1 € B. Then

—llog (v(6,w""))
JA '

Py 5.6 (Mﬁk,ﬁl ’0(9, J, )\)) <

Proof. See Appendix D for the proof. O
Together with Lemma 5.8 and Proposition 5.5, we can now complete the proof of Theorem 4.1.

Proof of Theorem 4.1. To simplify notation, let us first define the following:

7 ;= max maxu;(a, §),
acA 06

= min mi 0).
meR g )

IS

Choose any 6§ € ©. We will show that there exists some 0* < 1 such that whenever § > §*, the LR
opportunistic type obtains a payoff of at least uj(0) — p in every equilibrium. This then proves the theorem,
since there are finitely many states 6 € O.

Given p > 0, choose k* such that for all £ > k*, % (@ —wu) < 4. Given these chosen parameters, note

that the following inequalities hold for every k > k*:

B s (0= 2) > i) - &, 0
it (1 ) (0 - 5) > e - 2. @)

By Proposition 5.5, there exists some k > k* for which there exists some A > 0 such that for all o¢ € XF,

all 5, € B, and every n > 1,

1 1 2 kmlog (7(6,w*P1)
Py or.e1 (Df;ﬁ (9,2n/<;(k:),5)) < - (7(9,&1’“’51) _ ( . ) .

Fix such a k > k* and A > 0 and choose 3; € S?/® such that v(6,w*#1) > 0 which exists by assumption.
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By Lemma 5.7, there exists some € > 0 such that

0 0 inf 0).al.0)— 2> ur (o) —
w(Bi(0),00,0)> | int o (B(0),0h,0) ~ § 2 ui )

I

for all (51(0),az) that is a (e, e)-confirmed best-response at 6, where the last inequality follows from the
assumption that 8, € S#/8.
Given the already fixed k, A > 0, and 1, we can choose n € N sufficiently large such that the following

two inequalities hold:

p 1 2 kmlog (’y(&wk’ﬁl))
(0 ’

8m—u)  n , whP1) A
b —lor (i)
8(u — u) 2nk(k)e

Then by Proposition 5.5 and Lemma 5.8, for every ¢¢ € X,

Py .0 (Dgfl (0, 2n(k), ) UM, . (9,2m(k),5)) < ﬁ

Thus in any equilibrium, by playing the strategy o*#1, the LR opportunistic type with discount factor

0 obtains at the very least the following payoff in state 6:

e (1 4(7/’_@) 65(0),

where

1— 5}{)177, 5k:m _ 55(/@) * 0 P

g5(9) — (1 _ 647m(k))@+ (1 _ 64m<,(k')) ( )H+ ( ) (’U,l( ) 4)
1 — gx(k)

It remains to show that we can find §* such that for all § > ¢*, this lower bound is at least uj(6) — p. To

this end, note that as 6 — 1, we have:
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where the last two inequalities follow respectively from Inequalities (1) and (2).
Thus we can find 6* € (0,1) such that for all § > §*,

P P * 0y
m@Jr (1 — 4(u—u)> 95(0) > ui(0) — p.

This concludes our proof. [

6 Upper Bound on Payoffs

Thus far, we have focused our analysis completely on a lower bound reputation theorem and the sharpness
of the lower bound remains to be investigated. This section studies whether and when the lower bound
previously established is indeed tight. To this end, we study when an upper bound on payoffs of the
opportunistic LR player does indeed equal the lower bound of Theorem 4.1.

Let us impose the following assumption for the remainder of the section.
Assumption 6.1. ©¢ = Q.

We impose this assumption for simplicity, since when 6 ¢ 0@ even when 6 is common knowledge, a
precise upper bound is difficult to obtain. This is because when 6 ¢ ©%, there is an action other than the
Stackelberg action that generates exactly the same distribution over public signals as the Stackelberg action.
Thus, such actions are statistically indistinguishable from the Stackelberg actions. As a result, it may be
possible in equilibrium for the LR player to achieve payoffs strictly above the Stackelberg payoff.

