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Abstract

We examine linear-quadratic signaling games in continuous time between a long-run
player that has a normally distributed type and a myopic player who privately observes
a noisy signal of the former’s actions. A public signal of the myopic player’s behavior
is observed (i.e., there is two-sided signaling) and shocks are Brownian. We construct
linear Markov equilibria using belief states up to the long-run player’s second-order
belief. The latter state is an explicit function of past play, reflecting that past behavior
is used to forecast the continuation game. Via this higher-order belief channel, the
informativeness of the long-run player’s action is not only driven by the weight that
the linear strategy attaches to her type, but also by how aggressively she signaled in

the past. Applications to models of leadership, reputation, and trading are examined.

1 Introduction

The phenomenon of signaling—that is, the transmission of information through actions—is
pervasive in economics, influencing areas as diverse as education (Spence, 1973), finance
(Kyle, 1985) and leadership (Hermalin, 1998). Despite this breadth, the great majority of
signaling games have a commonality: the sender is certain of the receiver’s belief about the

former’s type at the moment of acting—the receiver’s belief is public.! That economic agents
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operate under perfect knowledge of what others believe is questionable in many situations. In
particular, imperfect private signals of behavior can arise in many ongoing interactions: when
employers subjectively assess workers’ performances (MacLeod, 2003; Levin, 2003); when
traders handle others’ orders (Yang and Zhu, 2019); or when data brokers collect consumer
data (Bonatti and Cisternas, 2019). In those settings, receivers’ beliefs over fundamentals
such as a worker’s ability, an asset’s value, or a consumer’s willingness to pay, are private.

Allowing for private monitoring of an informed player’s actions in dynamic settings can
open the way for a whole new set of applied-theory questions to be analyzed. How do leaders
influence their followers when they don’t know how their actions have been interpreted? Is
an agent’s ability to manage a reputation hindered by not observing the signals generated
by her actions? How is trading behavior affected by the possibility of hidden leakages to
other traders? A comprehensive treatment of these questions is an important agenda, yet
it presents at least three challenges. First, higher-order beliefs can arise: in most settings,
senders will have to form a non-trivial belief about their receivers’ beliefs. Second, such games
are inherently asymmetric: when facing a sender of a fized type, the receiver develops evolving
private information in the form of a belief. Third, most analyses will be non-stationary due
to ongoing learning effects. Are there settings where the ‘beliefs about beliefs’ problem is
manageable? Can we develop methods for a tractable treatment of asymmetric signaling
games? What are the implications on behavior and economic outcomes?

Towards answering these questions, in this paper we examine linear-quadratic-Gaussian
games of one-sided incomplete information and private monitoring. A long-run player (she)
and a myopic one (he), both with linear-quadratic preferences, interact over a finite horizon.
The long-run player has a normally distributed type. The key departure from the existing
models lies in the myopic player privately observing a noisy signal of the long-run player’s
action. To make this departure minimal, we let the long-run player learn about the myopic
player’s private inferences from an imperfect public signal of the latter’s behavior. The shocks
in both signals are additive and Brownian. Using continuous-time methods, we construct

linear Markov perfect equilibria (LME) in which the players’ beliefs are the relevant states.

Equilibrium construction and signaling. The construction of non-trivial equilibria in
games of private monitoring can be a daunting task. In fact, to estimate rivals’ continuation
behavior under any strategy, players usually have to make an inference of the private histories
of their rivals. Not knowing what their rivals have seen, the players will then rely on their
past play; but this implies that players’ inferences will in turn vary with their own private
histories. Thus, (i) probability distributions over histories must be computed, and (ii) the

continuation game at an off-path history may differ from any on-path counterpart.



With incomplete information, one expects this statistical inference problem to become
one of estimation of belief states that summarize the payoff-relevant aspects of the players’
private histories—our setup offers a parsimonious treatment of this issue. Specifically, the
quadratic preferences open the possibility of our players using strategies that are linear
in their beliefs’ posterior means (henceforth, beliefs). Conjecturing such linear strategies,
learning is (conditionally) Gaussian: the myopic player’s belief is linear in the history of her
private signals, and the long-run player’s second-order belief—her belief about the myopic
player’s belief—is linear in the histories of the public signal and her past play. The estimation
of histories described in (i) is thus simplified by the fact that these are aggregated linearly.

The long-run player’s second-order belief is private—even in equilibrium—as her actions
depend on her type; hence, the myopic player must forecast this state. The problem of the
state space expanding is circumvented by a key representation (Lemma 1) that expresses
the (candidate, on path) second-order belief in terms of the long-run player’s type and the
belief about it based on the public signal exclusively (and that makes this “public state” a
relevant one). Thus, our analysis uses a novel additional state—a controlled second-order
belief—that is redundant on the path of play (part (ii) above). Equipped with Markov belief
states as sufficient statistics, we can write the long-run player’s best-response problem as
one of stochastic control, and use dynamic programming for finding LME.?

Despite the complexities it introduces, private monitoring has natural implications for
signaling. In fact, the notion that individuals rely on their past behavior to forecast what
others currently know strongly resonates with reality: a leader relying on her past behavior
for estimating an organization’s understanding of the environment in which it operates; a
politician relying on her past actions for gauging people’s perception of her reputation; a
trader using her past trades for estimating other investors’ perception of her private infor-
mation. By contrast, in the knife-edge case in which all the signals are public, past behavior
becomes irrelevant: current beliefs are fully determined by the realized public history.

Our representation result encodes the signaling implications of this explicit use of past
play. Namely, since actions are used to forecast the myopic player’s belief, and different types
behave differently in equilibrium, different types expect their “receivers” to have different
beliefs. Consequently, the equilibrium informativeness of the long-run player’s action is
determined not only by the weight that her strategy places on her type, but also by her
past signaling behavior via the second-order belief channel. We refer to this as the history-
inference effect on signaling. The potential amplitude of this effect is largest when the public
signal is pure noise (the no-feedback case), and thus the reliance on past play to forecast the

continuation game is strongest; conversely, it disappears when beliefs are public.

2The same states apply if the “receiver” is not myopic. The public state creates signal-jamming motives.



Applications. A key asset of our analysis is that we can compute behavior that explicitly
conditions on beliefs. (This is done partly via ordinary differential equations (ODEs), which
we discuss shortly.) To leverage this advantage, we examine one instance of our main model
of Section 3, and two applications based on extensions of it.

In Section 2, we illustrate the history-inference effect and its implications for outcomes
by means of a coordination game inspired by the linear-quadratic team theory of Marschak
and Radner (1972)—this framework, along with its generalizations allowing for misaligned
preferences, has become the canonical laboratory for studying organizations.?

In the setting we examine, a team is comprised of a leader and a follower. The team’s
performance increases with the proximity of its members’ actions (coordination) and with
the proximity of the leader’s actions to a newly realized state of the world (adaptation).
The leader’s and team’s payoffs coincide, while the follower simply attempts to match the
leader’s action at all times. Recognizing the existence of important structural barriers to the
transmission of knowledge within organizations, we assume that the leader can convey the
state of the world only gradually via an imperfect signal of her behavior privately observed by
the follower (e.g., a subjective evaluation). In such a context, we show that the coordination
motive leads the history-inference effect to result in more information being transmitted
relative to the case in which the follower’s belief is public; yet the team’s performance is
lower. Thus, organizations with a more shared understanding of the economic environment
can in fact underperform their more heterogenous counterparts.

Uncertainty about others’ beliefs also arises in reputational settings. In Section 5.1, we
examine a model of horizontal reputation based on an extension allowing for terminal payoffs:
the long-run player suffers a terminal quadratic loss that increases in the distance between
the myopic player’s belief and the type’s prior (e.g., a politician facing reelection trying to
build a reputation for neutrality). In such a context, we show that not directly observing
her reputation can benefit the long-run player—this is despite the negative direct effect
from increased uncertainty over a concave objective. Indeed, since higher types take higher
actions due to their larger biases, those types must offset higher beliefs to appear unbiased;
the history-inference effect then reduces the informativeness of the long-run player’s action,
making beliefs less sensitive to new information, a strategic effect that can dominate.

Finally, in Section 5.2 we exploit the presence of the public belief state in a trading
model in which an informed trader faces both a myopic trader who privately monitors her
orders and a competitive market maker who only observes the public total order flow. In
this context, we show that there is no linear Markov equilibrium for any degree of noise of

the private signal. Intuitively, the myopic player introduces momentum into the price, as the

3Dessein and Santos (2006), Alonso et al. (2008) and Rantakari (2008) are prominent recent examples.



information he obtains now gets distributed to the market maker through all future order
flows. This causes prices to move against the insider and creates urgency—with an infinite

number of opportunities to trade, the insider trades away all information in the first instant.

Existence of LME and technical contribution. The setting we examine is asymmetric,
both in terms of the players’ preferences and their private information (a fixed state versus
a changing one). In particular, the players can signal at substantially different rates, which
is in stark contrast to a small literature on symmetric multi-sided learning. With different
rates of learning, however, the equilibrium analysis can become severely complicated.

Specifically, our belief states depend on the myopic player’s posterior variance, which
determines the sensitivity of the myopic player’s belief, and on the weight attached to the
long-run player’s type in the representation result, which affects signaling via the history-
inference effect. Moreover, both functions are deterministic due to the Gaussian learning.
Using dynamic-programming, one can then show that the problem of existence of LME
reduces to a boundary value problem (BVP) including ODEs for the two aforementioned
functions of time and for the weights in the long-run player’s strategy. The two learning
ODEs endow the BVP with exogenous initial conditions, while the rest carry terminal con-
ditions arising from myopic play at the end of the game.

Determining the existence of a solution to such a BVP is challenging because it involves
multiple ODEs in both directions. For this reason, we distinguish among two types of
environments. In a private value setting, the myopic player’s best response does not directly
depend on his belief about the type, but only indirectly via his expectation of the latter
player’s action. In that context, we show that there is a one-to-one mapping between the
solutions to the learning ODEs (Lemma 4), a consequence of the ratio of the signaling
coefficients being constant. This, in turn, makes traditional shooting methods based on the
continuity of the solutions applicable. Via this method, we show the existence of LME in the
leadership model of Section 2 when the public signal is of intermediate quality for horizon
lengths that are decreasing in the prior variance about the state of the world (Theorem 1).

In common value settings, the multidimensionality issue must be confronted. Building on
the literature on BVPs with intertemporal linear constraints (Keller, 1968), we can show the
existence of LME to our BVP with intratemporal nonlinear (terminal) constraints. Specifi-
cally, the multidimensional shooting problem can be formulated as a fized-point problem for
a suitable function derived from the BVP, which we tackle for a variation of the leadership
model in which the follower cares about the state of the world directly (Theorem 2). Criti-
cally, the method is general: we show how to apply to the whole class of games under study,

and it can open a way for examining other settings exhibiting learning and asymmetries.



Related Literature Early analyses of static noisy signaling are Matthews and Mirman
(1983), Carlsson and Dasgupta (1997) and Maggi (1999). Recent dynamic signaling models
with public beliefs include Dilmé (2019), Gryglewicz and Kolb (2019), Kolb (2019) and
Heinsalu (2018). Feltovich et al. (2002) and Voorneveld and Weibull (2011) incorporate an
exogenous private signal of the sender’s type in static contexts.

Foster and Viswanathan (1996) and Bonatti et al. (2017) examine multisided signaling in
symmetric settings with imperfect public monitoring and dispersed fixed private information.
In those models, beliefs are private, but the presence of a commonly observed public signal
permits a representation of first-order beliefs that eliminates the need for higher-order ones.*
Bonatti and Cisternas (2019) in turn examine two-sided signaling in a setting where firms
privately observe a summary statistic of a consumer’s past behavior to price discriminate;
via the prices they set, however, firms perfectly reveal their information to the consumer.
An additional difference from these papers is that we study a class of games.

Multisided private monitoring has been explored mostly in the context of repeated games,
and hence with a focus on non-Markovian incentives. Ely et al. (2005) and Hérner and Lovo
(2009) (the latter allowing for incomplete information) study equilibria in which inferences
of others’ private histories are not needed. By contrast, Mailath and Morris (2002), Horner
and Olszewski (2006) and Phelan and Skrzypacz (2012) construct belief-based equilibria,
the first two of these with almost-perfect information structures. In turn, Levin (2003) and
Fuchs (2007) examine one-sided private monitoring in repeated principal-agent interactions.

Regarding our applications, the stage game of our leadership model is a simplified version
of Dessein and Santos (2006).° In turn, the value of public information has been studied in
coordination games among infinitesimal agents, such as Morris and Shin (2002), Angeletos
and Pavan (2007), and Bolton et al. (2012), the latter studying leader resoluteness. Amador
and Weill (2012) study the gradual diffusion of private information when players see private
signals of aggregate actions; with infinitesimal players, individual histories are irrelevant for
forecasting aggregate behavior. Regarding trading models, Yang and Zhu (2019) show, in a
richer two-period version of our model, that a linear equilibrium ceases to exist if a signal of
an informed player’s last trade is too precise and privately observed by another player.

To conclude, this paper contributes to a growing literature employing continuous-time
techniques to the analysis of dynamic incentives. Sannikov (2007) examines two-player games
of imperfect public monitoring; Faingold and Sannikov (2011) reputation effects with behav-
ioral types; Cisternas (2018) games of ex ante symmetric incomplete information; and Hérner

and Lambert (2019) information design in career concerns settings.

4Likewise in He and Wang (1995), where infinitely many agents privately see dynamic exogenous signals.
5See Bolton and Dewatripont (2013) for such a static analysis with one round of pre-play communication.



2 Application: Leading Coordinated Adaptation

A team consisting of a leader (she) and a follower (he) operates in a setting parametrized

by a state of the world 6§ ~ N (u,~°). The leader’s (and team’s) payoff is given by

| et =0 = (- )y 1)

where a; denotes the leader’s action at time ¢ € [0, T and a, the follower’s counterpart, both
taking values over R; in turn, » > 0 is a discount rate, and T" < oco. In this specification, the
team’s performance increases with the proximity of the leader’s action to the state of the
world (adaptation) and with the proximity of both players’ actions (coordination).®

We assume that the leader knows the value of 6, and that the follower only knows its
distribution (and this is common knowledge). Critically, if leaders were able to easily induce
their followers to take the right actions (in this case, ), organizations would incur no losses
while adapting to change. In reality, this does not occur largely for two reasons: misaligned
objectives and information frictions. The former has been extensively studied strategic
communication models (e.g., cheap talk). We are interested in the latter.

In this line, a vast literature on organizations has documented the importance of spe-
cialized knowledge as an input to production, and that much of that knowledge has a tacit
form: “know-how” that resides in people’s minds and that is hard to codify and transfer.” To
focus on this transmission friction, we start by assuming that (i) the follower acts myopically
by minimizing E;[(a; — ;)?] at all times, and that (ii) direct communication is shut down.
The first assumption is for expositional purposes: it partially aligns the players’ objectives
to avoid confounding structural transferability barriers from strategic counterparts.® The
second is a modeling choice: it is a dimensionality constraint that aims to capture knowledge
that is richer than the communication channel or code available, thereby placing a barrier
on an easy transfer via talk.

The leader’s knowledge of @ is then short for know-how relevant to the current economic

conditions. The follower gradually learns about this know-how from privately observing a

6 Achieving a coordinated adaptation to new economic conditions is a major concern in organizations;
see, for instance, Chapter 4 in Milgrom and Roberts (1992) and Section 4.2 in Williamson (1996).

"Within economics, Garicano (2000) models tacit knowledge as a person’s ability to carry out complex
tasks that is not transferable to others. Seminal articles in strategic management are Kogut and Zander
(1992) and Grant (1996). Regarding coordination, the latter paper emphasizes the difficulties of integrating
such knowledge across complementary divisions, such as marketing and R&D.

81n strict terms, the divergence in the players’ time preferences takes us away from Marschak and Radner’s
framework. The analysis introduced in Section 3 can accommodate general forms of misalignment.



noisy signal of the leader’s actions of the form
dY; = a,dt + Jdeg/

where oy > 0 is a volatility parameter and Z¥ a Brownian motion. That the leader’s know-
how is transferred via her actions is consistent with the key property of tacit knowledge

"9 or being “deeply rooted in action and in an

“only being observed through its application
individual’s commitment to a specific context.” ! Finally, that the signal Y is hidden from
the leader captures that leaders rarely know exactly how their messages or actions regarding
change come across, which is a real and substantial concern for management.!!

We now revisit a classic topic in organizations: the impact of information channels on
behavior and outcomes. We do so by varying the quality of the information fed to the leader
while keeping the signal Y fixed (i.e., the difficulty in transferring knowledge is given). In
the perfect feedback case, the leader observes the follower’s action, while in the no-feedback
case, she observes nothing. These are two limit cases of the model studied in Section 3. Let

E[-] and E[] denote the leader’s and follower’s expectation operator, respectively.

Perfect feedback (“public”) case. If the leader perfectly observes the follower’s action
she can potentially infer the follower’s belief, rendering the environment essentially public.

In a linear Markov equilibrium (LME), therefore, the leader chooses actions that are
linear in her type 6 and the follower’s contemporancous belief M, := [,[0], and that encode
her adaptation and coordination motives; the coefficients on those states are deterministic,
and we discuss them shortly. In turn, the follower’s action is his best prediction of the
leader’s action, and hence it is a linear function of M, exclusively. 1

The next result establishes the existence of a unique LME and its key properties. For

consistency throughout the paper, we write f3; for the weight on the type at t € [0, T].
Proposition 1 (LME—Public Case). For allr >0 and T > 0:

(i) There ezists a unique LME: a; = (3,0 + (1 — ﬁgt)Mt and a; = ]Et[at] = M,, where

(Bst)icpo,r) is deterministic.

9Grant (1996), p. 111.

ONonaka (1991), p. 98. He also discusses business examples of a slow transfer of tacit knowledge via
example, and of a subsequent slow codification of it; he highlights the role of innate ability, intuition and
experience at the origin of such knowledge. Nadler et al. (2003) provide experimental evidence on the
advantages of example versus other means of communication.

Subjective interpretations and private experiences are key in this respect. In fact, Williamson (1996)
points out, that “failures of coordination can arise because autonomous parties read and react to signals
differently, even though their purpose is to achieve a timely and compatible combined response.”

12This notion of LME is perfect when Y is public, but only Nash when Y is private but the follower’s
action is observed. We keep the LME abbreviation, despite the implicit ‘perfection’ qualifier used later on.



(ii) Bst € (1/2,1) fort < T, Psr = 1/2, and P5 is strictly decreasing.

~ ~ 2
(iii) v := E;[(0 — My)?] evolves according to 4 = — <%—f33f> ,

oy

The coefficients on 6 and M, in the leader’s strategy are positive: leaders with higher
types want to match higher states, and the coordination motive forces all types to take
higher actions when facing followers with higher beliefs. From this perspective, the leader
sacrifices adaptation to improve contemporaneous coordination: the weight on the type, B3,
falls below 1 (its counterpart value in the full-information benchmark a; = @; = 6) to increase
the weight assigned to M by the same magnitude.'3

The weight (3 is the signaling coefficient, as it determines the follower’s learning (part
(iii)). Importantly, it remains above 1/2—its counterpart value in the static equilibrium
(30 + %M , M)—except until the end of the game. In fact, by signaling her know-how more
aggressively, the leader steers the follower’s behavior toward the first-best action faster via the
latter’s learning. In other words, more adaptation today brings more coordination tomorrow.
This incentive falls deterministically (fs; is decreasing) because there is less time to enjoy

future coordination and steering behavior is harder as the follower’s learning progresses. 4

No feedback case. Absent any information, the leader must perform an inference of the
follower’s private histories to forecast his belief and coordinate with him. Let M; := E; [Mt]
denote the leader’s second-order belief.