Even when 0% = O, as we assume, because of possible non-identification of actions across different states,
there may be equilibria in which the LR player obtains payoffs strictly above the Stackelberg payoff. In fact,
the upper bound (even for very patient players) typically depends on the initial conditions of the game such
as the probability distribution over the states © or over the set of types, €. In contrast, in reputation games
without any uncertainty about the monitoring structure (and with suitable action identification assumptions),
the upper bound on payoffs is independent of these initial conditions as long as the LR player is sufficiently
patient. This dependence on the initial conditions makes it difficult to provide a general sharp upper bound

as the following example will illustrate.

6.1 Example

The following example shows that the probability of commitment types matters for the upper bound regard-

less of the discount factor. Consider the quality choice game with the following stage game payoffs: In the
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L R
T[ 1,1 | —1,0
B[2-1] 0,0

Figure 15: Quality Choice

repeated game this stage game is repeatedly played and all payoffs are common knowledge. Note that the
Stackelberg payoff of the above game is 3/2. Furthermore, note that L is a best-response for the SR player
in the stage game if and only if oy (T') > 1/2.

There are two states © = {¢,r} which only affect the signal distribution of the public signal. There are
two types in the game, 2 = {w®,w°}. The commitment type, w®, in this game is a type that always plays
the mixed action %A <) %B regardless of the state.?’ In particular, we assume that the probability of each
state is identical and the probability of the commitment type is given by pu.

The signal space is binary, Y = {y,y}, and the information structure is given by the following figures:

O=C] 5 | y b=r1 9y |y
T [1/6|5/6 T |5/6]1/6
B | 4/6]2/6 B | 2/6 | 4/6

Figure 16: Info. Structure under 6 = ¢ Figure 17: Info. Structure under 6 = r

Note that according to this information structure, the mixed action (%T@ %B,@) is statistically indis-
tinguishable from (B,—0): = (j| 2T ® +B,0) = «(y | B,—6). In this example, we have the following

observation.

Claim 6.2. Let € > 0. Then there exists some pu* such that for all p > p* and any § € (0,1), there exists

an equilibrium in which the opportunistic player obtains a payoff of 2 in both states.

Proof. Consider the candidate equilibrium strategy profile in which the opportunistic LR player always plays
B. Choose p* = %. Then we will show that when g > p*, this strategy profile is indeed an equilibrium for
any d € (0,1).

Consider the incentives of the SR player. To study this, we want to compute the probability that the SR
player assigns to action 7' given the candidate equilibrium strategy of the LR player:

P(T| ) = (| W) = & (3(, €| ) 7 ({w | 1)

Wl Do

Now let us compute the probability p(w® | ht) from below. To produce this bound, consider the following

29Note that this is in reality not the mixed Stackelberg action. However, the example goes through without modification as
long as the commitment type plays A with any probability between 1/3 and 1/2.
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likelihood ratio:
(w0 h) (w8 R°) [

Y(wo, =0 | ht)  y(we, =60 h0)  1—p

This then implies that for all hf, p(w® | h?) = p, u(w® | hY) = 1 — p. Thus, for all At and all u > p*,
2 1
P(T|h) == —.
@)= 2> |

This then implies that for all At, the SR player’s best-response is to play L. Furthermore, because the SR
player is playing the same action at all histories, the opportunistic LR player’s best-response is to play B
at all histories. Thus the proposed strategy profile is indeed an equilibrium. Furthermore, according to this

strategy profile, the opportunistic LR player’s payoff is 2 in both states, concluding the proof. O

The above shows that even an arbitrarily patient opportunistic LR player obtains a payoff strictly greater
than the Stackelberg payoff in equilibrium. The problem with the above example is that the commitment
type probability is rather large. Therefore, it is instructive to examine an upper bound for the case in which

the commitment type probability is indeed small, which we see in the following claim.

Claim 6.3. Lete > 0. Then there exists some p* > 0 such that for all p < p*, there exists some 6* such that

for all § > 6*, in all equilibria, the (opportunistic) LR player obtains an ex-ante payoff of at most 3/2 + €.

Proof. This will be a consequence of Theorem 6.5 to be presented in the next subsection. See Appendix for

the details. O

6.2 Upper Bound Theorem

Here we provide sufficient conditions for when the lower bound and upper bound coincide. In the process,
we will provide a general upper bound theorem, with the caveat that generally this upper bound may not
be tight (even for patient players).3® However, we will show that this derived upper bound is indeed tight
in a class of games, where state revelation is desirable.3!