In the public case, upon conjecturing a linear Markov strategy by the leader, the follower’s

learning is Gaussian. In particular, the follower’s belief can be written as
R t
Mt = Al(t) + / Ag(t, S)dY; (2)
0

for some A; and A, deterministic. Crucially, the leader’s past behavior is irrelevant for
forecasting the follower’s belief: when Y or M are observable, the leader’s forecast M, is
uniquely pinned down by the history Y* := (Y, : 0 < s < t) via the linear formula above.

In the absence of feedback, the leader’s forecasting problem becomes nontrivial. However,
to the extent that M is as above (for potentially different A; and As) the fact that E,[dY;] =

a;dt yields a second-order belief of the form

M, = A(t) + /Ut Ay(t, s)asds. (3)

13Tt is easy to see that their sum is always one because of the follower always attempting to coordinate
with the leader. In particular, the follower’s belief can always be inverted from the action.

WUy fact, B, [dM,;] = ”’0—@3(9 — My)dt, so the sensitivity of the belief is lower as ~y falls.
Y
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Unlike the public case, this forecast is now an explicit function of the leader’s past actions:
in the absence of any information, the leader must reflect on how much she has emphasized
her knowledge to assess how much of it has been transferred to the follower. By contrast, in
the public case, a perfect feedback channel or a public signal Y perfectly reveal the follower’s
knowledge at all times, rendering past play irrelevant.

The similarity between the cases is clear. Via (2) or (3), the leader evaluates how future
beliefs respond to different continuation strategies, and in both cases this relationship is
linear. This forward-looking exercise allows her to pin down her best response for fixed
behavior of the follower. But the follower’s best response will depend on her assessment of
the informational content behind the leader’s actions, and this is a backward-looking exercise:
how do different types behave given their observed histories? Whether beliefs are an explicit
function of commonly observed versus private information then makes a difference.

Critically, M is hidden from the follower in any equilibrium in which the leader’s actions
carry her type—the follower must then forecast this second-order belief. Along the path of
play of a linear strategy, however, (3) suggests a linear relationship between 6 and M. To

this end, suppose that the follower conjectures that, in equilibrium, M satisfies

Mt:(l—lZ)OJrliu (4)
v v

when the leader follows a strategy

ay = Boepr + Pre My + P30, (5)

for some deterministic coefficients 5y, i = 0,1,3 (potentially different from those in the
public case), and where (v;)¢co,r] encodes the follower’s posterior variance under (4)—(5).
The representation (4) encodes two ideas. First, that there is no second-order uncertainty
at time zero: My = p = M follows from v = 7° in the right-hand side of (4). Second, if
enough signaling has taken place, the leader would expect the follower to have learned the
state: 7; &~ 0 in the same expression leads to M; =~ 6.

To determine the follower’s learning, v;, we insert (4) into (5) to obtain a weight on 6 of

a:= P34+ B1x, where y;:=1-— %
The new signaling coefficient, «, consists now of the direct weight that the strategy
attaches to the type, (3, plus the correction f5;x coming from the representation (4): we
refer to this correction as the history-inference effect on signaling. In fact, because the

leader uses her actions to forecast M , the follower needs to infer the leader’s private histories

10



to extract the correct informational content of the signal Y. From the follower’s perspective,
how differently would a leader of a marginally higher type behave given a history Y'? In
the public case, the overall effect is (3, as all types agree on the value that M takes (i.e.,
they pool along the belief dimension); this is not the case when there is no feedback, as their
differing past actions also lead them to perceive a different continuation games via M.

Our players therefore need to conjecture the outcome of the game in a self-fulfilling way:
the follower conjectures the second-order belief representation (4) to construct his first-order
belief, from which the leader constructs her second-order belief, which in turn must deliver
(4) under the linear strategy (5)—the proof that our conjecture works is provided in Lemma
A.2 in the Appendix. Importantly, the representation does not hold after deviations from
(5). More generally, the leader controls M as reflected by (3), and (0, M, p,t) summarizes

all the payoff-relevant information for the leader’s decision-making.
Proposition 2 (LME—No Feedback Case). For allr >0 and T > 0:

(1) There exists a LME. In any such equilibrium: By + 1 + B3 = 1; B3 > 1/2,t € [0,T);
Bsr = 1/2; and By > 0 over [0,T].

(ii) o := B3+ B1x, where x = 1 —/7° satisfies: a« > 1/2; ar — 1 asT — oo, and o, > 0,
t €[0,T), with strict inequality if and only if r > 0.
. . 2
(111) v :=E[(0 — M)?] evolves as vy = — (%> :

oy
Part (ii) is key: private monitoring overturns standard decreasing signaling effects that

we would expect under the traditional logic of public beliefs: the signaling coefficient « is

non-decreasing, and its right endpoint approaches 1 as T’ grows. See Figure 1.1°
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Figure 1: Left r = 0; Right: » = 1. Other parameter values: v° =1, oy = 1.5, T = 10.

Comparison across cases. Figure 1 plots the signaling coefficients in each LME. In
the no-feedback case, the direct weight attached to the type in the linear strategy (5) is

decreasing, so the fact that a is non-decreasing implies that the history-inference effect

15This a private-value setting—the method for showing existence is discussed in Section 4.3.
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increases over time. Indeed, because higher types take higher actions holding everything else
fixed, they will expect their followers to have higher beliefs. Moreover, this effect compounds
over time as past play becomes more relevant for predicting the continuation game, which
results in M attaching an increasing weight x to € in (4). With a positive coordination
motive (8; > 0), this implies that higher types take even higher actions over time via this
second-order belief channel, enhancing the informational content of the leader’s action.
What are the implications of private monitoring on learning and payoffs? In this coordi-
nation game, being forced to rely on her past actions to forecast the follower’s understanding
essentially imposes discipline on the leader: she does not cater to the follower’s belief as she
would do in the public case. In turn, this suggests that more knowledge is transferred to the
follower. To assess the validity of this conjecture, we take advantage of the model’s analytic
solutions in the patient (r = 0) and myopic (r = o) cases. Let v and vV denote the

follower’s posterior variance in the public and no-feedback case, respectively.

Proposition 3 (Learning comparison). For every T > 0:

Pub

(i) Patient case: if 1 =0, L > ay and vE* > A NF

(ii) Large r case: for every § € (0,T), vF" > ANE fort € [T — 6,T) if r is large enough.

Consequently, when the leader is either patient or very impatient, in the no-feedback case
the follower always has learned more by the end of the interaction. When r = 0, this result
is non-trivial due to an inter-temporal substitution effect: the leader, anticipating that the
history-inference effect will eventually take place, decides to reduce agy = BINE below the
public counterpart, S4“. Part (ii) then states that the fraction of time over which the
follower has a more accurate belief can converge to 1 as r grows large.!©

Regarding payofts, the leader clearly suffers by losing the ability to perfectly coordinate
with the follower—this direct effect is the consequence of increased uncertainty over a concave

payoff. The next result uncovers the equilibrium effects.

Proposition 4 (Team’s ex ante payoffs).
(i) Patient case: if r = 0, the team’s ex ante payoff is larger in the public case, all T > 0.
(ii) For all > 0, ex ante undiscounted coordination costs equal o% log <3—;) in each case.

Part (ii) is essential: the extent of the follower’s learning, as measured by relative entropy,
coincides with a metric of total coordination costs. This is due to information transmission

occurring through actions: a more precise belief that is the consequence of more aggressive

16This also appears to hold for intermediate values of r. See Figure 1 in the online appendix.
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signaling is necessarily the reflection of more transient miscoordination. Indeed, learning
occurs only when Y is informative about the state of the world, and hence only when there
is a mismatch between contemporaneous actions. From that perspective, the equilibrium
effect of private monitoring is that it exacerbates such costs by making the follower’s actions

" In

more volatile in response to more informative, yet stable, behavior by the leader.?
particular, the team is worse off in the no-feedback case when the leader is patient.

Organization scholars have stressed the importance to firms of having efficient ways of
integrating knowledge when the transfer of such knowledge is costly and slow.'® The present
setting of action-based information transmission conforms with this view. Specifically, the
value of a better information channel feeding the leader is precisely that it allows the leader
to reduce the amount of knowledge transfer that would otherwise be required to coordinate.
Even more so, the application uncovers that an organization’s better understanding of its
leadership’s goals need not be indicative of past or even future performance: in fact, it can
be reflective of the organization’s painful struggle to coordinate.

The example in this section is just a first attempt at understanding organizations as
dynamic enterprises, where decision makers can signal and learn information at the same
time that decisions are being made, and where severe information frictions can be at play.
From this standpoint, it is important to recognize that the information observed by leaders
usually lies in between the two extreme cases analyzed: i.e., that public feedback channels are
partially informative. This setting poses considerable conceptual and technical challenges;

the next section introduces an operational framework for its analysis.

3 General Model

We consider two-player linear-quadratic-Gaussian games with one-sided private information
and one-sided private monitoring in continuous time. The baseline model considered is

introduced next, and extensions of it are presented in Section 5 via two further applications.

Players, Actions and Payoffs. A forward looking long-run player (she) and a myopic
counterpart (he) interact in a repeated game that is played continuously over a time interval
[0,T], T < co. At each instant t € [0, 7], the long-run player chooses an action a;, while the
myopic player chooses a;, both taking values over the real line. Given a profile of realized

actions (a, @) chosen at time ¢, the long-run player’s and myopic player’s realized flow payoffs

1"We can show that ex ante flow payoffs can be higher in the absence of feedback. Indeed, for sufficiently
large T and r, the history-inference effect in the no-feedback case can lead to substantially more adaptation
than in the public case, in a way that it dominates the opposite ranking of flow coordination costs.

18See, for instance, Garicano and Prat (2013); in the strategy literature, see Grant (1996).
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are given by
Ula,a,0) and Ula,a,0), (6)

respectively, where U : R* — R and U:R3— R are quadratic functions. In this specifica-
tion, # denotes the value of a normally distributed random variable that parametrizes the
economic environment; its mean and variance are denoted by p € R and «° > 0, respectively.
The long-run player discounts the future at a rate r > 0, while myopic player cares only
about her instantaneous payoff at all times.

We now state our assumptions on the functions U and U. Since these involve strategic
considerations of the game, we introduce some shorthand notation. Specifically, for x,y €
{a,a,0}, define the scalars

_0*U/0xdy

y 02U /oxdy
02U /0a?]

and gy, = 020 /02

Intuitively, best responses carry denominators as the ones above when the players’ flow

payoffs are concave in their respective actions.
Assumption 1.
(i) Strict concavity: u., = Uaq = —1;
(ii) Non-trivial signaling: tag(tee + taalias) > 0;
(i1i) Second-order inferences: |Uag| + |Uaa| # 0 and |uqa| + |uaa| # 0.
(iv) Myopic best-replies intersect: uzatag < 1;

We first require that the players’ objectives are strictly concave in their respective choice
variables. A second minimal requirement is that the long-run player strategically cares about
6, which is implied by (ii). Equipped with this, part (iii) says that second-order inferences
matter. Specifically, the first condition states that the myopic player’s first-order belief
matters for his behavior, either directly because he cares about 6 (izy term) or because he
wants to predict the long-run player’s action (4,4). The second condition then says that the
long-run player needs to predict the myopic player’s action, either due to an interaction term
(uq3) or a nonlinear effect (uas), which calls for a second-order belief.

The remaining parts are technical conditions pertaining to the static game with private

beliefs that arises at the end of the interaction. Specifically, part (iv) ensures that a static

YPart (iii) allows us to focus on the more interesting cases; i.e., it is not a limitation of our analysis.
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Nash equilibrium always exists, and part (ii) ensures that any such equilibrium involves

non-trivial signaling. We revisit these in Section 4 when we discuss how to find LME.

Information. The long-run player observes 6 before play begins, while the myopic player
only knows its distribution 6 ~ N (i, ~°) (and this is common knowledge). In addition, there
are two signals X and Y that convey noisy information about the players’ actions. In this

baseline model, we work with a product-structure specification

dY;, = aydt + oydZY, 8)

where ZX and ZY are independent Brownian motions, and oy and ox are strictly positive
volatility parameters; in particular, the players’ actions affect the signals linearly.

Our key departure from traditional signaling games with public signals is that Y—which
carries information about the long-run player’s actions—is only observed by the myopic
player, while X remains public. This mixed private-public information structure is important
for our construction, but it is also natural for analyzing sender-receiver games, as it makes
the departure minimal while still economically relevant.

In what follows, we let E;[-] denote the long-run player’s conditional expectation operator,
which can condition on the histories (0, a5, X : 0 < s < t) and on her conjecture of the
myopic player’s play. Likewise, Et[] denotes the myopic player’s analog, which conditions

on (as, Xs,Ys : 0 < s <t)and on her belief about the long-run player’s strategy, ¢ > 0.

Strategies and Equilibrium Concept. With full-support monitoring, the only off-path
histories for each player are those in which the player itself deviated from a candidate strategy.
Since this implies that sequential rationality imposes no additional restrictions on the set of
equilibrium outcomes relative to the Nash equilibrium concept, we content ourselves with
the latter notion for defining an equilibrium of the game.

From a time-zero perspective, an admissible strategy for the long-run player is any square-
integrable real-valued process (a;)icpo,r) that is progressively measurable with respect to the
filtration generated by (6, X). The analogous notion for the myopic player involves the

identical integrability condition, but the measurability restriction is with respect to (X, Y").%!

20Thus, flow payoffs do not convey any additional information to the players (i.e., they accrue after time
T, or they can be written in terms of the actions and signals observed by each player).

21Square integrability is in the sense of the time-zero expectations of fOT azdt and fOT aZdt being finite.
This ensures that a strong solution to (7)—(8) exists, and thus that the outcome of the game is well-defined.
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Definition 1 (Nash equilibrium.). An admissible pair (a:, a:)i>o is a Nash equilibrium if,

(i) given (at)cior), the process (at)icor) mavimizes

T
EO |:/ eirtU(CLt, dt, H)dt
0

among all admaissible strategies, and
(i1) a; solves I}l&ﬁ(f@dﬁ(at, a',0)] for allt €10,T].
a'e

In the next section, we characterize Nash equilibria that are supported by linear Markov
strategies that are sub-game perfect, i.e., that are sequentially rational on and off the path
of play, thereby specifying optimal behavior after deviations. Such equilibria generalize that

presented in Section 2 for the no-feedback case ox = oo to the whole range 0 < ox < 0.
Remark 1 (Extensions). The baseline model can be generalized along two dimensions:

(i) Terminal payoffs: the long-run player’s payoff can also carry a lump-sum component

U(ar), with ¥ quadratic. See Section 5.1 for a reputation model with this property.

(i) Long-run player affecting the public signal X : the drift of (7) can be generalized to

ay + vag, where v € [0,1] is a scalar.

We exclude these from the baseline model purely for ease of exposition. An insider trading
model with v =1 (and 0*U/da?® = 0, as in the literature) is explored in Section 5.2.

4 Equilibrium Analysis: Linear Markov Equilibria

In this section, we construct linear Markov perfect equilibria (henceforth, LME) that rely
on the players’ beliefs as the relevant states. Along the path of play of such equilibria, the
players’ actions are linear in the signals they observe due to the Gaussian structure of the
environment. The appeal of such equilibria is twofold: first, the Markov restriction captures
that behavior depends only on the aspects of the players’ histories that they perceive to
be payoff-relevant; second, the linear aggregation of signals is the natural generalization of
linear equilibria studied in a wide body of applied-theory work of static nature.

The steps are as follows. We first postulate a minimal set of belief states up to the
second order to be used by the players in any equilibrium of this kind. We then derive
a representation of the long-run player’s private second-order belief as a linear function of

a subset of such belief states, when the players use the candidate belief states in a linear
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fashion. This result generalizes the representation (4) obtained in Section 2, and is of major
importance for our analysis: it encodes how the long-run player has relied on her past
behavior to forecast the follower’s belief, and shows that the problem of “beliefs about
beliefs” growing without bound can be circumvented (Section 4.1). Finally, Sections 4.2
and 4.3 are devoted to the question of finding LME. Our main contribution here is to offer

methods for existence in asymmetric two-sided signaling games.

4.1 Belief States and Representation Lemma

The logic behind the need for a second-order belief is as follows. Since the myopic player
must predict the long-run player’s action (and/or her type) to determine his best response,
he will use the private signal Y to learn about 6 whenever the long-run player signals her
type. By part (iii) in Assumption 1, the long-run player is then forced to forecast the myopic
player’s belief to determine her current actions, which makes such a forecast payoff-relevant.

The difficulty is that such second-order belief is privately observed by the long-run player.
In fact, because of private monitoring, the long-run player will have to rely to some extent
on her past behavior to forecast the myopic player’s belief. Thus, her second-order belief
will depend explicitly on her past play, and the latter carries her type. The myopic player is
then forced to perform an inference about such hidden second-order belief, and so forth.

Our key observation is that along the path of play of any pure strategy the outcome of
the game should depend only on the tuple (6, X, Y). Intuitively, given any rule that specifies
behavior as a function of past actions and information, following such a rule should lead
realized outcomes to depend on the exogenous elements of the model only. In particular,
the long-run player’s second-order belief should be a function of (0, X'). Moreover, in this
Gaussian environment, one would expect the relationship between M and (6, X) to be linear
if the rule that drives behavior is linear in some suitable belief states.

Let Mt = Et [0] denote the mean of the myopic player’s posterior belief, and M, := E, [Mt]
denote the long-run player’s second-order counterpart. The previous discussion suggests the
existence of a deterministic function x and a process (L):c[o,7] that depends on the paths of

the public signal X, such that M admits the representation
M; = x:0 + (1 — x¢) Ly (9)
when the players follow linear Markov strategies of the form

ay = 501: + BltMt + B2tLt + B3t9 (10)
a; = oot + 51tMt + 0o Ly, (11)
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where 3;; and d;, 1 =0,1,2,3 and j = 0,1, 2, are deterministic. The reason for augmenting
the strategies of the no-feedback case in Section 2 by the “public” state L is clear: if true,
the myopic player uses (9) to forecast M, making L a payoff-relevant state for both players.

Lemma 1 below validates (9)—(11) by characterizing the pair (x, L). Before stating the
result, let us elaborate on the intuition behind (9) and on how it can be derived in a con-
structive way, while abstracting from formal mathematical arguments.

Specifically, the representation (9) is a candidate for how, under linear Markov strategies,
the long-run player has used her past play and the public signal to forecast the myopic player’s
belief. Crucially, such a conjecture must be self-fulfilling: when forming their beliefs, the
players recognize that different types take different actions through (9), which in turn must
result in a second-order belief that coincides with (9) if (10)—(11) is followed.

In particular, the myopic player thinks that the long-run player behaves according to

ar = Bot + (B + Pre(1 — xe)) L + (B3t + Buexe) 0- (12)
—— N — o —— ——
=:Q0t =02t =3t

Because L is public, 6 is the only unknown in the previous expression, so the myopic player
can filter 6 from observing Y when the latter is driven by (12). This learning problem is
(conditionally) Gaussian, and hence the myopic player’s posterior belief is fully characterized

by a mean process (Mt)tzo, and a deterministic variance path
Y 1= Vary = Et[(et - Mt)Q],

where we have omitted the “hat” symbol in 7; for notational convenience. As in Section 2,

this posterior variance will be determined by the signaling coefficient

ase i= B + BieXes

with £1x; encoding the history-inference effect: how different types take different actions in
equilibrium because their past actions have lead them to hold different beliefs today.

As is traditional, the long-run player will use the public signal X that carries the myopic
player’s action to forecast M. The novelty is that, due to the private monitoring, she will also
use her past actions: statistically, higher action profiles lead to higher private observations by
the myopic player, and vice versa. Crucially, the linearity of the signal structure renders the
pair (M, X) (conditionally) Gaussian again, and so the filtering equations deliver a second-
order belief with (i) a mean M, that is a linear function of past actions (as)s<; and of past

signals (Xs)s<t, and (ii) a deterministic posterior variance. One can then insert the linear
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Markov strategy (10) into M; to solve for the latter as a function of {6, (X;)s<:}, and then

pin down (x, L). The precise mathematical steps can be found in the proof of the following:

Lemma 1 (Representation of second-order belief). Suppose that (X,Y) is driven by (10)-
(11) and that the myopic player believes that (9) holds. Then (9) holds at all times (path-
by-path of X ), if and only if

% Bae + Buxa)®

;Yt = 0'32/ ) Yo = 707 (13)
Xt = Ve(Bse +51t>2<t> (=X _ %Xg L Xo =0, (14)
dL; = (lo + liLy)dt + BidX,, Lo = p, (15)

where lo, and lyy, and By are deterministic functions given in (B.6). Moreover, L, =
E[M,| FX] = E[0|FX] and v, x; = Var, = E[(M, — M,)?].

In light of the lemma, the representation (9) reads

M, = =g+ (1 - \Et> E§|FX].
Var, Var,

Indeed, in forecasting M , the only informational advantage that the long-run player has
relative to an outsider who observes X exclusively is that she knows what actions she has
taken, and such actions carry her type. Under linear strategies, learning is Gaussian, so (i)
M, is a linear combination of § and E[M,|F;X], and (ii) the weights are deterministic. By
the law of iterated expectations, E[M,|FX] = E[9|FX], and the representation follows.

The x-ODE (14) quantifies the dynamics of the importance of past behavior in this
forecasting exercise. Indeed, by the common prior assumption, Varg = 0 and E[0|F;X] = y;
thus, My = pu above, and the y-ODE starts at zero. As signaling progresses, the long-run
player loses track of M (i.e., Var, > 0): this is captured in Y > 0 as soon as as > 0 in (14).
In other words, the long-run player expects M to gradually reflect her type 6, and so x; > 0.

The relative importance of past play will naturally depend on the quality of the public
information—this is captured by —v;x26%,/0% in (14). If ox = oo or §; = 0 (the myopic
player does not signal back) the public signal is uninformative: indeed, L; = Ly = u and
Xt = 1 — /7 hold at all times as in the no-feedback in Section 2.?* Apart from this case,
the public information is always useful. In particular, observe that as 6%/0% grows, there is

more downward pressure on the growth of y: as the signal-to-noise ratio in X improves, the

22Getting 61 /0 x = 0 in (14) leads to the same ODE that y satisfies in the no-feedback case. By uniqueness,
the solution is xy = 1 — 7;/7°. See the proof of Lemma A.2.
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long-run player relies less on her past actions, all else equal. In other words, the no-feedback
case maximizes the potential amplitude of the history-inference effect.

Our subsequent analysis takes the system of ODEs (13)—(14) for (v, x) as an input. Thus,
we require (13)—(14) to have a unique solution to ensure that the ODE-characterization is
valid. To this end, notice that the signaling coefficient of the myopic player’s best reply can
be written as dy; := Uap + Uaa [Pt + LreXe)-

Lemma 2. Suppose that B1 and P are continuous, Bs. # 0 and d1; = Uag + Uaa|P3e + BreXe)-
Then there is a unique solution to (13)—(14). The solution satisfies 0 < v < 7° and 0 <
Xt < 1, t e (O,T]

The idea is that, under minimal integrability conditions on the coefficients in the linear
Markov strategies, v, = E[(6; — E;[0])?] and x; = Vart/\//a\rt = E[(M, — M,)?|/v, are a
solution to the system. A mild strengthening of the conditions ensures that a unique solution
to (13)—(14) exists, and so we are allowed to use the latter system as a primitive object.

The belief representation (9) relies on the long-run player following the linear strategy
(10); i.e., it does not hold off the path of play. The next result introduces the law of motion
of M and L for an arbitrary strategy of the long-run player, which will allow us to state
her best-response problem. Importantly, because deviations are hidden, the myopic player
always assumes that (9) holds when constructing his belief. Thus, the pair (v, x) appears

explicitly in the evolution of (M, L) through its appearance in the myopic player’s learning.

Lemma 3. Suppose that the long-run player follows (a})i>o while the myopic player follows
(11) and believes (9)—(10). Then from the long-run player’s perspective

o
th = fYtC;St (CL; — [a()t + OéQtLt + Cl/3tMt])dt =+ X011 dZt (16)
Oy 0x
Xt7Vt01t

where (7, x) solves (13)—(14) and (Z)i>o is a Brownian motion from her standpoint.

The dynamic (16) shows that long-run player’s choice of strategy o’ affects M. In partic-
ular, she will revise her (second-order) belief upward when a; > E;[ag; + agr Ly + OégtMt], ie.,
when she expects to beat the myopic player’s expectation of her behavior. The intensity of
such a reaction is given by 7y;as; /0%, i.e., it is higher the more uncertain the myopic player
is (higher 7) and the stronger the myopic player expects the long-run player to signal (larger

a3). Further, M evolves deterministically when §;/0x = 0, as in Section 2.%

231t is worth noting that (M;)¢>o corresponds to a player’s non-trivial belief that is controlled by the same
player. Unless there are experimentation effects, players’ own beliefs are usually affected by other players.
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The drift of (17) demonstrates that the long-run player affects L only indirectly via
changes in M this is because her actions do not enter the public signal. More interestingly,
L always moves in the direction of M on average, reflecting that an outsider who only
observes X does get to learn the long-run player’s type over time. From this perspective,
by leading to L; = u at all times, the no-feedback case (ox = o0) misses a signal-jamming
effect: the incentives that arise from the ability to influence a public belief (albeit only

indirectly, in this case), with such incentives being perfectly accounted for in equilibrium.

4.2 Dynamic Programming and the Boundary-Value Problem

The long-run player’s best-response problem. Let § := (Bo, B1, P2y B3), § = (09, 01, 02),
and @ := (ap, g, a3), the latter defined in (12). Given a conjecture E by the myopic player,

the coefficients 4 are found by matching coefficients in

~

&t = 5015 + 51tMt + 62tLt = arg HI@X Et[U(CYOt + agtLt + CY3t9, &/, (9)] (18)

Using that M; = E, []\th], the long-run player’s objective can be then written as

10°U
2 0a?

T
E, [/ e U (at, dor + 01 My + 09t Ly, H)dt] +
0 N

E¢[at]

T
Eo { / e "2 By [(M, — ]\?[t)Q]dt} :
0

Importantly, due to the Gaussian learning structure, the variance terms E[(M, — M;)?],

t € [0,T], are independent of the strategy followed.?* Consequently, the relevant problem is

T
max Eo |:/ e‘”U(at, 50,5 + 51,5Mt + 52tLt> Q)dt‘| (19)
0

(@t)iejo,7) admissible

st.  (16) and (17),

where the laws of motion of M and L, (16) and (17), depend on (v, ) satisfying (13)—(14).?
It is clear from (18) and (19) that the Markov states (¢, 6, L, M) and (¢, L, M) summarize
all the payoff-relevant information for our players on and off the path of play, with the time

variable capturing both time-horizon and learning effects, the latter encoded in v and y.2°

24n particular, by Lemma 1, E,[(M; — Mt)z] = VX

25Formally, the long-run player’s problem is one of stochastic control of an unobserved state (M ), which
introduces some subtleties in the joint filtering-optimization problem relative to standard control problems.
By the separation principle, however, we can filter first by constructing M as a first step, and then optimize
afterwards with the controlled process M as the state. The proof of Lemma 3 explains the details.

26Deviations by the myopic player do affect L, but his flow payoff is fully determined by the current value
of (¢, L, M) It is easy to see that the same is true if instead this player is forward looking.
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In particular, we can tackle the best-response problem (19) with dynamic programming.

Specifically, we postulate a quadratic value function
V(0,m, 0, t) = vor + v140 + voym + vgel + 40?4 vsm? 4 vl + v M + vg 00 + vyl

where v;., i = 0, ...,9 depend on time only. The Hamilton-Jacobi-Bellman (HJB) equation is

2 2
rV = sup {U(a', Ei[ae], 0) + Vi + pnr (@) Vi + Ve + UTMme + oy Ve + %Vge} ,

where py/(a’) and pp (respectively, oy and o) are the drifts (respectively, volatilities) in
(16) and (17), and where a; is determined via (18).

A Nash equilibrium in linear Markov strategies arises if S + S1:M + [or L + (30 is an
optimal policy for the long-run player. Along the path of play of such an equilibrium, the
representation (9) holds by construction and so the long-run player’s realized actions are
given by a; = ooy + oLy + agi, where (Ly)ejo,r) is given by (15) in Lemma 1; i.e., actions
are a function of # and X exclusively. But conditioning explicitly on L and M can be optimal
after deviations. An optimal policy Bo; + 51:M + Pa; L + P340 specifies how to behave at those
off path histories, thereby inducing a linear Markov perfect equilibrium (LME).

The boundary-value problem. We briefly explain how to obtain a system of ordinary
differential equations (ODEs) for B. Letting a(6,m, ¢,t) denote the maximizer of the right-
hand side in the HJB equation, the first-order condition (FOC) reads

oU
%(a(é’, m, {,t), do¢r + d1em + doil, 0) + % ngt + 2us;m + v + vgtél =0. (20)
Y

Vm (07m7£7t)

where v;a3;/0% in the second term captures the sensitivity of M to the long-run player’s
action at time t. Solving for a(f,m, ¥, t) in the previous FOC, the equilibrium condition
becomes a(f,m, l,t) = Bo; + Prm + Bl + P340.

Because the latter condition is a linear equation, we can solve for (vq,vs,v7,v9) as a
function of the coefficients E . Inserting these into the HJB equation along with a(6,m, ¢,t) =
Bot + Brem + Bol 4 B340 in turn allows us to obtain a system of ODEs that the E coefficients
must satisfy. The resulting system is coupled with the ODEs that vg and vg satisfy (and that
are obtained from the HJB equation): since M feeds into L, the envelope condition with
respect to M is not enough to determine equations for the candidate equilibrium coefficients.
Finally, since the pair (v, x) affects the law of motion of (M, L), it also affects the evolution
of (3,vg,vs), and so the ODEs (13)—(14) must be included.
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The boundary conditions for the system of ODEs that (5, 51, B2, 53, Vs, vs, Y, X) satisfies
are as follows. First, there are the exogenous initial conditions that v and yx satisfy, i.e.,
Y = 7v° > 0 and yo = 0. Second, there are terminal conditions vgr = vgr = 0 due to
the absence of a lump-sum terminal payoff in the long-run player’s problem.?” Third, more
interestingly, there are endogenous terminal conditions that are determined by the static

Nash equilibrium that arises from myopic play at time 7. In fact, letting

U /da 1 U /da
U = 757774 o1 and Uy = —————
02U/ 0a?]| 0.0 02U /9a?| 10,0,0)
we obtain
Uy + uada Uaa Uaefbaa + ﬂd@ ug&ﬂ&a uaGada + ﬂd@ 1-—
50T=O—A07 51T= [ = ]; 52T: [ = ](A XT), 53T=Ua0,
1 - UaaUga 1 - UaaUaa XT (1 - uadu&a)(l - ua&udaXT)

which are all well-defined thanks to part (iv) in Assumption 1 and the fact that x € (0, 1).
Also, observe that by part (ii) in Assumption 1, agr = B37 + S10XT X Uag + UaaUaoXT NEVET
vanishes for all yr € [0,1].28

We conclude that b := (S, f1, B2, 83, Vs, Us, Y, X)' satisfies a boundary-value problem
(BVP) of the form

bt = f(bt), s.t. Dob() + DTbT = (B(XT)/, ’70, 0)/ (21)
where (i) f: R® x R, x [0,1) — R8, (ii) Dy and Dt are the diagonal matrices
Dy = diag(0,0,0,0,0,0,1,1) and Dy = diag(1,1,1,1,1,1,0,0),

and where (iii) the function B(x) : [0,1] — R defined by

B(x) :=

(UO + Uaaﬁo Uqa [uamlda + ﬁae] uidada [ua9ada + ad@](l - X)

: . , 2 A ,Uap,0,0) € RS (22
1 — UgalUq 1 — UgalaaX (1 — uaaliae) (1 — UgalaaX) HHat ) (22)

captures the form of the endogenous terminal conditions. The general expression that f(-)
takes for any given generic pair (U, U ) satisfying Assumption 1 is tedious and long, and can
be found in spm.nb on our websites. (There, to simplify notation, we work with normalized
payoffs U/|0%U/da?| and U /|02U/da?|.) In the next subsection, we provide examples that
exhibit all the relevant properties that any such f(-) can satisfy.

2"The application studied in Section 5.1 relaxes this assumption.
28This allows us to ensure that there is always non-trivial signaling in the game. Also, it is easy to see
that dor = tio + UaaBor, 17 = Uas + Uaa[Bar + BirxT] and dor = Uae[Bor + P17 (1 — XxT)]-
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The question of finding LME is then reduced to finding solutions to the BVP (21) (subject
to the rest of the coefficients of the value function being well-defined). We turn to this issue

in the next section.

4.3 Existence of Linear Markov Perfect Equilibria

In this section, we present two existence results for LME that are based on establishing the
existence of solutions to BVPs. Underlying these results are two approaches that distinguish
between common and private-value environments, and that permit dealing differently with
two types of asymmetries in two-sided signaling games. We state the theorems in the context
of variations of the coordination game of Section 2, and when the leader is patient. The
approaches nevertheless apply to the whole class under study, and one of them is general: it

applies to, and beyond, the whole class analyzed.

The shooting problem. The problem of finding a solution to any instance of the BVP
(21) is complex because there are multiple ODEs in either direction: (S, 81, B2, B3, Vg, Us)
are traced backward from their (endogenous) terminal values, while (v, x) are traced forward
using their initial (exogenous) ones—see Figure 2. This means that, one way or another,
some notion of “shooting” must be involved: construct, say, a modified backward initial
value problem (IVP) in which (v, x) has a parametrized initial condition at 7', and find a
way to ensure that the induced terminal values at 0 exactly match (7°,0). Attempting to
apply traditional one-dimensional shooting arguments—i.e., tracing the initial parametrized
condition over an interval so that the target is hit by continuity—to higher dimensions is
hopeless: it essentially requires having an accurate knowledge of the relationship between ~

and x at T for all possible coefficients 5 for finding the right “tracing” path.

Static
Nash

R/ "L
Birlt, )

X v l

B(,.7)

0 T

Figure 2: In the BVP, (v, x) has initial conditions, while (5’, vg, vg) has terminal ones. We have
allowed for non-zero v’s and for a dependence on ~yr, as this can occur with terminal payoffs.

The reason behind this dimensionality problem is the asymmetry in the environment:
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the rate at which the long-run player signals her private information, agz := (3 + (1, can
be substantially different than the rate at which the myopic player signals his private belief,
01. This, in turn, potentially introduces a non-trivial history dependence between v and
X, reflected in the coupled system of ODEs they satisfy. Two natural questions then arise:
first, under which conditions such history dependence can be simplified; and second, how to

tackle the issue of existence of LME when this simplification is not possible.

Private values: one-dimensional shooting. We say that an environment is one of

private values if the myopic player’s flow utility satisfies
a&@ = 07

i.e., the myopic player’s best-reply does not directly depend on his belief about #, but only
indirectly via the long-run player’s action. Otherwise, we say that the environment is one of
common values (despite the long-run player always knowing 6).

In a private-value setting, the myopic player’s coefficient on M is 6, = Ggaas. In this

case, there is a one-to-one mapping between v and y:

Lemma 4. Set ox € (0,00). Suppose that 51 and B3 are continuous and that 6; = Uzer3.

If Ug, # 0, there are positive constants ci,co and d independent of v° such that

_ ao = [n/y]9)
o at o/t

Moreover, (i) 0 < xy < ca < 1 for allt € [0,T] and (ii) ca — 0 as ox — 0 and c2 — 1 as
ox — o0o. If instead Ugq = 0, x¢ = 1 — v/7°.

Whenever the players signal at proportional rates, there is always a decreasing relation-
ship between y and ~; in particular, yo = 0 when vy = 7°. By part (i), as long as the
public signal is informative, y is always strictly below 1, reflecting that the scope for the
history-inference effect is diminished relative to the no-feedback case; also, the public and
no-feedback cases are recovered as we take limits. Further, the characterization of x obtained
in the latter case (4) is recovered when 4, = 0, as the public signal is then uninformative.

Equipped with this result, the standard one-dimensional shooting method based on the
continuity of the solutions is applicable. We state below the BVP for the leadership appli-
cation of Section 2 for ox € (0,00) in its undiscounted version: recall that in that setting,

the follower wants to match the leader’s action, and so
CAlt = ]Et[at] = 61t = Q3¢ < ﬁ@a =1.
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We omit the fy~ODE (it is uncoupled from the rest and linear in itself):

206005, Ve Xt
ey = B2 42 1— _B2(1 — )2 6t 03t
Ut Bar + 281 Bar( xt) — Bii( Xe)” + (T — o)
2
. Vgt
U = =20 — 2(1 = 203)Bre(1 = xa) — 4B85xe(1 = xa) + —;t Bt Jeke
o% (1 —xu)
: 317t 9 9
= 2 _ 1 — _
o 20% 037 (1 — xt) { o (s — Pre) Bre(l = Xe) — azeBrmxavse
—QU}Q/OZStXt(ﬁ% - Blt[l — Xt — Q/BQtXt])}

: «
o = 202 0236% ) {20%8%(1 —Xt)? + 203 s Barx; (1 = 2Ba0) — a3, vexi (2061 + ﬁztvgt)}

x0y L =Xt
: sy
By = 5 02351 a - {—20%B1e(1 — X¢) B3t + 205 e Barxi (1 — 2Bs1) — a3, BaeyeXevse |

X%y

. 202

Ve = _ 2% 23t

Oy

with boundary conditions vgr = vsr = 0, B = ot XT , Bor = 2 XT , Bar =35 and Yo = 7°,

and where a3 := 3 + 1y and y; is as in the previous lemma. We have the followmg.