We first provide some definitions that will be useful for constructing our upper bound. The methods
presented here follow closely the analysis conducted by Aumann, Maschler, and Stearns (1995) as well as

Mertens, Sorin, and Zamir (2014) Chapter V.3 [MSZ].

Definition 6.4. Let p € A(O). A state-contingent strategy 5 € B is called non-revealing at p if for all
0.0" € supp(p), 7(- | B(6),0) ==(-| B(0"),6").

30The previous example should suggest that a general tight upper bound is very difficult to obtain.
31We will formalize this informal statement in the following discussion.
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In words, this means that if player 1 plays according to a non-revealing strategy at p, then with probability

1, player 2’s prior will not change regardless of the public signal she sees. For any p € A(©), define:
NR(p) :={p € B: j is non-revealing at p}.
We can define the value function as follows if NR(p) # 0:

V(p) == max max Zp(@)ul(ﬁ(ﬁ),agﬁ).

BENR(p) a2€B2(B,p) rco

If NR(p) = 0, let us define V(p) = u. Define cavV to be the smallest concave function that is weakly greater

than V pointwise.

Theorem 6.5 (Upper Bound Theorem). Let e > 0 and suppose that the initial prior on the states is given
by v € A(O). Then there exists some p* > 0 such that whenever u(Q°) < p*, there exists some §* such
that for all § > &%, the ex-ante expected payoff of the opportunistic LR player in all equilibria is at most

cavV (v) +¢.

Here we sketch the proof, relegating the details to the Appendix. Recall that & was defined to be the
aggregate strategy that randomizes over the strategies played all types in 2 according to the respective
probabilities.??> To obtain the desired payoff upper bound, we first obtain a payoff upper bound in any
equilibrium if the opportunistic type deviates and plays 6. To establish this payoff upper bound, we use
arguments borrowed from MSZ. In particular, we show that the play of & leads to the play of “almost” non-
revealing strategies at most time periods. Furthermore, at any history hf, the SR player is indeed playing
a best-response to the state-contingent mixed action 5(h'). Given these two observations, there exists some
0* such that for all § > 0*, any type space, and any equilibrium strategy o of the opportunistic type, by
playing instead &, the opportunistic type obtains a payoff of at most cavV (v) + ¢/2.33

Having established a payoff upper bound to playing &, we then establish an upper bound on the ex-
ante expected payoff to the opportunistic LR player in equilibrium. To this end, note first that for the

opportunistic type, the strategy of deviating and playing & gives a payoff of at least:
() + p(w)U,

where U is the opportunistic type’s equilibrium payoff. Therefore with upper bound to playing &, we must

328ee Section 5.1 for the precise definition.
33Note that 6* does not depend on the type space.
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have:
1

p(we)

U< (cavV(v) +¢/2 — pu(Q%u) .

Then by taking p* > 0 sufficiently small, we must have U < cavV (v) + €.

Remark. One should note that the above theorem crucially places a requirement on the probability of the
commitment types. In the example of Subsection 6.1, we saw that when commitment types are large in
probability, the bound provided here does not apply. The reason for the discrepancy when commitment
type probabilities are large is that, the SR player’s beliefs about the true state § € © in an equilibrium
conditional on the opportunistic type’s strategy is no longer a martingale. In contrast, when the commitment
type probabilities are small, these beliefs conditional on the opportunistic type’s strategy follow a stochastic

process that “almost” resembles a martingale, in which case cavl’ provides an approximate upper bound.

6.2.1 Statewise Payoff Bounds and Payoff Uniqueness

Finally, we apply Theorem 6.5 to a setting in which the type space includes those commitment types con-
structed in Section 4. It is easy to see in this scenario that when V is indeed convex, the lower bound and
upper bound coincide for patient players and the payoffs of the opportunistic LR player converge uniquely

to the statewise Stackelberg payoffs in every state as he becomes arbitrarily patient.

Corollary 6.6. Suppose that

V(v) < Y v(0)ui(®)

6co
for allv € A(O). Furthermore, assume that for every k > m — 1 and every € > 0, there exists $1 € S° such
that u(w®P1) > 0. Let € > 0. Then there exists some p* > 0 such that whenever u(Q°) < p*, there exists
0* < 1 such that for all § > 6* and any state 0 € O, the opportunistic LR player obtains a payoff in the

interval (uf(0) — e,ui(0) +¢) in all equilibria.