Theorem 1. Let ox € (0,00) and r = 0. There exists a strictly positive function T(7°) €
O(1/~°) such that, for allT < T(v°), there exists a LME based on the solution to the previous
BVP that satisfies Bor = 0, 1t + Por + Bz =1 and as >0, t € [0,7T].

The key step in the proof is to show that (31, 52, B3, v, vs,7) can be bounded uniformly
over [0,7(7°)), some T(7°) > 0, when v, € [0,7°] at all times. This implies that tracing
the (parametrized) initial condition of v in the (backward) IVP from 0 upwards as in Figure
3 will lead to at least one «-path landing at 4° (while the rest of the ODEs still admit

solutions), due to the continuity of the solutions with respect to the initial conditions.?

F .
VA Parametrized

. Static Nash
o ~~\\
14 ‘\\\ y e I 1
e ﬂi,r(x(Vl)'VI)
____________ -0 v ("))
\\“*\:_\ ———————————————————— e X(V")
T T « V'T
ol
T

Figure 3: The one-dimensional shooting method.

29Gee Bonatti et al. (2017) for an application of this method to a symmetric oligopoly model featuring
dispersed fixed private information, imperfect public monitoring, and multiple long-run players.
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The signaling coefficient for interior values ox € (0,00) lies “in between” those found
for ox = 0 and 400 in Section 2, which validates the study of those extreme cases. Figure
4 illustrates: as ox increases, the signaling coefficient (dashed line) moves from the public
benchmark to the no-feedback case counterpart.®® With discounting and ox < 400, as is
nonmonotonic. Intuitively, the interior case combines the increasing history-inference effect
of the no-feedback case (dominant early in the game) with the decreasing signaling motive
driving the public case (dominant later): discounting then weakens the latter, while the
former grows over time even with a myopic leader. Finally, as ox increases, the amplitude

of the history inference effect increases, so the maximum of «ag shifts to the right.

2 4 3 8 10 2 4 6 8 10

—— B3 Public — a NF ----- a Interior —— B3 Public — a NF ----- a Interior

(a) r=0 (b)yr=1

Figure 4: Signaling coefficients for ox € {0,.1,.75,2,10, +0c0}; “a Interior” denotes as.

Common-value settings: fixed-point methods. When a3 and  are not proportional,
x can depend on both current and past values of 7, and the dimensionality problem resur-
faces.

Our key observation is that finding a solution to any given instance of the BVP (21) is,
mathematically, a fized-point problem. Specifically, notice that the static Nash equilibrium at
time T" depends on the value that y takes at that point. The latter value, however, depends
on how much signaling has taken place along the way, i.e., on values of the coefficients B at
times prior to 1. Those values, in turn, depend on the value of the equilibrium coefficients
at T' by backward induction—thus, we are back to the same point where we started.

Our approach therefore applies a fixed-point argument adapted from the literature on
BVPs with intertemporal linear constraints (Keller, 1968) to our problem with intratemporal
nonlinear constraints. Because the method is novel and has the generality required to become

useful in other settings, we briefly elaborate on how it works.?3!

30To obtain sharper visual effects, we are potentially plotting beyond the interval of existence that the
theorem guarantees (which is a lower bound). The discounted case can be treated with identical methods.
310ur adaptation is inspired by Theorem 1.2.7 in (Keller, 1968), which is stated without a proof.

27



Let t — by(s,7°,0) denote the solution to the forward IVP version of (21) when the
initial condition is (s,7°,0), s € RS, provided a solution exists. From Lemma 2, the last two
components of b, i.e., v and y, always admit solutions as long as the others do; moreover,
there are no constraints on their terminal values. Thus, for the fixed-point argument, we
can focus on the first six components in b := (5, 1, B2, 53, Vs, Vs, ¥, X) by defining the gap

function

9(s) = B(xz(5.7°,0)) — Dr / f(by(s,1°, 0)) .

This function measures the distance between the total growth of (5o, 51, B2, B3, vs, vs) (last
term in the display), and its target value, B(xr(s,7%,0)). By (22), B(x) is nonlinear: the
static Nash equilibrium imposes nonlinear relationships across variables at time 7.

By definition, bq(s,v°,0) = s. Consequently, it follows that

T
g(s) =s & B(xr(s,7%0)) =s+ DT/ f(b¢(s,7°,0))dt = Dyby(s,7°,0),
0

where the last equality follows from the definition of the ODE-system that Drb satisfies.
Thus, the shooting problem (i.e., finding s s.t. B(xr(s,7%,0)) = Drbr(s,~7°,0)) can be
transformed to one of finding a fixed point of the function g¢.%?

The bulk of proof consists of finding a time 7'(7°) and a compact set S of values for s such
that (i) for all s € S, a unique solution (b(s,7?,0))ter(yoy for the IVP with initial condition
(s,7°,0) exists, and (ii) g is continuous map from S to itself. The natural choice for S is a
ball with center sy := B(0), the terminal condition of the trivial game with 7" = 0.3

We can now establish our main existence result for a variation of the leadership applica-

tion in which the follower’s best response is of the form

Gy = Gagly 0] + Eefay] = 01¢ = Glag + e, where g9 > 0,

32A BVP with intertemporal linear constraints differs from ours in that Dgbg + Drbr = (B(xr)’,7°,0)’
becomes Abg + Bbt = «, where a3 is a constant vector and, critically, A and B are not necessarily
diagonal matrices—thus, unlike in our analysis, one may not be able to dispense with a subset of the system.
A complication that arises in our setting is that our version of a3 is a nonlinear function of a subset of
components of by, which requires estimating B(xr(s,7°,0)) for all values of s over which g(-) is a self-map.

33Tt is useful to work with a change of variables that eliminates 1 —; from the denominator in the original
system, and which reflects play when the state variable L is replaced by (1 — x)L. In the new system, part (i)
can be accomplished by bounding solutions uniformly as in the one-dimensional shooting method, but now
over [0,T(v°)] x S; in turn, the continuity requirement of (ii) is guaranteed by the regularity of (), while
the self-map condition can be ensured due to the system scaling with v° and T'. Equipped with existence, we
can then recover a solution to our original BVP by reversing the change of variables and applying Lemma 2
(which ensures that 1 —x; > 0 for all ¢ € [0, 7], and hence that the right-hand side of our system of interest
is well-defined). This approach sidesteps finding a uniform upper bound for y that is strictly less than 1,
which would be required at the moment of bounding the system uniformly. In all cases, v € [0,7°] due the
IVP under consideration being in its forward version (Lemma 2).
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i.e., the follower now has a positive bias relative to the original setting. The positivity
constraint ensures that (ii) in Assumption 1 is satisfied, and clearly the rest of the assumption
holds too. The associated BVP is given by (B.25)-(B.31) in the Appendix.

Theorem 2. Set ox € (0,00), tUag > 0 and r = 0 in the leadership model. There is a strictly
positive function T'(v°) € O(1/7°) such that if T < T(y°), there exists a LME based on the
BVP (B.25)-(B.31). In such an equilibrium, ag > 0.

There are three immediate observations from this theorem. First, the self-map condition,
while not affecting the order of T'(7°) relative to a traditional one-dimensional shooting case,

is not vacuous either. In fact, since so = B(0) is the center of S, we have that

g(s) — so = B(xr(s,7°,0)) — B(0) — DT/O f(by(s,~°,0))dt.

Thus, bounding B(xr(s,7°,0)) — B(0) imposes an additional constraint relative to those
that ensure that the system is uniformly bounded (which in turn bound the last term in the
previous expression), thereby shrinking the constant of proportionality in T'(7°) € O(1/7°).

Second, the set of times for which a LME is guaranteed to exist increases without bound
as 7° N\ 0: indeed, f(-) naturally scales with this parameter, so the solutions converge to the
full-information counterpart (vg, vs, 5o, f1, 52, B3, X,7) = (0,0,0,1/4,1/4,1/2,0,0), which is
defined for all T' > 0. Finally, the bound T'(7°) is obtained under minimal knowledge of the
system: it imposes crude bounds that only use the degree of the polynomial vector f(b), and
that do not exploit any relationship between the coefficients. Thus, the proof technique is
both general and improvable, provided more is known about the system in specific settings.

In Appendix B.3 we sketch how the steps used in the proof of Theorem 2 apply to the
whole class of games satisfying Assumption 1. Moreover, observe that this method, by
being able to “shoot” multiple ODEs in either direction, is potentially applicable to other

asymmetric games of learning beyond the class under study.

5 Extensions

As noted in Remark 1, our model can be generalized to accommodate a quadratic terminal
payoff or to allow the long-run player to affect the public signal. To demonstrate, we first
explore a career-concerns model, and then a trading model a la Kyle (1985) exhibiting private

monitoring of an insider’s trades.
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5.1 Reputation for Neutrality

Suppose that the long-run player is now an expert or politician with career concerns. This
agent has a hidden ideological bias 6 and takes repeated actions—for example, adopting

34 or making campaign promises.?® She receives utility from taking

positions on critical issues
actions that conform to her bias but also from attaining a neutral reputation at the end of
the horizon; hence, she must trade off her ideological desires with her career concerns.

The long-run player’s payoff is given by

T
- / (a0 — 0)2dt — i,
0

where ¢ > 0 is a commonly known parameter, while the myopic player’s flow payoff is
U(at, at,0) = —(a; — 0). In this specification, the myopic player chooses a; = M, at all
times, and so the termination payoff —wM% is effectively a measure of career concerns; the
parameter 1) > 0 governs the intensity of such motives.3

We interpret the myopic player as a news outlet; Y defined in (8) is interpreted as the
outlet having access to imperfect private sources regarding the long-run player’s actions. In
turn, the outlet’s news process is given by dX; = M,dt + oxdZ¥: the reporting on the
perceived bias is fair on average, but imperfect.

When does the politician fare better? In settings where the reporting is precise (i.e., low
ox), and hence she can tailor her actions to her reputation? Clearly, noisier environments
as measured by oy entail a direct cost: they introduce increased uncertainty over a con-
cave objective. The next result shows that increasing an agent’s uncertainty over her own

reputation, thereby undermining her ability to take appropriate actions, can be beneficial:

Proposition 5. (i) Suppose that ox € {0,4+0c0}. Then, for all ¢, T > 0 there exists an
LME. Moreover, if 1 < 02 /4°, the LME is unique, and learning is lower and ex ante
payoffs higher in the no feedback case.

(ii) If ox € (0,00), there exists T'(°) € O(1/7°) such that a LME exists for all T < T'(y°).

All else equal, the long-run player prefers higher actions when her type is higher, and

hence her equilibrium strategy attaches positive weight to her type. But because of career

34 Mayhew (1974) in a classic political science text describes the dynamic nature of position taking by
congresspeople: “[...] it might be rational for members in electoral danger to resort to innovation. The form
of innovation available is entrepreneurial position taking, its logic being that for a member facing defeat with
his old array of positions, it makes good sense to gamble on some new ones.”

35Campaign promises could be costly due to politicians’ honesty (Callander and Wilkie, 2007; Kartik
et al., 2007; Kartik, 2009) or the electorate’s refusal to reelect politicians who renege (Aragones et al., 2007).

36 A linear model a la Holmstrém (1999) makes the quality of feedback irrelevant. See Bouvard and Lévy
(2019) for quadratic-based horizontal reputations under symmetric uncertainty.
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concerns, the greater the perceived value of M, the greater the long-run player’ incentive
to manipulate it downward. With private monitoring, higher types therefore must offset
higher beliefs from their perspectives, leading to a history-inference effect that dampens the
signaling coefficient a3. The belief is then less responsive from an ex ante perspective, which
facilitates maintaining a reputation for neutrality.®” Indeed, provided the objective is not
too concave and the environment not too uncertain (which strengthen the direct cost), this
strategic effect dominates.

Regarding part (ii), because the present environment is one of common values, one can
establish the existence of a LME with minimal modifications to the method presented in
Section 4.3. Indeed, the only difference is that our baseline model had terminal conditions

that were a function of yr exclusively, whereas now we have an extra dependence on 7 via

Yyr

frr= T
ol

reflecting last-minute incentives to manipulate the myopic player’s belief that decrease in

the precision of such belief. Our approach does not vary with this extra dependence.

5.2 Insider Trading

An asset with fixed fundamental value 6, is traded in continuous time until date 7T, the
time at which its true value is revealed, ending the game. A patient insider (the long-run
player) privately observes @ prior to the start of the game. As in Yang and Zhu (2019), a
second trader has a technology which allows him to privately observe imperfect signals of
the insider’s trades; this player is myopic. Both players and a flow of noise traders submit
orders to a market maker who then executes those trades at a public price L; = E[0|F].
We depart from the baseline model along three dimensions. First, the players’ flow
payoffs depend directly on L, interpreted as the action taken by the market maker: the
player’s flow payoff is (0 — L;)a;; we interpret the inverse of the parameter £ as a measure

myopic player’s flow payoff is given by £(6 — L)a — where £ > 0, while the long-run
of transaction costs for the myopic player.?® Second, observe that the long-run player’s flow
payoff is linear in her action a; at all instants ¢ € [0,7]. Finally, the public signal (total
order flow) now includes the long-run player’s action: dX; = (a; + a;)dt + oxdZ;*. Hence,

the myopic player learns from both the private monitoring channel and the public price.

37Tt is easy to show that the ex ante expectation of M% is v° — v, so that greater learning by the myopic
player results in larger terminal losses for the long-run player. This reverses for slightly negative v, but so
does the history-inference effect: there is more learning but again a higher payoff in the no feedback case.

38The use of a quadratic loss term strengthens our non-existence result, as it limits the myopic player’s
ability to exploit the private information he acquires.
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Following the literature, we seek an equilibrium in which the informed trader reveals her
private information gradually over time through a linear strategy of the form (10). Hence,
we require that the coefficients of the insider’s strategy be C! functions over strict compact
subsets of [0,7).3” We can then apply Lemmas 1 and 2 to such sets.*°

Clearly, when £ = 0 (or oy = 00), the model reduces to the classic model of Kyle (1985)
(see also Back (1992)), and hence a LME with trading strategy of the form f3(6 — L) always

exists. This is not the case when & > 0.

Proposition 6. Fiz & > 0. For all oy > 0, there does not exist a linear Markov equilibrium

of the insider trading game.

With linear Markov strategies, the myopic player acquires private information about 6
over time by observing signals of the insider’s trades. Consequently, the myopic player’s
own repeated trades carry further information to the market maker, beyond that which the
market maker learns from the insider alone. This introduces momentum into the law of
motion for the price from the insider’s perspective, measured by a term &(m — [) in the drift
of L; future trades then become less attractive to the insider, thereby putting the insider
in a race against herself which results in all her information being traded away in the first
instant, regardless of the amount of noise in the private signal Y .4!

In an intimately related result, Yang and Zhu (2019) show that a linear equilibrium
ceases to exist in a two-period setting where a trader who only participates in the last
round receives a sufficiently precise signal of an informed player’s first-period trade; a mixed-
strategy equilibrium then emerges. More generally, the existence problem relates to how,
with common information, an informed player’s rush to trade depends on the number of
trading opportunities. The analysis of Foster and Viswanathan (1994) is illuminating in this
respect: in a setting with nested information structures, the better informed trader quickly
trades a commonly known piece of information (and exploits her superior information only
later on). While there are important differences between our setups (the belief of the less
informed player is, in their model, always known to the first, and their common information
exogenous) there is a unifying theme: once common information is created, there is a pressure

to trade quickly on it. Such pressure increases with the number of trading opportunities.*?

39By not imposing this requirement over [0, T'], we maintain the possibility of full revelation of information
near the end of the game, as is standard in insider trading models. In addition, this requirement ensures
that the total order can be “inverted” from the price, and hence it is without loss to make X public.

408pecifically, the proof of Lemma 1 provides the learning ODEs for the case v > 0, and it is easy to see
that the steps of Lemma 2 (with tz9 = &, tiaq = 0) also go through for this case.

41Because this environment is linear, there is no well-defined Nash equilibrium at 7. Thus, our argument
is not based on a non-existence result for a BVP, but rather on an impossibility of indifference conditions
for the long-run player to hold.

42In symmetric settings, Holden and Subrahmanyam (1992) show that intense trading occurs in early pe-
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6 Conclusion

We have examined a minimal departure from an extensive literature on signaling games:
namely, allowing for imperfect private monitoring on the receiver’s side. In such settings,
a “beliefs about beliefs” problem arises due to the private information obtained by the
receiver and the sender’s need to rely on her past play to forecast the former’s belief. A key
contribution of our analysis is to offer a framework where this problem is manageable, at the
core of which is a novel and tractable representation of a second-order belief under linear
Markov strategies. We explored the implications that such conditioning on past play has on
signaling behavior and economic outcomes in applications, and we introduced an approach
for establishing the existence of LME in asymmetric signaling games.

Let us conclude with a discussion of three assumptions of the model. First, the public-
private signal structure studied indeed provides us with sufficient tractability: via the repre-
sentation, it allows us to “close” the set of states at the second order. If instead the long-run
player had a stochastic type, or access to an imperfect private signal, beliefs of even higher
order would be payoff-relevant. While some economic environments may feature these as-
sumptions, a natural question is whether we believe that economic behavior in such settings
is substantially affected by those higher-order inferences.

Second, the presence of a myopic player is not a major limitation. In fact, most of the
results are derived for, or can be generalized to, continuous coefficients § in the myopic
player’s strategy. With a forward-looking receiver, such coefficients solve ODEs capturing
optimal dynamic behavior, but crucially (i) no additional states are needed, and (ii) the
fixed-point argument is applicable to an enlarged boundary value problem.

Finally, the linear-quadratic-Gaussian class is clearly a stylized one. Yet, its advantage
lies in its tractability for uncovering economic effects that are likely to be key in other, more
nonlinear, environments. From this perspective, (i) the way in which the history-inference
effect interacts with payoffs and (ii) the time-effects arising from ongoing learning, seem to
exhaust the effects expected to be of first-order importance when behavior depends on the

payoff-relevant aspects of the players’ histories.

riods between two identically informed traders, and Back et al. (2000) obtain the corresponding nonexistence
result with infinitely many rounds of trade directly in continuous time.
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Appendix A: Proofs for Section 2

A.1: Preliminary Results

We begin by stating several standard results on ordinary differential equations which we use
heavily in the proofs that follow. Let f(¢,z) be a continuous function from [0,7] x R" to
R™, where T" > 0. For any fixed zq € R", define an initial value problem (IVP)

T = f(t, ), z(0) = .

We have the following.

e Peano’s Theorem (Teschl, 2012, p. 56, Theorem 2.19): For some 7" € (0,7, there
exists at least one solution to the IVP for ¢t € [0,T7).

If, moreover, f is locally Lipschitz continuous in z, uniformly in ¢, then the following apply:

e The Picard-Lindel6f Theorem (Teschl, 2012, p. 38, Theorem 2.2): For some 7" € (0, T),
there is a unique solution to the IVP for ¢ € [0,T”).

e “The” comparison theorem (Teschl, 2012, p. 27, Theorem 1.3): If x(¢),y(t) are two
differentiable functions satisfying z(¢y) < y(to) for some ¢y € [0,7) and @, — f (¢, x(t)) <
¥ — f(t,y(t)) for all ¢t € [tg,T), then x(t) < y(¢t) for all t € [ty,T). If, in addition,
x(t) < y(t) for some t € [ty,T), then z(s) < y(s) for all s € [t,T).

A.2: Proofs for Public Case

Proof of Proposition 1. We aim to characterize a LME of the form
a; = Boy + BuM, + B30 and a, = Et[at] = Bot + (B + BSt)Mt (A1)

where M, := E, 0], and By, i = 0, 1,3, are functions of time satisfying 51, + 83, # 0, t € [0, T].

Since the follower attempts to match the leader’s action, we have

ay = Et[ﬁOt + BuM; + B30] = \5%4' (i + 63t),Mt
dot 01t

in any equilibrium in which 8y, + 83 # 0 at all times (and thus the follower’s belief can
be inferred from the observation of the follower’s action, which leads to M = M). From

standard results in filtering theory, if the follower expects (at)i>o as in (A.1), then whenever
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he is on path?? (even if the long-run player is not) his time-t beliefs are 6 ~ N (Mt, V), where

2
Mﬂzﬁywﬁ—ﬁ&+wMH%MMﬁ]wd%:—(%%), (A.2)
9y S ~~ g 9y
Ez[at]:

and where My = p and 4y = 7°.
Let V : R? x [0,T] — R denote the leader’s value function. The HJB equation is

2 .2

A
rV(0,m,t) = sup {—(a —0)? — (a — a;)* + Ayps (a)Var (0, m, t) + t;Y Vi (0, m, t) + Vi(6, m,t)} )
(A.3)

where A; := B%gt and p(a) :=a — Bor — (P1e + PBar)m.
We guess a quadratic value function V (0, m,t) = vo; +v1:0 + voym + v3:0% +vgym? + vs0m.

To obtain the maximizer of the RHS of (A.3), we impose the first-order condition

vor + 2mug + Ov
Yy
Vor + 2mug + Ov
:¢OZ_Mh+&m+&£—®—wawm+&%ht —— M, (A.4)

Oy

where in the second line we have used that the maximizer must be a* := By + B1ym + P30.
Since (A.4) must hold for all (6, m,t) € R* x [0,7], the coefficients on 6§ and m and the

constant term must vanish, and we obtain

205 Bor 05 (Bre — Bs) 20%(283 — 1)) A
B3tV ’ Bse Ve ’ B3Vt . ( .5)

<U2t7U4t7U5t> = <
Since v;r = 0 for all 4 € {0,1,...,5}, (A.5) implies the terminal values

(Bor, Bir, Bsr) = (0,1/2,1/2), (A.6)

which are also the myopic equilibrium coefficients, that is, the coefficients that would arise

were the players to act myopically at any instant of time.

431f instead of ox = 0, Y is public, this holds also after deviations by the myopic player; see footnote 12.
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Substituting a* as above into (A.3) yields

0 = —r[vo + v1,0 + vy + v3,0° + vym® + vs0m]
m — 0)[ve + 2mugy + Ovs,| 32
[+ mBue+ 08— D) — (m — 025, — Ot 2o ol
o .
v R . . . . . .
+ 4t5§t% + Dor + V10 + Vg + 03407 + Dgym?® + Vs, 0m,
Y

which again must hold for all (§, m,t) € R?x[0,T]. Using (A.5), we can replace (v, Vg, Vst, Vat, Vat,
U5;) in (A.7) and obtain a new HJB equation as a function of 5 := (B, b1, B3) and 5 As the
constant term and the coefficients on 8, m, 62, m? and 6m in this new equation must vanish,

we obtain the following system of ODEs for (v, v1, v, o, 81, 53):

Vor = Vot + B3 (Ba — Bue) (A.8)

U1 = ro1e — 200t Pt (A.9)

U3 = 1+ rvz, — 253, (A.10)

Bor = 2rBoiBst (A.11)

Bt = Bt [r(zﬁu — 1)+ 2 ”fj”t} (A.12)
Y

B3t = fBay [7’(25& —1) - ﬁltﬁ;t%} (A.13)
Oy

with conditions (vor, vi7, V37, Bor, b1, B3r) = (0,0,0,0,1/2,1/2). Observe that v appears
in all the previous equations, and its dynamic is given by (A.2). Furthermore, observe that
solving the subsystem (5o, 51, 53,7) delivers the remaining v;: their ODEs (A.8)-(A.10) are
uncoupled from one another and linear in themselves, and thus they have unique solutions.
Hence, proving the existence of a linear Markov equilibrium reduces to solving the boundary
value problem (A.2) and (A.11)-(A.13) with conditions 79 = 7° and (A.6).

We now show that a solution to this boundary value problem always exists. To do so, it
is useful to transform this problem into backward form, i.e., reversing the direction of time

and parameterizing the initial value of v in that system. Specifically, we obtain

Bor = —2r Bor Bae (A.14)

B = Bt [7’(1 — 2B1) — Bltﬁst%] (A.15)
9y

%z&%ﬂ—%@+&%m} (A.16)
9y
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2 .2
5, = Bt (A.17)

Oy
with initial conditions Syy = 0, B9 = P30 = % and 79 = v > 0.
Define B := B, + P

Lemma A.1. If a solution to the backward system exists over some interval [0,T], then
any such solution must have the following properties. If v > 0, then (i) Bf“b =1 for all

€ (0,7, (ii) B3 € (1/2,1) and By € (0,1/2) for all t € (0,T], (iii) B3 is monotonically
increasing while By is monotonically decreasing, and (iv) 7y is strictly increasing. If v =0,
then By = B3 = % and v; = 0 for all t € [0,T]. For any v* >0, 3y = 0.

Proof of Lemma A.1. We first claim that if a solution exists over some interval [0, 7], then
B3 > 0 for all t € [0, T]. To see this let f7(t, 83;) denote the RHS of (A.16). Letting z; := 0
for all t € [0,T)], we have 83 = 1/2 > x and S — f5(t, B3) = 0 = &, — (L, x,). By the
comparison theorem in Teschl (2012, Theorem 1.3), the claim holds.

Next, we define B" := 81,43 and show that B”** = 1. Adding (A.15) and (A.16) yields
B — 9rB4,(1— BP") which, given any S5, has solution of the form B = 1—Ce~ Jo 2rBasds,
Using the initial condition B =1 =1 — C, we have C' = 0 and B = 1.

Hence we can rewrite the 53 ODE as

Bst = Bt |r(1—2Bs) + M . (A.18)
Y

We now show that B3 < 1. Let f%(t,33) now denote the RHS of (A.18), and define
xy = 1forallt € [0,T]. Thenzg=1> B3 = %, and Bgt—fﬁi"(zﬁ,ﬁgt) =0<r=a—f%x),
so by the comparison theorem, the claim holds. Since f1; = 1 — B3;, we have §; > 0.

Consider the case v/ = 0. Since 33 > 0, v, = 0 is the unique solution to (A.17). Letting
2y = B3¢ — Pit, we have Z; = —2rf3;2;. As this is a linear ODE with initial condition zy = 0,
the unique solution is z; = 0 for all ¢t € [0,7]. Since By + B3 = 1, we have By, = 3 = 1/2
for all ¢ € [0, T], proving the claim in the proposition statement.

Next consider the case ¥ > 0. Since 83 > 0, (A.17) implies 7 is strictly increasing, and
hence v, > 0 for all ¢ € [0,7]. Now whenever f5; = %, we have (3 = % [O + 42’7—%} > 0, and
thus B3 > 1/2 for all t € (0,T)]. Since 51, = 1 — (B3, we have 81, < 1/2 for all such t.

We now turn to (iii). Since Bi+ By =0 forall t € [0, 77, it suffices to show that B3 >0
for all ¢ € [0,7T]; in turn, it suffices to show that H; := r(1 — 2083) + %5“)% > ( for all
t € [0, 7], where By = B3 Hy. Now Hy = 4?70% > 0, and with algebra it can be shown that if

H, =0, H = %M > 0. It follows that H, > 0 for all ¢ € [0, 7], as desired.

4
Y
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Finally, note that in all cases, we have 53 > 0, so the unique solution to (A.14) consistent
with the initial condition By = 0 is Sy = 0. O

Now we must show there exists a value of ¥ such that vy = ~° in the backward system
while all the other ODEs admit solutions. As shown in Bonatti et al. (2017), a sufficient
condition for this to occur is that the solutions are uniformly bounded when ~; takes values
in [0,7°] when ¢ is in [0,7]. By Lemma A.1, the following bounds hold as long as v does not
explode: [y, 51, B3 € [0,1]. We conclude that there exists a solution to the BVP, and hence
a LME exists.** Uniqueness is shown in the proof of Lemma A.3 for the case r = 0 and in
the online appendix for the case r € (0, 00).

For part (ii) of the proposition, 37 = 1/2 has already been established, and the remaining

claims have been shown (for the backward system) in Lemma A.1. O

A.3: Proofs for No Feedback Case

Lemma A.2 (Belief Representation). Suppose that the follower expects a; = [Bor + [11(1 —

N . 2
Xe) |+, where o = B3+ B1x, x = 1—7/7°, and v, := E[(0;— M,)?]. Then 4 = — (%) )
Moreover, if the leader follows (5), My = x:0 + (1 — x¢)p holds at all times.

Proof of Lemma A.2. Let Boiu + B1sM; + P30 denote the long-run player’s strategy. Thus,
Eila] = oo + auM;, where ag = [Bo + Bi(1 — x)]pw and a = S5 + B1x. Then, dM, =
AH[dY, — (cop + oy M) dt], so letting R(t, s) = exp(— fst %du)

Y Y

~

t
M, = uR(t,0)+ / R(t,5) 222 [(a, — as)ds + oydZ)]
0

Oy
! asYs
=M, = pR(t,0)+ [ R(t,s)——(as — ags)ds
0 Oy
. 20,2
P (A.19)
Oy

On the path of play, however, a; = By + B1eM; + B30, so we obtain

t

Qs

Mt = ,UR<t7 0) + 0/ R(ta S) O_;Y [_(1 - Xs)ﬁls,u + ﬁlsMs + 6359]d57
0 Y

where we have used that Sosu — ags = —(1 — xs)P1spt- In particular,

dMs = (_Ms {%(as + Bls):| + a;;/S [_515(1 - Xs),u + /8380]> d87

Y Y

44We elaborate on the specific details of this argument in the proof of Theorem 1.

38



and so, letting R(t,s) = exp(— st el (o — Bru)du),
Y

t t
M, = 4 (é<t,0) - / R(t,s) = 8,,(1 — Xs)ds) +0 / R(t, )= Bads.
0 Oy 0 Oy

From here

" t
Xt :/ R(t, s) ;%53st and 1— y; = R(t,0) _/ R(t, s) 8%518( — Xs)ds.
0 0

Y

Critically, observe that the second constraint is a direct consequence of the first. Specifically,

adding and subtracting fs; and noticing that ay — 515 = B35 — f1s(1 — xs)Wwe can write

- / Rt ) 52,00~ xo)ds = / R(t. ) 55 o = s
dR(t, s)
_ / ULV
= 1—R(t,0) — xs (A.20)

where in the last equality we used that R(t,t) = 1.

With this in hand, the relevant constraint is the first. In differential form, and using that
Qr = 53 + ﬁlXa

Oét’Yt Oétﬁz%t% (531: + ﬁlt)(t)2 Yt 04?%
— B = 1— = 1-— .
[ lt] 2 2 ( Xt) 2 ( Xt)

Xt =
Using the exact same arguments in the proof of Lemma 2, we conclude that the re-
sulting (,7) system admits a unique solution with the same properties as in that lemma.

Furthermore, it is easy to check that 1 —-,/~° satisfies the x-ODE, concluding the proof. [

Proof of Proposition 2. From Lemma A.2, given a conjecture by the follower about (5o, 51, f3),
—25% and x = 1-7/7°.

the variance of the follower’s belief evolves deterministically as ; =

The follower matches the expectation of the leader’s action by playmg

i, = E, [Bopt + Bre My + B3]
= E, [Boett + Bre ([l = xe] + x40) + B3,0]
= (8

ot + Pie[l — Xt])lf‘h(ﬁuXt + 53t)/Mt.
Sor o1t

Ignoring the a? term, the states (6, M;,t) capture the leader’s expected flow payoff given

an action a, on and off path. The a2 term introduces the term E,[M2], but this can be
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expressed as (Et[Mt])Q + Et[(Mt — M;)? = M2+ 3.
Defining p1; = Oét%/ax%v por = —pae[Bocpt + Prup(l — x¢)] and poy = —aypyy, where
oy = Brexe + Pat, the HIB equation is

rV(0,m,t) = sup{ — (a — 2a[6o; + d1ym) + 62, + 280:01m + 62 [yixe +m ])
7]Et[(a at)?) (A21)
—<CL - 9)2 + (:uot + Qi + mu%)vm(07 m, t) + ‘/25(67 m, t)} :

We guess a quadratic value function V (0, m,t) = vg; + 140 + voym +v3,0% +vgym? + vs0m.
Using a similar steps to those in the proof of Proposition 1,%% we obtain a boundary value
problem for (B, 81, 53,7). We now express this system in its backward form (the original
system can be recovered by placing a ‘—’ sign in front of the RHS of (A.22)-(A.26) below).

Using a guess 7o = ¥, we formulate an initial value problem parameterized by v*":

BOt = Oé—tQ {—7"012/5(%(2 —Xt) + 7"012/(1 - Xt) — 2%51215(1 - Xt)} (A.22)

B = {TUY 2B8ulBay + 103 (2 = xo)] + 2677 (1 — xi) } (A.23)
Y

5315 = F {7”032/(2 - Xt) + 253t[51t% - 7”012/(2 - Xt)]} (A-24)
Y

iy = 1oyl — (2 — x¢)] (A.25)
2,2

Ay = % (A.26)

with boundary conditions Sy = 2(2 XO , Bro = 350 XO), Bso =1, ap = ﬁ > 0 and 7o = ~F.

Let (B3, B, B i) = (2(12_>§<tt), 2(2iXt)’ 3 2—1><z> denote the myopic coefficients, i.e. the

myopic equilibrium given the variance v induced by the original (dynamic) strategy.

By the comparison theorem, > 0 in any solution to the IVP. It follows that for 4" = 0,
the IVP has a unique solution (8o, 1, fs,7.x) = (0,1/2,1/2,0,1). By continuity, suppose
now that v¥ > 0 is sufficiently small that there exists a solution to the IVP. By the same
argument as in the proof of Lemma A.1,  is increasing.

Given such (7¢):ej0,7], We can write the right-hand side of the a-ODE as a function of the
form f(t, ) that is of class C'. Using that x; = 1 — ~,/7°, observe that, in the backward

5To see this, from the proof of Lemma A.2, E,(M, — M,)? = Et[(fot R(t,s)o‘;gstsy)Q] =

Jo R(t, 52925 ds = [} exp(=2 [ 22du) (—5)ds = [ (ve/76) (—s)ds = 32 (/7 — 1/4°) = vuxee
46866 the onhne appendix for the detailed steps.
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system,

d( 1 X O o
E<2—><t>_f 1/ =x)) == e < 0= % [

where the first inequality follows from ~; being increasing in the backward system. Moreover,
ap = ﬁ The comparison theorem allows us to conclude that a; > 1/(2 — x;), and in turn
a; < 0 (and hence é&; > 0 in the forward system), for all ¢ € [0,7] with both inequalities
strict for ¢ € (0, 7] (t € [0,T) in the forward system) if and only if > 0. It follows that for
allt € (0,7T)], ay < g = ﬁ <1.

Now by simple addition of the ODEs, we obtain that BN := 5, + 8 + 33 satisfies

BtNF:%{2r03/(2—xt)[1—BtNF]}, with B = 1.
y

It is easy to see that an analogous argument to the one used for BP* used in the proof of
Lemma A.1 applies, yielding BN* = 1 as the unique solution.

Next, we establish uniform bounds on 5; and 3 (and hence f3). Toward showing 3; > 0,
observe that the RHS of the 3; ODE can be written as f71(¢, 81) of class C*. Letting z := 0,
we have (19 > 19 = 0 and iy — fo1(t,2;) = 0 — ;—%ra% <0=08y— (t, 1) and thus by
the comparison theorem, #; > x = 0. This implies that 3 =a — Sy < a < 1.

We now show (3 > 1/2 and pyy < i} < 1 for all ¢ € (0,7]. For the former, recall that
B30 = 1/2, and whenever 53, = 1/2, By = a2§€ > 0; it follows that B3, > 1/2 for all £ € (0, T1.

Now 19 = A1 < 1, and since

Bt = 12608 = g g (Bul2 = ) = (L= ) (26l = ) + x0)

>0= Blt - fﬁl(taﬁlt)7

the comparison theorem implies 5y, < 87} < 1 for all ¢t € (0,T].

By a one-dimensional shooting argument as in the proof of Proposition 2, we obtain
existence of a solution to the BVP for (S, 51, 83, 7), from which the value function coefficients
are characterized (see the online appendix), and hence existence of a LME.

The final claim to prove is that as T' — oo, ar — 1, for which we use the forward
system. Recalling that a« > 1/2, we have vp — 0 as T — oo, and thus yr — 1 and
ar=1/(2—-xr) = L. O
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A.4: Proofs for Comparisons between Public and No Feedback Cases

To prove Propositions 3 and 4 we rely on two sets of results. The first set (Lemmas A.3-
A4 below) corresponds to closed-form solutions that are obtained in the fully patient and
fully myopic cases. The second set of results establishes the uniform convergence of the
equilibrium coefficients to the myopic counterparts as r ,* oo (Lemmas A.5-A.6). All four

proofs are in the online appendix.

Lemma A.3 (Closed-form solutions when r = 0). For r = 0, the leading by example game
has a unique LME for the public case, and (Po, b1, B3,7) satisfy 5o =0, 1 =1 — s,

o o\ 2

Cr 1 1 ; T+ 207 =/ (7°T)" + 4oy

7t—7+m,53t—m; and yr = T .
oo ooy 203

(A.27)

Lemma A.4 (Closed-form solution no-feedback case r = 0). For r = 0, the leading by

example game has a unique LME for the no feedback case:

g, = MO+ )y — (T = (") ] By = 0¥ (v’ + 1)’
(v + 1) 208 (70 4+ vr)? — (T = t)(7°) 1) 203 (v 4+ 1) — (T —t)(v°)*yr
o = 7’ ’ = ’VTU%(’YO + 1) _—
Y0+ oy (v +r)” = (T =) (v*) " r

for all't € [0,T], where x; = 1 — v/7° and yp € (0,7°) is the unique solution in (0,7°) to
the cubic q(v) =T (v*)’ + (v = 7°) (v +7°)? 0% =0, and By = 1 — B — fs.

Lemma A.5 (Closed-form solutions—myopic case). Suppose the leader is myopic. In the
LME for the public case, 3 = 1/2 and %fmb — A9 Iy the LME for the no feedback case,

T 4o 4ot
o = W’ where vN is defined implicitly as the unique solution in (0,~°] of the equation

FO /) =2 ) = o N Y )y = =2

Lemma A.6 (Uniform Convergence as r — 00). As r — 0o, the solutions to the public and
no feedback cases converge uniformly to their corresponding myopic solutions.