The proof is in the Appendix. It is worth highlighting a slightly subtle aspect of the corollary. Note that
a key distinction between the statement of Theorem 6.5 and the above corollary is that the upper bound on
payoffs is given in each state. A key step in the proof of this state-wise upper bound in the corollary relies
on the assumption that the constructed commitment types exist with positive probability. This assumption
is important for the argument as it first allows us to provide a lower bound on payoffs in each state using
Theorem 4.1, which then together with the ex-ante payoff upper bound of Theorem 6.5 allows us to establish

the upper bound in each state. Thus without the existence of such commitment types, our proof would not
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go through.3*

7 Conclusion

We study reputation building by a long-run agent in environments in which there is uncertainty about
how the agent’s actions relate to observed outcomes. A leading example is that of a long-run firm that
wants to build a reputation for making green products. Its consumers make purchase decisions based on
eco-labels and information on packaging, but do not understand how exactly to interpret these eco-labels.
In particular, they may not know if these eco-labels reliably indicate an environmentally friendly product,
or are uninformative. The central question we ask is whether reputations can be built effectively in such
settings: Can the firm build a reputation for being environmentally friendly even when consumers do not
necessarily trust the green certification or packaging information on their products?

Formally, we study a canonical model of reputation building between a long-run player and a sequence
of short-run opponents, in which the long-run player is privately informed about an uncertain state, which
determines the monitoring structure, and ask if the classical reputation building result holds: If there is
a small positive probability that there is a firm type that is committed to playing the Stackelberg action,
then, can a patient firm achieve payoffs arbitrarily close to the Stackelberg payoff of the stage game in every
equilibrium?

We first show through a simple example that uncertainty in monitoring can cause reputation building to
break down. Specifically, even when consumers entertain the possibility of a commitment type that plays
the Stackelberg action, there are equilibria in which the long-run agent gets payoffs that are much below the
Stackelberg payoff. Due to the uncertainty in monitoring, the long-run agent cannot convince her opponents
about her intention to play the Stackelberg action in the future.

We then present necessary and sufficient conditions on the monitoring structure and type space to restore
reputation building in this setting. In contrast to the previous literature, reputation building requires the
inclusion of appropriate dynamic commitment types: commitment types that switch infinitely often between
“signaling actions” that help the consumer learn the unknown monitoring state and “collection actions” that
are desirable for payoffs (the Stackelberg action). A key novelty of our paper is the construction of these
dynamic commitment types, and to establish the somewhat surprising fact that not only do we need types
that signal the true state, but we need them to signal the state recurrently forever.

While we were motivated by an application of one-sided uncertainty about monitoring, our results gen-

34We however, do not know if there exist equilibria in which the state-wise upper bounds fail when such commitment types
occur with zero probability.
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eralize to both settings in which neither player know the state, and settings in which the uncertainty is
about payoffs rather than the monitoring structure. An interesting question is whether reputation building
is possible when the monitoring structure is not just uncertain but also changing over time. This is the

subject of future research.
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A Infinite Type Space with Front-loaded Signaling

In the main text, we omitted the formal proof that the SR player never assigns more than % probability to
the LR player playing T. We provide the proof below.

As in Subsection 4.3.2, we calculate the probability that the SR player assigns to T being played at
history h! (given the proposed strategy profile). Note that for any ¢ < ¢*, the above is 0 regardless of the
history. So consider ¢ > t*. Then we calculate the following likelihood ratio given any state § € {£,r} in the
same manner as in the example in Subsection 4.3.2 by first bounding the following likelihood ratio:

y({w s <t},0]h) YW L0 h) (w0 R)
7 ({w}, —0 ] ht) Z v ({we}, —0 | ht) meww>

st* s

:i 7<w8’0|h0) 51_[1 W(yT‘B,e)
)

p— 7("‘)07 -0 | ho =0 71—(y‘r | Ma 79)

t
v (w0 h%) |
<2 o)

s=t*
t 1 .—2s
-y Pl o8
1 k=2t
s=t* o 1- 1—Kk—2
00 _
< K 2s .
- Z 1 _ K2t _ k
s=t* 1—rk—2
1 Kt
- 1 “at
e
3
< Z,

where the last inequality was due to our particular choice of ¢* and e.