Proof of Proposition 3

We first prove the learning comparison in (i). Recall that 4¥f is the unique positive root
of the cubic equation ¢(vy) = 0 defined in Lemma A.4. Now g is increasing over (0,7°), and
hence q(y) > 0 iff v > 4NF. Thus to prove the claim, it suffices to show that g¢(72*") > 0;

the proof of this algebraic result is in the online appendix.
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Now we establish the ranking of signaling coefficients at time zero, i.e., that ngb > oV,

Using the associated expressions from Lemmas A.3 and A.4, this is equivalent to

1 v’ N 7§ubT NF
> <—> = o 1 — < .
9 _ ,yguZT 70 + ’VQJYF v v ( T
Ty

It suffices to show that ¢(§) = T9(7°)* + (¥ — v°)(§ + 7°)?0¢ < 0. Using the expression for

A2 from Lemma A.3, one can show that

(V) T[=°T + /(v°T)? + 4oy/]

2
205

1

q(y) =

208 — (9°T — /(7°T)? + doy)
20%
T ,yo 4 . .
= ——2(04) (T7°)* + 20y — T\ /(Ty°)? + 404 :
Y

The expression in square brackets can be written as x—’gy — /zy > 0 where z = (T°)* > 0
and y = (T°)? + 40y > 0, and thus ¢(¥) < 0, concluding the proof.

Finally, to prove (ii), observe first that v/* > 4N for all ¢ € (0,7] in the fully myopic
case. Indeed, since 7' = 4" = 4°, solving the ODEs for v7* and vV by integration
and using that a; > f3; = 1/2 with strict inequality for all ¢ > 0 delivers the result. This

b NF
0 — 4,7, where we use &'

implies that for any § € (0,7), 0 < 7 := minger_s7(7,
to denote the solution for the case x € {Pub, NF} and r is the discount rate. By Lemma
A6, yPubr — ANET converges uniformly to yFuboe — N0
e € (0,7), there exists ¥ > 0 such that for all » > 7 and all t € [T — §,T], we have

Pub,r NFr Pub,c0 NF,00
Vi — Mt >Vt — Y

as r — oo, and thus for any
—€>7 —¢€>0, as desired.

Proof of Proposition 4

We begin by calculating expected flow losses in the public and no feedback cases.

Lemma A.7. The expected flow payoffs to the long-run player in LME for the public bench-

mark and no feedback case have magnitudes
up™ = A1 = Bae)? + By) and uf = (1= ag)*y* + g

Proof. Recall that E, is equivalent to the long-run player’s ex ante expectation operator.

In the public benchmark, using a; = (1 — 3;) M; + 3,60 and a, = M;, we have

u?™ =B [(0— ar)® + (a — a0)*] = Bo [(0 — M) ([1 = Bae]® + 55,)] = W1(1 — Bae)* + B3],

43



where in the last step we have used the law of iterated expectations and the fact that the
variance is deterministic: Eqo [(0 — M,)?] = E, [Et[(Q - Mt)Q]} =
In the no feedback case, using a; = (1 — o)y + w0 and a; = (1 — ay)p + at]\7[t,
U;ZVF = IAE(] [(0 — at)Q + ((lt — &t)ﬂ = (1 — ozt)szO [(‘9 — ,LL)Q] + Oé?on |:(9 — Mt)2i|

=7°(1 —a)? +afy""

where we have used the definition of 4° and K, [(«9 - Mt)z} =, [Et[(e — Mt)ﬂ =~4NF. O

To aid exposition, we subsume part (i) of the proposition in Lemma A.8 below. For
i € {pub,NF}, let Vi denote the long-run player’s ex ante expected payoff and define
Tt := I;L;F Define p := 4N /°.
Y

Lemma A.8. Assumer =0. Then

(i) VPib = —g2 {T”“b/Q —In [16_8pr] } and VNE = —¢2 {p(1 — p) — Inp}

(4_j‘pub)2

(ii) VP > VNE for all T,v°, 0% > 0.
Proof. See the online appendix. m

For part (ii) of the proposition, observe from the calculations in the proof of Lemma A.7
that for i € {pub, NF}, the undiscounted coordination losses are [ (7)?~; dt, where a#*> =
BPul and N = oV Since 4f = —(zi7f)?/0%, such losses are fOT U%z—gdt = oi In(y})|F =
—0% In(v°/~%) as in the proposition.

Appendix B: Proofs for Section 4

In the proofs for this section, we denote the prior by mg := pu.

Proof of Lemma 1. We establish a more general version of the lemma for a drift of the
form a; + va, v € [0,1], in X. We use “pl” and “p2” to refer to the long-run player and
the myopic player, respectively. Without fear of confusion, we also use ~y; for the posterior
variance of p2 (7 in the main body), as this variance appears in the first filtering step of
the proof. Likewise, pl’s posterior variance will be denoted by 7., as it is obtained from a
second filtering step.

Inserting (9) into (10), we can write a; = g + g Ly + g, with

aor = Bot, or = P + Pre(l — xe), and ase = Bar + LueXe,
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which p2 conjectures drives Y. (Since agz; plays a key role in the economic analysis and
appears frequently throughout the paper, we sometimes abbreviate it to «;.)

With this in hand, p2’s filtering problem can be obtained using the Kalman filter (Chap-
ters 11 and 12 in Liptser and Shiryaev, 1977). Specifically, define

dXt2 = dXt — [dt + V(Oé()t + &QtLt)]dt = Vagt(gdt + O'XdZtX
dY? = dY; — [og + o Ly]dt = as,0dt + oydZ)

which are in p2’s information set. Then, by Theorems 12.6 and 12.7 in Liptser and Shiryaev

(1977), p2’s posterior belief is notmally distributed with mean M, and variance Y1¢), where,

~ ~ « 9

aNt, = CENGX? g Ndt] + S5 Y2 - ag Mad),
ox 9y

N = —hes,

and ¥ := <a”—22 + U%) (These expressions hold for any (admissible) strategies of the players,
X Y
as deviations go undetected.)

P1 can affect M, via her choice (at)iepo,r- It is easy to see that, from her perspective,

~ Vo )
dM; = ;%t [(vay — v{ao + ag Ly + ag My })dt + oxdZ;*)
X
(6% ~
+ ?;3 L (ar — {aor + Lo + oz My })dt + oy dZ) ]
Y

under any admissible strategy (a¢):cjo,77. Rearranging terms we can write

th = (,u()t + ,ultat + MZtMt)dt + BiXdZt)( ‘I— BtYdZtY, (B]_)
where
o o
Hit = Oést%tz, Mot = —Mlt[%t + OéQtLt]a Mot = —O3¢lb1t, ng = ;t%tj Bz/ = f;:lt- (B-Q)
X

This dynamic is linear in M. Also, since L; depends only on the paths of X, g is in pl’s
information set. Similarly with (a;)cjo,r1, which is measurable with respect to (6, X).

On the other hand, because pl always thinks that p2 is on path, the public signal follows
dX; = (va; + dor + 81 Mydt + Sor Ly )dt 4 oxdZ;¥

from her perspective. This dynamic is also affine in the unobserved state M, with an
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intercept that is again measurable with respect to (6, X). The hidden state M along with
the observation state (#, X) is thus conditionally Gaussian. In particular, applying the
filtering equations in Theorem 12.7 in Liptser and Shiryaev (1977) yields that M, := E,[M,]
and vy := Ey[(M, — M,)? satisfy

BX
TXBE £ (1N, (v, + Gy + 61 M + G L) ] (B.3)

dM; = (por + paray + M2tMt)d§+ pu
_— X
=E4[ (10t +p1tat+pae Me)dt]

Yor = 2payer + (BEX)? + (B))? — <

UXBix"‘%t(slt)Q (B 4)

ox

and where dZ; := [dX;— (va;+ 6ot + 1. My + 691 Ly )dt] /o x is a Brownian motion with respect to
the long-run player’s standpoint. (For notational simplicity, we have omitted the dependence
of M and Z on the strategy (a;):cpo,r) that is being followed.) Crucially, because (B.3) is
linear, one can easily solve for M, as an explicit function of past actions (as«;) and past
realizations of the public history (X;)s<;.

Inserting a; = Bo; + P1: My + Por Ly + P340 into the right-hand side of (B.3), and collecting
terms we obtain

dM, = [fior + fueMy + fioe Ly + fize0)dt + Byd Xy,

where

. vogiYie + Y0
flor = —o1eCords+ asiefors + B [—vBor — o]

constant in Kot ;U«l:/,BOt ~ wi(

=lox B +v2:01:] /0%

. 9 Va1 + o0t
fir = ayie e + —ag e + 5 [—v Bt — 014

—_——— — — 0%

n1eBit Mot
. VoY1 + YO
flor = —meQaX+ asiefudi+ 2 [~V B2 — 62
~ N X
Lt term in po¢ 11tf2t

R VoY1 + Y0 asyie Va0
fiae = 3183+ 3 [—v B3] = 7 T T Bt

— ox gy ox

H1eB3t
“ VoY1 + o0
Bt - 2 .
Ox

Let R(t,s) = exp( fst fi1.du), and suppose and denote the prior distribution of 6 by
N (719, 710); in particular, My = rng. Path-by-path of X, therefore,

t t t
M, = R(t,0)ino + 0 / R(t, 8)jissds + / RA(t, 8)[jios + fias Ls]ds + / R(t,$)B.dX,.
0 0 0
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Imposing that this expression must coincide with (9) then yields a system of two equations:

t
Xt = /R(t75)/l3sd37
0

R(t,0)ri0 + [, R(t, )[fios + fis Ls]ds + [ R( tsBdX
I —x:

Lt -

The validity of the construction boils down to finding a solution to the previously stated

equation for y that takes values in [0,1). In fact, when this is the case,

(1 — x¢)dLy — Lydx: = [fror + (fue(1 — x¢) + foor) Le]dt + BdX,

Ly[fug + flor + frse]dt + fuoedt + BidX,
L —xt '

- st:

Thus, letting Ry(t, s) := exp (fst %du) we obtain that

B,
— Xs

t ~ t
Ly = Ro(t, 0)ring + / Ryt s) 2 d”/ Ry(t, 8)7——dX., (B.5)
0

0 — Xs

i.e., L is a (linear) function of the paths of X as conjectured. Moreover, in the particular
case of v = 0, it is easy to verify that dL; = (lo; + 14 L¢)dt + BidX;, where

log = — ’ZtXt(SOt(Slt = _%Xt(slt(ilt + 5207 B, — 2%Xt51t . (B.6)
UX(l_Xt) Ox UX<1_Xt>

We will ultimately find a solution to the equation for y that is of class C' and that takes

values in [0,1). In particular, if x is differentiable,

Xt = [eXe + flst
VoY1 + Y201

= a3 [XeBue — azexe] Hxe 2 [P — 014
~—————
=agt(1—x¢)—Bst *
va + Y210
+azie P + S 3 Torlne [—vBat). (B.7)

Ox

Using that as; = B3 + S1ex:, we obtain the following system of ODEs

Yo = —V5(Bat + Biext)*S

vy1e(Bae + Brexe) + 72t51t)2

Ao = —27y271(Bat + ﬁltXt)zE + ’Y%t(ﬁSt + ﬁltXt)zE - ( -
X

47



Xe = u(Bor + Buxe)* 21— xe) — (v[B3e + Buoxel + duexe) (V%t(ﬁgt - BIQtXt) ki 72télt) .

Ox
In the proof of the next lemma we establish that x = v2/v € [0,1). After replacing v = 0
and 7, = x7 in the third ODE, and writing ~ for =1, the first and third equations of the
previous system correspond to (13)—(14) as desired. The representation L; = E[0|F] is
proved in the Online Appendix. O

Proof of Lemma 2. Consider the system (71,72, x) from the proof of the previous lemma
when v = 0 (in particular, ¥ becomes 1/0%). Also, let §y; := tag + Ugacess.®” The local
existence of a solution follows from continuity of the associated operator. Suppose that the
maximal interval of existence is [0,T), with T < T'.

Since the system is locally Lipschitz continuous in (71,2, x) uniformly in ¢ € [0, 7] for
given continuous coefficients, it solution is unique over the same interval (Picard-Lindeldf).
In particular, observe that (yi,72:,x) = (7°,0,0) solves the system as long as 3 = 0.
Without loss of generality then, assume (337 # 0.

Observe that 7, is (weakly) decreasing over [0,7), so 71, < 7°. Suppose there is a time
at which v, is strictly negative. Let s < ¢ be the first time ~; crosses zero, and notice that

for t > s close to s,

t t
0> it = / leudu = _/ V%u[BBu + 61uXu]22d5 > 07

which is a contradiction. Thus, vy; € [0,7°] for all t € [O,T). Moreover, if 7, > 0, straight-

forward integration shows that

o

g
Tt = :
I+ fot[ﬁISS + 513Xs]22d8

Since 3 is continuous over [0,7], if 7 ever vanishes in [0,7) we must have that y diverges
at such a point; by definition of T, however, that point must be 7. Thus, y1; > 0 in [O,T)
(regardless of whether x diverges at T or not). Also, by continuity of /5’ and the strict
positivity of (830 + BioXx0)? = 5, We get 7; < 7° from the previous expression for ;.

We now show that 0 < 9 < 14 for t > 0. In fact, since 59 = 0, y10 > 0 and f39 > 0, we

4TAll the results in this proof extend to a generic continuous function &; over [0, 7] in which the explicit
dependence on § and Y is not recognized, which happens when the myopic player becomes forward looking.
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have 7y > 0 for t € (0,€) for small € > 0. Consider now [e, ] with £ € (¢, T). Then

2(t,x) = —2 +

x’Ylt(ﬁ:}t + Brexie)? ’Y%t(ﬁ?,t + Brxae)? B <51751t>2

OXx

is locally Lipschitz continuous with respect to z uniformly in ¢ € [e,]. Since 0 — f2(¢,0) <
0 = Ao — f72(t,v2) and 0 < 7o, we obtain that vy, > 0 for all ¢ € [0,#] by the comparison
theorem, and hence over (0,7) as well.
Now, let 2 := 79y — 1, t < T. Using the ODEs for 7; and 7, we deduce that
_ 271(Bae + Brexie) %

Z < 5 , 20 = Yoo — Y10 = —7° < 0.
Oy

It is then easy to conclude that by Gronwall’s inequality,

t 2 5
2 < 29 €xp (—/ 71 (Bss —; ﬁlsxls)ds) <0, t<T,
0

Oy

as v1¢(Bst + Brexw) is continuous over [0,¢], t < T. Thus, va; < 1 for all t € [0,7).

With this in hand, yo;/71; € (0,1) for all t € (0,T), and y20/710 = 0. Moreover, it is easy
to verify that the previous ratio solves the y—ODE. By uniqueness, x = 72/71. Replacing
72 = x71 and v = 0 in the y—ODE above yields (14), i.e.,

) 1-— ) 2 -
Xt = Y1e( B3 + ﬁ1tXt)2(—2Xt) - ’Vlt( 1:2@) , t€[0,7T).
Y X

By the previous analysis, (71,72, x) is bounded over [0,7). If T < T, the solution can be
extended strictly beyond 7" thanks to the continuity of the associated operator, contradicting
the definition of 7. Thus, the only option is that 7' = T'; since the solution remains bounded,
the system admits a continuous extension to 7.%8 By continuity, such an extension is unique,
and the desired properties (x = 72/ stated in Lemma 1; x solves (14); and y € (0,1); and
7% € (0,7°)) hold up to T" by the exact same arguments now applied over [0, 7] (as opposed

to over strict compact subsets of [0,7)).% O

Proof of Lemma 3. The long-run player’s problem is to choose an admissible a := (a;):c(0,1]

48For a generic system 2; = f(¢,2), if z is bounded over [0,T) and f continuous, there exists K s.t.
|z — 25| < K|t — s|; but this implies that (xs)s »r is Cauchy, and hence the limit exists. Having extended
the solution to [0,7) U{T'}, one can then further extend it to the right by applying Peano’s theorem.

49 An alternative way of seeing that y < 1 is that x < v1:(8s¢ + B1exe)?(1 — x¢) /0%, and so x¢ < 1 — vy /7°
by the comparison theorem, as the latter function satisfies 2; = v1:(8s¢ + Bi12¢)%(1 — 2¢) /0%, zo = 0. This
shows that the amplitude of the history-inference effect is maximized in the no-feedback case.
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that maximizes

T
Z/{(G) = EO |:/ €7TtU<(Zt, 6Ot + 51tMt + 62,5[/,57 Q)dt‘|
0

where (M) is given by (B.1) and (L;);>o by (B.5). Using that the flow is quadratic, we
obtain that
10°U

T T
Ula) = E, [ /O e "U (ay, oy + O M + 63y Ly, G)dt] +5 572 B0 [ /0 e 2R, (M — M%) dt

~

with M := E;[M], where we have made explicit the dependence of both processes on the

strategy followed. By the proof of Lemma 1, (M{);cm evolves as in (B.3), i.e.,

ox B 4+ v9101

tha = (,UOt + U1ty + [LQth)dt + o
X

aze

where dZf = [dX; — (va;+ 0ot +61: M +09: Ly )dt] /o x is a Brownian motion from the long-run
player’s standpoint, (uo, i1, pio, BiY) are given by (B.2), and where 7y, evolves as in (B.4).
Moreover, from the same filtering equations (B.3)-(B.4) we know that E,[(M® — M®)?] is
independent of the strategy followed, and that it coincides with ~9, t € [0,7]. Thus, the

long-run player’s problem reduces to

T
max Eo |:/ e‘”U(at, 5015 + (SltMta + 52tLt; 0)dt:|
0

(at)¢>0 admissible

where (M{);cjo,r) is as above, and (Ly);>o is linear in the paths of X according to (B.5). In

differential form, the latter process can be written as

o ) oxBe
{Lt[M1t+M2t+M3t]+/~00t+Bt[Vat+50t+51tMt +52tLt]}dt+1X tdZt-

1
st =
1 — Xt

— X1

where we used that dX; = (va; + dor + 01: M + 091 Ly )dt + o xdZ; from the long-run player’s
standpoint. (Refer to the proof of Lemma 1 for the expressions for (fio, fi1s, flot, fi3t, ng ).)
So far, we have fixed an admissible strategy (a¢)icjor) (in the sense of Section 3) for
the long-run player, and then obtained processes M® and Z° that potentially depend on
that choice. The above problem thus differs from traditional control problems with perfectly
observed states in that the Brownian motion is, in principle, affected by the choice of strategy.
With linear dynamics, however, the separation principle (e.g., Liptser and Shiryaev, 1977,
Chapter 16), applies. In fact, the solution to the long-run player’s problem can be found
by first fixing a Brownian motion, say, Z; := Z? (i.e., Z® when a = 0), and then solving

the optimization problem that replaces Z® by Z in the laws of motion of M® and L. The
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method works to the extent that Z* = Z for all (at):>0: it is easy to conclude from (B.1) and
(B.3) that the process Mt“ — M} is independent of the strategy followed, and hence so is Z,
given that oxdZ¢ = dX; — (vay + doy + 61y M® + 60 Ly)dt = 51, (M — M®)dt + oxdZ¥ under
the true data-generating process, thanks to the linearity of the dynamics. In this procedure,
therefore, one filters as a first step, and then optimizes afterwards using the posterior mean
as a controlled state."°

Returning to the v = 0 case, we can then insert Z; in the dynamic of M. Omitting the

dependence of the resulting process on a (as any control problem does), it is easy to see that

)
th = 7t02‘3t (CLt — [Oé(]t + OéQtLt + agtMt])dt + X701 dZt
oy 0x

As for the expression for L (display (17)), this one follows from (15) using that dX; =
(0ot + 9ot Ly + 61 My )dt + oxdZ; from the long-run player’s perspective. In fact, it is easy to
see from (B.6) that

VX014

lot + Bibor + (I + Bid1e) Ly + Bioy My = —
o%(1—x)

(M — Ly).

This concludes the proof. O

Proof of Lemma /. Suppose 07 = lga0i3, Uqq 7 0. The x-ODE for v € [0, 1] boils down to

. V2 1 (V -+ ’lladxt)Q
X1t = ’maﬁt ({—2 + —2} (1—x1u) — —2) = —’Yltath(Xt)-
0x Oy Ox

The goal is to find a function f : [0, x) — [0,7°], some x € (0,1), such that f(x;) =~ for
all ¢ > 0. When this is the case, and such f is differentiable, f'(x:)x: = 4. Thus, if ag > 0,

f/(Xt): )3
fxe)  Qxe)

50Relative to Chapter 16 in Liptser and Shiryaev (1977), our problem is more general in that it allows for a
linear component in the flow, and the public signal can be controlled (when v # 0). The first generalization
is clearly innocuous. As for the second, the key behind the separation principle is that the innovations
dX;—E;[dX;] are independent of the strategy followed, which also happens when v # 0. Given any admissible
strategy (a;)i>0, therefore, the fact that the filtrations of Z, Z® and X satisfy Ff = ]-"tZa C }"fjxa, t >0,
means the optimal control found by using Z is weakly better than any such (a;):>0. See p.183 in section
16.1.4 in Liptser and Shiryaev (1977) for more details in a context of a quadratic regulator problem.
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Thus, we aim to solve the ODE

') by

f(X) W’ X € <07>_(>, and f(()) — ’}/O,

over some domain [0, ¥), with the property that f(x) > 0 if y > 0.
To this end, let

—\/b2 -+ 4(’&(1&)2/[0’)(0'1/]2 — b
2(12@[1/0)()2 ’

_ \/b2 + 4(11(1&)2/[0)(03/]2 — b
Q(ﬁaa/gx)Z

and —c¢; =

Co

where b := [V? /0% + 1/0%] + 2v1,.a /0%, be the roots of the quadratic

N 2 2 ~
[ Uaa 9 v 1 20044 1
o= () o[ oe] ) o

Clearly, —c; < 0 < cy. Also, it is easy to verify that ¢, < 1.°! Thus,

Qx)  (fea)?(c1 + c2)

by 03(2 [ 1 1 ]
X+ xX—¢

is well-defined (and negative) over [0, c2) with 1/(x +¢1) > 0 and —1/(x — ¢2) > 0 over the

same domain. We can then set Y = ¢y and solve

X f'(s) o3 <X+C102> <c1>1/d (cg—x)l/d
ds = —— lo -] = = f(0) | —
/o f(s) (aa)?(c1 + ¢2) : C2—XC1 00 = 10) C2 X+
where 1/d = 0% % /[(4a)*(c1 + ¢2)] > 0. We then impose f(0) = ~°, thus obtaining a strictly

positive and decreasing function that has the initial condition we look for. Moreover, letting

v = f(x), its inverse is decreasing and given by

1—(v/7)"
‘o1 + ea(7/7°)%

x(y) = f(v) = ac

When v, = 74°, we have that y = 0, whereas when v = 0, it follows that x = ¢y as desired.
We verify that this candidate satisfies the y-ODE; we do this for the v = 0 case only. To
this end, it is easy to verify that

d(x()) ad (%)d
— d g
dt oy le + C2(7/7°)d]20162 e+ e 0

IThis follows from squaring both sides of /b2 + 4(1i4a)?/[ox0y]? < b+ 2(@l4a)?/0% using that b +
2(0qa)? /0% > 0 and b= [v? /0% +1/0%] + 2vilea/o% -
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By construction, moreover,
2
Ox

012/ (ﬁa&)z
which follows from equating the first- and zero-order coefficients in Q(x) = 42,x*/c% +
x/o% —1/0% =02, (x — 2)(x + ¢1)/0%. Thus, dcicy = ¢1 + ca.

On the other hand,

C1Cy = C1 — Cg =

[taax(N]* _ g [CC %}226?(1_62) [ 1= (y/)¢ r

P kL T atel/r) oy lataly/r)

Ox Ox

where we used that cic2/o% = ci(1—cy) /0% follows from 42,3 /0% = (1—cy) /0% by definition

of ¢g. Thus, the right-hand side of the y-ODE evaluated at our candidate () satisfies

mg(l;x - “‘“2”2) o (1—X—c%<1—c2>{ L= G/ D

v O y c1+ ca(y/70)4

x=x(7)

Thus, using that c¢;cad = ¢ + ¢3 in our expression for d(x(v:))/dt, it suffices to show that

[e1 + co)? (%) = (1= X)[er + (/) = (1 =)l = (v/1°)7

Using that x[e; + ca(7/7°)%] = 1 — (v/7°), it is easy to conclude that this equality reduces

to three equations

0 = & —cica—ci+cie
(Cl + 02)2 = 26102 — 0162(02 — Cl) -+ 20?(1 — CQ)
0 = +ecs—c(l—c)

capturing the conditions on the constant, (v/7°) and (v/7°)%, respectively. The first con-
dition is trivially satisfied. As for the third, by the definition of ¢; and ¢y we have that
c2/(1—c3) = 0% /(tiwaoy)? = /(14¢1). Thus, ¢f(1—c3) = c3(1+¢), and the result follows.
For the second, use that cjca(cy — ¢;) = —(c; — ¢2)? and that c}(1 — ¢3) = 3(1 + ¢1) to

conclude

20162-6102(02-C1)+20?(1—Cg) = C%+C§+2Cg(1+01) = C%+C§+2C§+2C2 CoC1 = (Cl +C2)2.

=C1—C2

Thus, x(7) as postulated satisfies the x-ODE. We then conclude by uniqueness of any such

solution.
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Finally, when 4,, = 0, we have that §; = 0, and the x-ODE reduces to x = a3,7v:(1 —
Xt)/0%, xo = 0. It is then easy to verify that y(y) = 1 —7;/7° satisfy the ODE, and hence

we conclude using the same uniqueness argument. O

B.1: Proof of Theorem 1

Our main task is to prove that a solution to the BVP exists, and any solution has the stated
properties; from there we will establish the rest of the solution. Recall that oy = a3 =
Biexe + B3t. We begin by reversing time and posing the associated IVP, together with the
a-ODE, parameterized by an initial guess vy = 7! € [0,7°]:

' QU0
Vet = _622t - QBltﬁzt(l - Xt) + 5%(1 - Xt)2 - 26t LX (B'8)
o% (1= xt)
2
_ Vgt QY
Ot = 262 +2(1 — 20) Bre(1 — xe) + 483 xe(1 — xi) — et XL (B.9)
Ux<1 Xt)
. 0"
B = 5772 tzt {—203((04,5 — Bi) Br(1 — xz)
oxoy (1= xt) (B.10)
208y X (Bae[1 + 2B1exe] — Bu[l — xi]) + a?ﬁlt%XtUSt}
: QY 2 22 2 2 2
20202 (1 — xy) { . ' (B.11)
+04?7tXt<2U6t + ﬁQtUSt)}
: Yt 2 2 2
53t = 20 ﬁlt(l — Xt)ﬁ?,t — 20 Oétﬂ%X (1 - 25375)
20%02(1 — xy) {20% v ' (B.12)
+Ozt253t’7tXtU8t}
2 2
) Ve O
= U% (B.13)
3
. A Ve Xt 2
= 4 B.14
0= TR (1) Lt a .
with initial conditions Vo = Ugp = O, /610 = —Q(Zixo)’ 620 = —2(121>§?0), 530 = % and Yo = ’}/F, where

Xt = X(7) using the function x : Ry — (—00,¢2) as defined in Lemma 4. Hereafter, we use
the notation Y := ¢y. Recall also that ¢; < 1, and note by inspection that x(v) \, —c1 < 0
as 7 — 400, and since x is decreasing, it has range (—cp, ). The right hand sides of the
equations above are of class C* over the domain {(vg, vs, 81, B2, 83,7) € R® xR, }, and hence,
if a solution exists over [0, 77, it is unique. To solve the BVP, our goal is to show that there
exists v € (0,7°) such that a (unique) solution to the IVP above exists and it satisfies
r(v") =°.

Note that if v/ = 0, then the IVP has the following (unique) solution: for all ¢ € [0, 7],

o4



Xt =X B = ma Por = % and (3 = % (so that ay = %_() and v; = 0, with vg and vg

obtained from integration of their ODEs. (Clearly, this does not correspond to a solution to
the BVP, since y7(0) = 0 < ~v°.)
We now consider v > 0. Given the C' property mentioned above, and the existence of
a solution to the IVP for v = 0, there exists € > 0 such that a (unique) solution to the IVP
exists over [0, 7] for each v € (0,¢€) (see Theorem on page 397 in Hirsch et al. (2004)).
Observe that for v > 0, we can change variables using ¥; := yv; for i = 6,8 and create
a new IVP in (g, s, 81, 53, B3,7). We label this System 1, and it consists of (B.10)-(B.13)

(replacing all instances of vyv; with 0;, i = 6, 8) together with

. 1 2xt
Ust = Nt {—522,: =281 B (1 = xi) + BL(1 = x0)* + Varr} {g - U_%((l—x—xt)} } (B.15)
: 1 ¢
Ust = mt {25% +2(1 — 204) Bre(1 — xe) + 485 xe (1 — x¢) + Tsecr] [0—2 - ﬁ} }
Y X
(B.16)

subject to vg9 = g9 = 0 and the remaining initial conditions above. We will argue later that
when this system has a solution over [0, 7], vg = Us/7 and vg = 0g/7 are well-defined, and
hence a solution to the original IVP can be recovered.

System 1 has the property that in its solution, v and [ can be expressed directly as
functions of the other variables. In anticipation of this property (which we will soon verify),

it is convenient to work with a reduced IVP in (0s, 51, f3,7), which we call System 2:

Ut = Ve {2[1 — Bue — Bae] + 2(1 — 20) Bre(1 — x¢) + 487 xe (1 — xe)

(B.17)
+igof (103 — xo/ (0%[1 = xi))] }

5o Qe 6.2 _ _

bue = 20503 (1 — x4) t=2ox (e = Au)Bull =) (B.18)
+205arxe([1 — Bure — Bae][1 + 2Buxe] — Bull — xe]) + of Buxitse

/8375 = 20%0;2?_ Xt) {20§(ﬂ1t(1 - Xt)63t - 2012/0%[1 — Bt — 5315])(?(1 - 2531&) (B,19)
+04353tXt178t}

and (B.13), subject to the initial conditions 0gg = 0, 19 = m, B30 = % and vy = 7F.
Observe that in this system, we have substituted 1 — 8; — 5 for all instances of 3 in the
original ODEs. We will show that there exists a v¥" € (0,7°) such that a (unique) solution
to System 2 exists and satisfies y7(vF)
we can construct the solutions to (B.11) (which will be 1 — 5, — f3) and (B.15) directly,

solving System 1 (and hence the BVP).

= v°, and then we will show that given this solution,
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Based on System 2, define
7 := sup{~" > 0] a solution to System 2 with ~, =~* exists over [0, T]},

with respect to set inclusion. Since the RHS of the equations that comprise System 2 are
of class C!, the solution is unique when it exists, and there is continuous dependence of the
solution on the initial conditions; in particular, the terminal value 77 is continuous in %
(see Theorem on page 397 in Hirsch et al. (2004)). Hence if there exists v € (0,7%) such
that 7 (7")
yr(7F) = ~°, allowing us to construct a solution to System 1. We rule out the alternative case

> ~°, by the intermediate value theorem there exists a v'" € (0,%) such that

by contradiction, and then we return to the case just described to complete the construction.

Suppose by way of contradiction that for all v € (0,%), yr(v) < 4°. In particular,
because 7, is nondecreasing in the backward system for any initial condition, we have that
v € (0,7°) and by Lemma 4, x; € (0, ) for all ¢ € [0, 7] when v € (0,7).

To reach a contradiction, it suffices to show that the solution to System 2 can be bounded
uniformly over v € (0,7), as this would imply that the solution can be extended strictly to
the right of 4 in this case, violating the definition of 4.

To establish uniform bounds, we decompose (; and (3 as sums of forward-looking and
myopic components and show that both of these components are uniformly bounded; we
bound vg without such a decomposition. Specifically, define S}7 := m, By = 3
ﬂi]; = By — B for all t € [0,T], i = 1,3. Observe that for v € (0,%), 8% is uniformly
bounded by [1/4,1/2] C [0,1], as x: = x(7¢) € [0,1] for all t € [0, T, and trivially 55} € [0, 1].
Hence, we define one final system, System 3, in (s, B{,ﬁ;{,'y) to be (B.13), (B.17), and

and

S Xt QY f m f m
B = _2(2 —x)? + 203(0%(1 — ) {_2‘75((0% — 81 + BB + B = xu)
20t o ([1— (81, + B1) — (81, + Bt + 2080, + B (B.20)

20} (B, + B (L = x0) + a3 (8], + Bt |
f m m o~
= hﬁl (ﬁ{ta Blt ) B?{t? BSt » Ust, r)/t)

e Mt m m m ~
Z{t =52 2 {203((5{; + 6111 — Xt)(ﬁ?{t + B3) + a?(ﬂz){t + B3t ) Xt Ust
20507 (1 — x¢)

ot oL — (Bl + 5 — (8 + 53]}

s m m o~
= WP (B, B, BL, B Dse, )

(B.21)

subject to initial conditions gy = 0, 5{0 =0, Bgfo = 0 and v = ~F € (0,7), where a; =
184, + B+ 8L, + 87 x¢. Define h™ (81, B2, B, By, by, 1) as the RHS of (B.17) with 3/, + 57
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substituted for g, i =1, 3.
Given that g7 and (3" are uniformly bounded, it suffices to show that the solutions
(s, 5{ , ﬁg ) are uniformly bounded by some [~ K, K]*. (Recall that ~ is already bounded by

[0,7°].)
Define @ = (K + 1)y + (K + 1), where we suppress dependence on K. Next, for z €
{0s, 8], 8]} define h* : R%, — Ry, as follows:

R (7% K) = 4° {2[1 + 2(K + 1)] +2(1 + 2a)(K + 1)

(B.22)
+4(K +1)°y + Ka* [1/oy + x/(o%[1 = X])] }

P (7 ) = [1/02(‘53/;;3[1 bl 20?(0%‘:?; —y {2okla+ K (K + 1)
+205ax([1+2(K + 1)]1+2(K + 1)y + K + 1) + @K (K + 1)x}
(B.23)
765 (0. - an® 2 2 2 —
W (%K) = m {205 (K +1)* + &’YK(K + 1) (B.22)

+oyax K1+ 2(K + 1)},

Define K
T(7°) :=max min =———r,
K'>0 g (05,6 8§} h* (7% K')
and let K denote the argmax.?® We now show that given T' < T'(7°), (0, ﬁ{,ﬁg) are uni-
formly bounded by [, K]3. Suppose otherwise, and define 7 = inf{t > 0 : (s, 3],, 51,) ¢
[— K, K]?}; by supposition and continuity of the solutions, 7 € (0,7) and |z,| = K, some
x e {0s,8,5]}. Now by construction of the h*(y% K), for all ¢ € [0,7] and for each
x € {us, 87, B} we have

el = 1B (B, BT B, 85 st ve)| < B (7% K)
and thus by the triangle inequality,

2] <O+ 7-h"(v* K) < T(y)h*(v* K) < K,
a contradiction. We conclude that the solutions (s, 5{ , Bg ,7) to System 3 are uniformly
bounded by [—K, K]*> x [0,7°], and by another application of the triangle inequality the
solutions (s, 31, B3,7) to System 2 are uniformly bounded by [— K, K] x [~ K, K +1]?x[0,7°].

This gives us the desired contradiction on the definition of 4 from before, so we conclude

2Note that T(7°), K < 0o as the h* grow faster than linearly in K.
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that for T' < T'(°), there exists v/ € (0,7) such that the solution to System 2 satisfies
yr(vF) = ~4°. (Note that any such 7" lies in (0,7°), as 7 is nondecreasing in the backward
system.)

For the remainder of the proof, assume T < T'(7°) and consider any such v as above
and its induced solution (s, 81, 83,7) to System 2 with y7 (7)) = ~°.

We claim that o« > 0 over [0, T]. First, we have ag > 0, as opg = 17F), and by Lemma 4,

7=
0 < x(v¥) < x < 1. Now the RHS of (B.14) is locally Lipschitz cong{i(nuous in «, uniformly
in ¢, as the remaining coefficients appearing in that ODE are bounded (being continuous
functions of time over the compact set [0,7]). By standard application of the comparison
theorem, we have oy > 0 for all ¢ € [0, T].
Hence, we can define
~cand .__ 012/[_1 +201:(1 — x¢) + o] U

cand
v = - 5 =1~ B — Ba.
6t o 92 9 2t

Observe that in System 2, (B.17)-(B.19) was obtained by replacing By with £5¢"¢ in
(B.16), (B.10) and (B.12), so (7, 81, 5%, B3, ~) solves (B.16), (B.10), (B.12) and (B.13). It
is tedious but straightforward to verify that 95" and £55¢"¢ solve (B.15) and (B.11), respec-
tively. Now the RHS of the system (B.15) with (B.11), given the solutions (s, 81, 33, 7), is lo-

cally Lipschitz continuous (@, 32), uniformly in ¢, and thus (752", 352"?) are the unique solu-

tions to (B.15) and (B.11) given the other variables. To summarize, (05", ¥g, 31, 55", 33,7)
solves System 1.

We have v; > v > 0 for all ¢ € [0, T]. Thus, we can recover vg = 7/ and vg = U5/ as
the solutions to (B.8) and (B.9). Hence, we have established the existence of v/ € (0,7°) and
) =1
By reversing the direction of time, this is a solution to the BVP in the theorem statement.

solution to the associated IVP posed at the beginning of the proof such that v (y

For the remainder of the proof, we refer to the forward system. Now in the full system

of equations for the equilibrium learning and value function coefficients, we have

2032/5015 _052/[/83t - 511&(2 - Xt)] 20)2/(2531: - 1) 20}2/[5% - Blt(l - Xt)])

(U2t7 Ust, Utt, Ugt) — ( ) 9 9
YO YO Ve Ve

and a system of ODEs for vy, vy, v3, v4, Bo:

. QX
v = i + ﬁ {03 [=-2Bax: (1 — x¢) + exa(1 — x2)?]
X Xt
—i—OétUg((l - Xt)2 - Oét%XtU&}

V1 = —2B0;
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2
Qi Ve Xt Vst

PN M\ UL ) 1—

Ust ag((l — ) + 280 [ B Xt) + Bat]

Dy =1 — 205,

Bo = aZyixelauye(vae + Borvse) + 403 BotBarxi]
ot = — ,

20%0%(1 — 1)

all of which have terminal values 0. Since the system of ODEs above is locally Lipschitz
continuous in (vg, v1, V3, V4, Bp), uniformly in ¢, it has a unique solution (given a solution to
the BVP), and hence vy, v5, v; and vg are well-defined by the above formulas since «,y > 0.
Furthermore, by inspection, (vs, 5y) = (0, 0) solves the pair of ODEs for (v, £y). We conclude
that for T < T'(7°), there exists a LME with the stated properties.