As in the example of Subsection 4.3.2, this again implies that at any history at any time ¢, the SR player
never assigns more than 3 1 probability to the LR player playing 7', which means that the SR player’s best-
response is to play R at all histories. As a result, there are no inter-temporal incentives for the opportunistic
LR player and so it is also indeed his best-response to play M always.

B Proof of Lemma 5.1

Proof. Note that it is sufficient to prove the above claim for the history h°. By Lemma C.1 in the Appendix,
there exist a collection of compact sets {Dg/’9}0,750 and p* > 0 such that IIyy C Dy g for every 6" # 6,

ai)’a ¢ Dy o and for every T and every o € ¥y,

T
1
Py g | =—— 1 Dy > p*.
0, <T+1; v, € 0,9> P

By the weak law of large numbers for iid random variables, we can choose k* € N such that for all k£ > k*,

k
1 pte
P | — 1 Dy —_—.
m{ﬂ;{ (M; v € 0»9)}}<2<m_1>

If for some 6 € ©, v € A(O), 0 € Xy, and k > k*, H(¢5™, 5, | ¢5) = 0, we must have ¢}, ,, = o5

0,0k:P1 v,o
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in which case,
_ k 130 E (.10
o=t €199 €189

0= H (05 oon (11 105, (1Y) Wik,

s (- TEDRY [ (- O 0) ) i,

L

O:H<¢Z

By construction this means that for every = such that 0, # 6, and every h™*, v7(0, | k™) < ¢/2(m — 1).
Moreover, due to the martingale property of beliefs, we must have v (0’ | h%) < ¢/2(m — 1) for all ¢’ #
which then implies that v(6) > 1 —¢/2.

Thus because the relative entropy function is continuous, for every k > k*,

min {inf { £ (6§20, (-| h%) | 952( | h) i w(0) S 1—e,0€ Ty} } >0,
Therefore we can choose A > 0 such that

gréiél {inf {H( ’;jgwl(. | ROY | l;jv;(. |h%) :v(@) <1—¢,0€ 21}} >A>0.

Now given any k > k* we have found A > 0 to prove the claim. For any § € ©, v € A(0), and ¢ € X1,

H (95700 (1B [ 0550 110)) < 2= 1(0) > 1~ 2.

C Proof of Missing Step in Lemma 5.1

For a random variable X taking values in a finite set Y, define a random empirical vector
Lx o= (1,(X)),cy -

To begin, we prove the following. Let us fix a compact, convex set C' C A(Y). We are interested in a
set of stochastic processes with conditional probability vectors lying in C' at all times almost-surely. Fix a
probability space (X, m, F). Then let the space of Y-valued random variables be denote by L(X,Y).

Define

ST(C) == {(Xo, X1,..., X7) € L(X, Y)Y, Vyo, ..y, (7 (Xe =y | Xo =0, X1 = yi-1)) ey € C}-

We now prove the following lemma. Note that the law of large numbers does not immediately apply, since
the sequence of random variables under consideration may be dependent.

Lemma C.1. Suppose that C C A(Y) is a compact, convex set and let a € A(Y') be such that a ¢ C. Then
there exists some p* > 0 and some compact set D C A(Y) such that D 2 C, a ¢ D, and such that for every
T and for every (Xo, X1,...,Xr) € ST(C),

T
1
751 D] > p*.
7T(T-‘rlt—o o€ >_p
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Proof. Because a ¢ C, by the (strong) separating hyperplane theorem, there exists some X # 0 such that

supN -c< N -a
ceC

Furthermore, because C' C A(Y) and a € A(Y), for any £ > 0 and the vector 1 = (1,1,...,1), we also have:

sup(\' +&1)-ec=&+supN c< &+ N a=N+£€1)-a
ceC ceC

Choose £ > 0 sufficiently large such that A’ +£1 > 0 and let A = X + £1 > 0. Then we have:

g:=supA-c< A-a.

ceC
Now choose € > 0 and p* such that p* := 1 — -2— > 0. Define D to be the following set: D =
{x e AY): A-xz < X-a—c¢e}. Clearly, D is compact, C C D and a ¢ D. Moreover, for any T and any
(X0, X1,...,X7) € ST(C), since E [T—H tho Xt:| eC, \-E [T—H tho Xt:| < g. Therefore, by Markov’s

inequality,

T
1 g
P Na—e|l< 9
”( <T+1t_0 Xt>> ¢ E>_>\~a5

This then implies that for every T,

T
1 g
— N1 D|>nx- 1 <Na—c|>1—-—2— =)~

D Merging and best-responses

The arguments in this section are analogues of those results proved by Gossner (2011). We modify the
arguments and notation slightly.

Lemma D.1. Let e € (0,1) and suppose that Q =P + (1 —e)P’. Then

H(P|Q) < —loge.
Proof. See Lemma 3 of Gossner (2011) for the proof. O
With this, we can prove Lemma 5.8.

Proof of Lemma 5.8. Note that by the chain rule for relative entropy,

Bg g0 [ZH Fg.omon (1 1) | 65,5 | ht))]
t=0

oo
= E070k,[i1 [Z

t=0 =0

£—1

Eg i [H(0 g (| BT | 6L [ HF7)) | h,ﬂ .
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For every T,

T /-1
]EH ok 81 lZZEG ok:P1 |: (be ok B1( | ht+7—) ‘ (blll,a'(. ‘ ht+T)) | hti|‘|
t=0 7=0
T (-1

= 3> B [H(G g (| BT [0} (- | )]
t=0 7=0
T

OB [H (6} g (111 | 90 | B))]
o <¢>a,0k.61 ([ h%) [ dio(- | A7) < —Clog (4(8,w"))

where the last inequality comes from the previous lemma. Therefore by monotone convergence,

Eg g1 [Z H(¢ (- | B') | ¢°(- | ) | < —Llog (v(0,™F1)) .

t=0

Then by Markov’s inequality,

llog (V(G,wk’ﬁl))

P97gk,ﬁ1 (Mf;k,ﬂlva(aa J, )‘)) S - AJ

E Doob’s Up-Crossing Inequality

Here we present the formal statement of the martingale up-crossing inequality.

Theorem E.1 (Doob’s Up-Crossing Inequality). Let X := {X;}$°, be a submartingale defined on a proba-
bility space (Z,P, F) and let a < b. Then

E[(X,(6) — a)*] ~ E[(Xo — )]
(b-a) |

E[vi*"(x(e)] <

See, for example, Shiryaev (1996) or Stroock (2010) for a more detailed treatment of the Doob’s up-
crossing inequality and its proof.

F Proof of Proposition 5.4

Proof. Note that Doob’s up-crossing inequality above implies that

E, 5 [U“ e1-¢/2)(,, 56(9|h))} <i-2
2

But note that
W(Q’Wk,ﬁl)Eeﬁwl {Ut(l_s’l_sm(u&e(a | h))} <E,. {Ut(l—m—s/z)(y[—,c(g | h))} <9

Then for every t, an application of Markov’s inequality implies:

2

(1—e,1—¢/2), 5° 1
P phn (U] (v @ R) =) < RN

< ko [0 0 1)
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Finally,

e 1 _e 2
Py oo (UL (0| ) = T) = lim Py ey (U207 (0] 1) 2 7) < AT

G Proof of Proposition 5.5
Proof. Choose h € D2L(6, 2nk(k), ). Then by definition,
V7 (0| h') <1 —¢ for at least 2nk(k) values of ¢.

Suppose that h §Z ’Dk A (8,m,e/2). Then by the pigeon-hole principle, there must be at least n up-crossings
of the belief 17" (6 | ht) from 1 — ¢ to 1 — ¢/2. Therefore,

D2, 2nk(k), &) C {h yi-ei=e/2) (0 (9|h))zn}UDﬁ’fl(O,n,eﬂ).

By Corollary 5.3, there exist k* € N such that for all & > k*, there exists A > 0 such that for all 8, € B
and all n,
k 1 6, wk-Fr
Pg,gk,ﬁl ( ’Bl 0,n E/Q)) mos (ZL()\ d )) .

This together with Proposition 5.4 implies:

Py oo (D520, 200(k),2)) < Py gis (U107 (0| 1)) 2 n) + Py gron (D5 (0,m,2/2))

< 1 2 kmlog (7 wkB )
= n \ (0, wkB) A

H Proof of Theorem 6.5

Let us denote the vector of beliefs over all states § € © at time ¢ and history k! by the following:
Va—(ht) = (Va—(gl | ht),Vg-(eQ | ht), .. .,Va—(em ‘ ht)) .

Given any vector € R™, let ||z|| denote the Euclidean norm:

m
2] =) ai.
k=1

We begin with a couple lemmata.

Lemma H.1. Let p > 0. Then there erists some € > 0 such that for all t and h € H*,

Evz [lvs(h'Hh) — vz (B < f ¢ < p.
o oW v | ) Se = inf (i)~ Bl < p

Proof. Given g € B and v € A(O), the updated belief after observing y € Y is given by:

. _ v(0)m(y | 6,5(0))
s 19) (Zo/ee v(0)m(y | 0/75(9/)))069.
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Then define the function
FB,v) =Eup(lvan(-[y) —v[].

First note that if F(8,v) = 0 then 8 € NR(v). Now given any € > 0, the set F(53,v) < € is compact. Then
note that if we define

= max — NR(v)|],
T {Bw)F ()<<} 15 @)l

G, is continuous in ¢ and this proves the claim. O

Lemma H.2. For every e > 0 there exists p > 0 such that for allv € A(O) and € B,

inf —f|<p= max v(@)u1(B8(0),as,0) < V(v) +e.
B BB S0 = s S0 (0),00.0) < V)

Proof. Consider the following function:

G, := max max v(0)ui(B(0), g, 0).
BB NRW) <0} azEBz(ﬁ,V)eeZ@ (0)u1(5(0), a2, 0)
Then G, is continuous in p and thus proves the claim. 0

Lemma H.3. Let ¢ > 0. Then given any equilibrium strategy o of the opportunistic type, there exists at
most m/e times t at which ) )
Ev o [[[v7 (A1) = v (R')]°] 2 &.

Proof. First consider any joint random variable (X, Z) such that E[X | Z] = Z. Then
E[IIX - ZI°] =E[IXII* + 12]*] - 2E[{X, Z)]
=E[IX]*+12]*] = 2> _P(Z = 2)E[(X,2) | Z =]
=E[IX]*+ 2] -2)_P(Z=2) ||’
=E[IX|* - 2]*].
The using the above, consider the beliefs at any time ¢ + 1:

m =By [[ve(h™) = vIPP] = Eus [llvs (B = [[v]]?]

=D Euo [lva (W7 ) = [l (h7)]°]
=0

= > Eus [l (B = va (A7)
=0

This then implies the desired conclusion. O

All that remains is to show that for every € > 0, there exists some §* < 1 such that for all § > §*
and any equilibrium (o, 03), the payoff to playing & for the opportunistic type is at most cavV (v) + . We
demonstrate in the following proof.

Proof of Theorem 6.5. By Lemma H.2, there exists some p > 0 such that

inf a(ht) — <p= max vs(0)ur (G (hY), g, 0) < V(vs (Rt +§.
ﬁENR(ya(ht))” (W) =Bl <»p azEBz(&(h"),ua(hf))GeZ@ (O)ur(a(h7), a2, 6) (5 (h7)) 4
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Choose n € N such that %(ﬂ — u) < £/4. By Lemma H.3, there are at most nm/p times at which
Eyo [[lvs (h71) = v (0)]2] > £.
n

Note that for all times ¢ such that E, 5 [||v5(h'™!) — v5(hY)||?] < £, then

1
Py, 5 [”V&(htﬂ) - Vc?(ht)Hz] < o

Thus at all such times, the expected payoff is at most
1 _ P € €
“(@—uw) +Eup [V(z/(—,(h ) + f} < cavV(v) + <.
n ’ 4 2
Thus the most that a player could obtain from playing & is:

nm

(1—5%)ﬂ+5 ;

(cavV(u) + %) .

Then we can choose * < 1 such that for all § > §*,
(1 - 5%) U6 (cavV(l/) + %) < cavV(v) +e.

This concludes the proof. O

I Proof of Claim 6.3

Proof. To simplify notation, let us denote by (z,y) € [0,1]? the state-contingent strategy 4 € B in which T
is played with probability x in state £ and T is played with probability y in state 7.

Given the information structure in that example, for any v € (0,1) representing the probability distri-
bution over states in which ¢ occurs with probability v, the set of non-revealing strategies NR(v) is given

by:
NR(v) = {(x§ —x) ve [0,2/3]} .

We want to bound V' (v). To do this, we consider four cases.
Case 1: v > 3/4

Given a non-revealing strategy (z,2/3 —x) € NR(v), the SR player believes that T will be played with
probability:

ve+(1—0)(2/3—2) = v —1)z+ %(1 —).

Thus L is a SR player best-response against (z,2/3 — ) given belief v if and only if

2 120 —1/2
2v—-1 -1—-v)>1/2 > -
@v-lz+3(-v) 2126 z2 37—
Therefore,
2 2
V(v) < max max (V:ch(ll/)(x>)+2<1ux(11/)<x)),0
Sy 3 3
2 3
= max max 2+1-2v)r—(1—v)-,0p = —.
Ie[;2v—71/2’g] 3 2
3 2v—-1 3

Case 2: z € (1/4,3/4)
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If v €[1/2,3/4), L is a SR player best-response against (x,2/3 — z) given prior v if and only if

2 120 —1/2
_ ‘1—v)> >_Z /2
2v—1)z+ 3(1 v)>1/2& x> 3 9y —1
But the latter is strictly greater than 2/3 for all v € [1/2,3/4). Thus for all (z,2/3 — z) € NR(v), the SR
player’s best response at belief v € [1/2,3/4) is R.
On the other hand, if v € (1/4,1/2), L is a SR player best-response against (x,2/3 — x) given prior v if
and only if
2 120 —1/2
2v—1 -(1-v)>1/2 < ——.
@v—le+3(1-v)z12ew< 37—
Again the last term is strictly negative for all v € (1/4,1/2) and hence, for all (z,2/3 — z) € NR(v), the
SR player’s best-response at belief v € (1/2,3/4) is again R. This then shows that for all v € (1/4,3/4),
V(v) <.

Case 3: v < 1/4
This case is symmetric to Case 1. Note that L is a SR player best-response against (z,2/3 — z) given
belief v if and only if

1 120 —1/2
_ Z1—v)> = < Z
Qv-Dz+-(1-v)> 5 TS 3o
Therefore
2 2
V(v) < max max <I/x+(1y)<m>>+2(11/x(1u)<x>),0
0<esi i 3 3
2 3
= max max 2+ (1-2v)z—(1—-v),0p = .
vefo. 2527 3 2

Given the above bounds for V', we arrive at the conclusion of Claim 6.3 by applying Theorem 6.5: for
every ¢ > 0, there exists p* > 0 such that for all u < p*, there exists some 0* such that for all § > ¢*, in all
equilibria, the (opportunistic) LR player obtains an ex-ante payoff of at most 3/2 + . O

J Proof of Corollary 6.6

Proof. The lower bound is a consequence of Theorem 4.1. Let us now show the upper bound. Note that by
assumption,

cavlV(v) = Z v(0)ui(6).

0O
Let v = mingee v(6).
By Theorem 6.5, there exists some p* > 0 such that whenever p(2) < p*, there exists some 0* < 1 such
that for all § > ¢* and all equilibrium strategy profiles (o1, 02),

Z v(0)Ui(o1,09,0,0) < cavV (v) + =e.

0€O

N IR

Suppose by way of contradiction that there exists some state * € © and some sequence §,, — 1 such that
there exists some (o7, 0%) € X¢ x ¥§ such that for all n, Uy (o}, 0%, 6%,5,) > ui(6*) + . Then note that for
all n,

v(0)(wi(0") +e)+ Y v(OU(o7,05,6,6,) < Y v(O)ui(d) + Se.
046 6O

o IR
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This then implies that for all n,

> v(O)U(ot,0%,0.6,) < Y v(O)ui(0) = (v(0) = 5) e < D v(0) (ui‘@ - zywxymn) '

0£6* 0£6% 040~

Then for each n, we can find some 6,, such that

v

Ui(07',09,0n,0n) < ui(0n) — WE'

Because there are only finitely many states § € O, there exists some 6 # 0* and a subsequence nj such that

for all &,
v

20 (m—1)

This contradicts the lower bound theorem, concluding the proof. O

Ur(o1*,05%,0,0,,) <ui(f) —
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