B.2: Proof of Theorem 2

Let
52 = Ba/(1 = x); U6 = v6y/(1 — X)25 s = vgy/(1 — Xx)-

The boundary value problem is

< ~ ~ . o? 2 11& + « 2X
Vet = Vi {—ﬁi —+ 251,562,5 + 52215 + Vet (0_—; + ( 6 ; t) t) } (B25)

Y Ox

5 5, Usi(tag + o)
Ut = V4 {(_2 + doy)Bry — 2B + gt ( 002 1) X _ 46%9@} (B.26)
X

. ’}/ ~ A
P = 402 52 (1t+ tapXt) x {20 0 (G — 261, + au(itap + 251))
X%y g

+0gevy (Tiag + ) (Tiap — 2B10) Xt
+4B1xe (3907 + (20a90% + 03 ) o + Qagaw (Gagox + 205 — oxPut)]
_40%@&9 + at)QBQtXt + 405% (Tag + at)gﬁlt(ﬁae - QBQt)X?}

Mt { 2 |:A2 2 N P i|
x {2 2+ 2 a0 + 2
T80T (Lt ) V2 [+ 200+ oo+ 20)

X (Uag + Oét)2 [—4?7& + Vst (Uag — 26%)}

(B.27)

B =

i (B.28)
+ayxilapox [ﬁlzt + (Tao + 20@)524

— 439 + v)? [ﬂaoﬁﬁt@t + 02 Boy (—Tiag + 23%)} Xf}
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: Tt 2 2
= X ¢—4
Bt 20202 (1 + Gagxe) { ox P

+20x1(lag + o) [—liapox + 2liapoay — Usrvy(Tiap + )]
=20 X[ 200005 e B1y — 20% ) (B.29)
—Xf [’lNJStCYt(ﬁ&G + at)z(ﬁdg — 2,81t) + 4@@90%0@(@&9 + oy — ﬁlt)ﬁlt]

+4‘752/Xt2(ad9 + Oét)2(—1 + 204t)B2t + 8032/(%9 + Oét)2ﬁ1tﬁ~2tX?}

) a2 2

=N (B.30)
Oy

o = {ai(1=xa)/0y — (fag + 00)x; /0% } - (B.31)

with boundary conditions (7o, X0, V61, U7, P17, Bor, Bsr) = (71°,0,0,0, 21(‘537;‘(&7?), 21(‘537;‘(‘;?), 1/2).
The proof proceeds in several steps. The main task is to establish the existence of a
solution (v, Us, f1, Bs, B3, 7, X) to the boundary value problem for all ' < T'(7°); from there,
it is straightforward to verify that the remaining equilibrium coefficients are well-defined, as
we do at the end of the proof.
Step 1: Convert BVP to fixed point problem in terms of a parameterized IVP. It is useful
to introduce z = (66,178,51,32,63,%)() and write the system of ODEs (B.25)-(B.31) as
5 = F(z). We write 2 = (21, 22, ..., 2z5) and F(2) = (Fi(2), F3(2), ..., F5(2)).
Define B: R, — R® by B(x) = (O, 0, Li2hae (1+2da0) 1/2), formed by writing the termi-

7 2(2—x) 7 2(2—x)
nal value of 7 as a function of x. Define sy € R® by so = B(0) = (0,0, 12t H20a0 7 /9),

For x € R", let ||z||o denote the sup norm, sup,;, |#;|. For any p > 0, let S,(so) denote

the p-ball around sq

Sy(s0) = {s € B¥|[|s — solloe < p}.

For all s € S)(s0), let IVP-s denote the initial value problem defined by (B.25)-(B.31)
and initial conditions (Ugg, Us0, 510, Bao, B30, Yo, Xo) = (8,7°,0). Whenever a solution to IVP-s
exists, it is unique as F is of class C'; denote it by z(s), where z(s) = (Z(s),7(s), x(s)) =
(D6(s5), Ts(s), B1(5), Ba(s), Bs(s), v(s), x(s)), where we suppress additional dependence on (v°,0)
which remain fixed. Note that such a solution solves the BVP if and only if

Zr(s) = B(xr(s)), (B.32)

as the initial values yo(s) = 7° and xo(s) = 0 are satisfied by construction. Note also that
Zr(s) = s+ fOT F(2(s)) dt; hence (B.32) is satisfied if and only if s is a fixed point of the
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function g : S,(sg) — R® defined by

g(s) = B(xz(s)) — / Fa(s))dt. (B.33)

Note, moreover, that for any solution, we have by Lemma 2 that y; € [0, x) where we
define y as 1 for the purpose of this proof.
Step 2: Obtain sufficient conditions for IVP-s to have unique and uniformly bounded
solutions for all s € S,(s¢), any p > 0. Specifically, for arbitrary K > 0, we ensure that the
solution Z;(s) varies at most K from its starting point s for all ¢ € [0, 7], and thus by the
triangle inequality, this solution varies most p + K from sy. These bounds will be used later

in the proof.

Lemma B.1. Fiz7° >0, p > 0 and K > 0. Then there exists a threshold TSPC (7°; p, K) >
0 such that if T < TP (v°; p, K), then for all s € S,(so) a unique solution to IVP-s erists
over [0, T]. Moreover, for all t € [0,T], Z,(s) € Sp+x(s0). We call this property the System
Bound Condition (SBC).

Proof. Recall that F is of class C', and hence given s € S,(so), the solution z(s) is unique
whenever it exists. Toward the SBC, note that it suffices to ensure that for all ||Z(s) — || <
K, since then by the triangle inequality, ||Z(s) — Sol|eo < [|2(8) = 8|]oo + [|5 — S0l < p+ K.
In what follows, we construct bounds on F' by writing F/(z(s)) = F(z(s) — s+ 5¢) and using
the conjectured bounds ||Z(s) — so||x < p+ K, v € (0,7°], x € [0, x) for the solution, when
it exists. Using these bounds on F', we identify a threshold T8¢ (y°; p, K') such that for all
t < T5BC(~%; p, K) the solution to IVP-s (exists and) satisfies the conjectured bounds.

Note that the desired component-wise inequalities |z;;(s) — sio| < p+ K, i € {1,2,...,5},
imply the further bounds

V6|, |Use] < p+ K

_ 1+ 24,
|61t‘ < ﬁl(p,K) = Te+,0+K
o 1+ 24,

|Bos| < Palp, K) := Te—i-p—i-K

B3] < Bs(p, K) :=1/2+ p+ K
lay| < a(p, K) == Bi(p, K)X + Bs(p, K).

Hereafter, we suppress the dependence of 3;, i € {1,2,3}, and @ on (p, K).
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Define functions h; : R%, — R, as follows:*?

hi(%; p, K YL (B + B2)? + 6 (02 /oy + 2(tag + @)°X/0%) }
ho(v%; p, K) = O{ (24 4a) 81 + 202 + Us(@ag + @)°X /0% + 45; X }
hs(v%; p, K) == i x {20%a (a3y + 267 + a(tap + 2B1))

40252
UgOf(U@g + @)?(lap + 281)X
+451X [U3907 + (20a90% + 03 ) & + Gapa (Gagox + 205 + 0% P1)]
+40% (ap + @)* [PaX + Pu(ta + 282)X°] }

x {20%a [i2, + 262 + aliag + 282)]

ha(¥%;p, K) = 02oZ
XYY

ax(fag + @)* [406 + Us(tag + 202)] + 4axtasox [B7 + (Gag + 2a)5s]
+4(liag + @)X [ao V60 + 03 Ba(tiag + 262)] }
,YO
) N 4 2

+2ax[2ﬁa90§<@51 + 20% 37
)22 [ﬁgd(ﬁag + d)z(ﬁde + 261) + 411&9(73(@31 (Uap + a + Bl)}
+403 X (Gao + @) (1 + 28) Bo + 805 (tag + @)*B152X° } -

hs(7°; p, K x {40%a* B + 20X (lao + @) [Qagox + 20iap0% 0 + Vs@(liag + @)

Now for arbitrary (p, K) € R% ,, define

T*%¢0y%p K) = _min W (B.34)
We claim that, for any ¢ < T989(1°; p, K), if a solution exists at time ¢, then ||Z(s) —
Slleo < K, v € (0,7°] and x; € [0,%). To see this, suppose by way of contradiction that
there is some s € S, and some t < T98(y% p, K) at which a solution to IVP-s exists but
either |z;(s) — s;| > K for some ¢ € {1,2,...,5}, % ¢ (0,7°] or x¢ ¢ [0,x); let 7 be the
infimum of such times. Now by Lemma 2, it cannot be that v, ¢ (0,7°] or x; ¢ [0, ) while
Z(s) exists, so (by continuity of z(s) w.r.t. time) it must be that for some i € {1,2,...,5},
|2ir(s) — s;| > K, and the bounds v; € (0,7°] and x: € [0, x) hold for ¢ € [0, 7].
By construction of h;(v%; p, K), for all t € [0, 7] we have |F;(z:(s))| < hi(7%p, K) and
thus

|26 (5) — s3] < / |Fi(2e(s))|dt < 7+ hi(v°; p, K) < T°PC(v% p, K)hi(7%; p, K) < K,
0

53We use R4+ to denote (0, +00).

62



where the last step uses the definition of T9B¢(y%; p, K); but via the strict inequality, this
contradicts the definition of 7, proving the claim. By the triangle inequality, it follows
that 2,(s) € S,1x(s0) if a solution exists at time ¢ < T989(1°; p, K'). Together, these bounds
imply that the solution cannot explode prior to time T8¢ (7°; p, K). In other words, a unique
solution must exist over [0, T] for any T' < T5BC(°; p, K) and it satisfies the SBC. O

Step 3: Establish that ¢ is a well-defined, continuous self-map on S, when 7' is below a
threshold T'(7°; p, K'). The expression for the latter in shown in the proof Lemma B.2 below.

Lemma B.2. Fiz v° > 0, p > 0 and K > 0. There exists T'(7°; p, K) < T9BC(~%: p, K)
such that for all T < T (7% p, K), g is a well-defined, continuous self-map on S,,.

Proof. First, the inequality T'(7°; p, K) < T98%(y°; p, K), which holds by construction (as
carried out below), ensures that a unique solution to IVP-s exists for all s € S,. Next, we
argue that g is continuous. Note that ¢g(s) can be written as B(xr(s)) — [2r(s) — s]. Since F
is of class C' on the domain S, x (0,7°] x [0, %), 2:(s) (which includes v and x) is locally
Lipschitz continuous in s, uniformly in ¢ € [0,77],°* and B is continuous, and thus continuity
of g follows readily.

To complete the proof, we show that if T' < T'(7°; p, K), g satisfies the condition

1g(s) = sollee < p for all s € S,

which we refer to as the Self-Map Condition (SMC).
Note that g(s) — s = A(s) — [ F(z(s))dt, where

A(s) = Blxa(s) — B(O) A
B (0’0’ = [2—>1<T<s> - %] 5 [2 " ﬂ ’0) |

The hi(p, K) constructed in the proof of the previous lemma will provide us a bound for

the components of fOT F(z(s))dt, but we must also bound A(s), and in particular, As(s)
and Ay(s). Note that As(s) = Ay(s).
Recalling that y € [0,1), the ODE for y implies that

e < f{ai(l—xi)/ov } <0 oy,

which depends on (p, K) through &. Hence by the fundamental theorem of calculus, we have
X = Jy Xeds < (1°62 /o3 ).

54See Theorem on page 397 in Hirsch et al. (2004).
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Hence, using xr(s) < 1 to bound (2 — x7(s)) in the denominators from below by 1, we

have the following bound for Ag(s) = Ay(s):

2 |2—xr(s) 2 2 (a¥/oy) T

1+ 2440 1 1] 14 24
<[]

XT(5> 1 -+ 27:6&9
202 - xT<s>>‘ =73

For arbitrary (p, K) € R2 ., define A;(v%;p, K) = 282 (1252 /o) for i € {3,4} and define
Ai(7°; p, K) = 0 for i € {1,2,5}. Note that for all i € {1,2,3,4,5}, A;(p, K) is proportional
to 7°, and by construction, |A;(s)] < TA;(v%; p, K).
Now for arbitrary (p, K) € R% ., define
P

T 0. K — . TSBC o, K 1 — . B35
(’Y 3 Ps ) mln{ (/7 P> )71'6{?121,{1-,5} Ai(’yo;p, K) +hz(’70ap7 K)} ( )

To establish the SMC, it suffices to establish for each ¢ € {1,2,...,5} that |g;(s)—sio| < p
for all s € S,(sp). We begin by calculating

19:(5) = siol = | Bulxa(s)) — Bi(0) - / F((s))dt

-~

=A;(s)

T
< |Ai(s)| +/ |Fi(ze(s))|dt < TA;(7% p, K) + Thi(v%; p, K) < p,
0

where we have used the definition of A;(v%; p, K) and that |F;(z(s))| < hi(y%; p, K); and

s : o o
(ii) in the last line we have used that T' < T'(7%; p, K) < Ai(vo30.K)Thi(v%3p.K)

Hence, for all ¢ € {1,2,...,5} we have |g;(s) — sio| < p, completing the proof. ]

by construction.

Step 4: Apply a fixed point theorem to ¢ to find s such that solution to IVP-s solves the
BVP. Note that by Lemma B.2, g is a well-defined, continuous self-map on the compact set
S,. By Brouwer’s Theorem, there exists s* such that s* = g(s*), and hence the solution
to IVP-s* is a solution to the BVP. To see that T'(v°) € O(1/4°), note simply that ~°
appears as an outside factor in the denominators of the expressions defining T2 (~2; p, K)
and T'(v°; p, K). Moreover, since p, K have been chosen arbitrarily, we can then optimize
T'(7°; p, K) over choices of (p, K) € R to obtain T'(°).

Step 5: Show that given a solution to the BVP as above, the remaining coefficients are
well-defined and thus a LME exists. We argue that « is finite and that v and « are strictly

positive. Finiteness comes directly from the definition o = 31 4 3 and the finiteness of the

64



underlying variables. This implies that 7, > 0 for all ¢ € [0,T]. The ODE for « is

G — o (Uag + ) VX
! 20'3(0'12/(1 -+ ﬁ/d@Xt)

{2ﬁ&0<7§(06t — Ugpvy (Uap + ) — 4032/(71&9 + @t)BZtXt} . (B.36)

By continuity of the solution to the BVP, the RHS of the equation above is locally Lipschitz
continuous in «, uniformly in ¢t. Moreover, ar = Bi17 + BarxT = H;%;‘T > 0. By a standard
application of the comparison theorem to the backward version of the previous ODE, it must
be that oy > 0 for all ¢t € [0,T].

Using the solution to the BVP and the facts above, we solve for the rest of the equilibrium

coefficients. First, we have directly

o 2032/5& J%/[ﬁlt(Q - Xt) — B¢ — a&e] 2012/(1 - 2530 2012/ [ﬁ2t - ﬁlt(l - Xt)]
(U2t7 Ust, Utt, Ugt) - ) y ) .
Vet YOt Vet Ve O

The last three are clearly well-defined due to «,y > 0. The remaining ODEs are

: (tlap + ) Ve { . 9 3
- dug, 1-
. 20503 (1 = x¢) (1 + @asx:) taooy Bouf(1 = Xa)xs
+a? [TseBoe(1 — x¢) + vaeye (1 + apxs)]

+o |TUapvseye(1 4 Gapxe) + Bor(1 — xt) (-2?1&90§< + UggUsy + 40%529@)] } , Bor = 0,

bor = B3, + (llag + ) *yxe
ﬁ@g + « 2’}/ X2 B R -
+ ( Uzt) L —Vet + U}Qf(ude + o — 25%)/0@] , Vor = 0,

X

U1 = —2B0, vir =0,

B3t = 280 (Bue + Bar) (1 — x1) +

vs(Tag + ) *Yexe
ox (1 —x¢)

, vgp = 0, and

Oy = 1= 263, var = 0.

Observe that the system for (g, v1, v3) is uncoupled from (vg, v4). By inspection, the former
has solution (fy, v1,v3) = (0,0,0), and uniqueness follows from the associated operator being
locally Lipschitz continuous in (fy, v1,v3) uniformly in time. It follows that ve = 0, and the

solutions for (vg, v4) can be obtained directly by integration, given their terminal values. [J

B.3: Existence Proof Sketch for the General Model

In what follows, we refer the reader to the Mathematica file spm.nb available on our websites.

Since scaling flow payoffs by a constant does not affect incentives, the file works under the
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normalization 9*U/da* = 32U/8&2 = —1; consequently, U, = uyy, for z,y € {a,a,0} in
that file. We show below that under the conditions of Assumption 1 our method works, and
so the method carries out to any unnormalized version satisfying the assumptions.

As outlined in Section 4, the problem of finding a quadratic value function V' character-
ized by time-varying coefficients ¢ = (v, ..., v9), and optimal policy (10) characterized by
coefficients E, reduces to a BVP in (), 5 .7, X)- Under Assumption 1, a static Nash equilib-
rium exists of the static game played at time T after any history, given that players have
conjectured linear strategies as in (9)-(11); hence the terminal conditions of this boundary
value problem are well-defined.?® These terminal conditions are parameterized by 7.

For any payoff specification satisfying Assumption 1, it can be seen from spm.nb that the
vector (vg, U5, U7, Vg) can be written in terms of 5, and that (ve, vs, v7,v9) is well-defined as
long as a # 0 and v > 0. Hence, we eliminate (vq, v, v7, v9) from the BVP and check after-
ward that any solution to the resulting BVP, which we label BVP’, satisfies the conditions
on 7 and «. From spm.nb, the ODEs in BVP’ are well-defined as their denominators are
nonzero; we have x; € [0,1), and the terms (uqp + Uaaliaox:) and (1 — uaal,.) are nonzero
by Assumption 1 parts (i) and (iv), respectively. Further, BVP’ contains a subsystem in
(vs, vs, B1, B2, B3, 7, X), which does not contain any coefficients in {vg, vy, v3, v4, Bo}. After the
change of variables (7, Us, 52) = (vey/(1 — x)2,vs7/(1 = x), B2/(1 — X)), defined in the proof
of Theorem 2, we obtain a core BVP which we label BVP”| in (0, 68,51,52,&,7,)(). The
ODEs in BVP” are again well-defined by Assumption 1, and by the change of variables, the
term (1 — x) is absent from their denominators.

The existence proof now follows the same steps as in the proof of Theorem 2: we show
in Steps 1-4 that there is T'(7°) such that, a solution to BVP” exists for all 7' < T'(y°) and
then show in Step 5 that we can recover a solution to the original BVP.

In Step 1, we convert BVP” to a fixed point problem w.r.t. the initial conditions of an
IVP. Write the system of ODEs as 2, = F(z), and write Z = (21,...,25). Define 5o € R®
as (0,0, 555, Bs, B3), where (555, 556, B56) are the equilibrium coefficients of the static game
played at time 0, and let S,(so) denote the p-ball centered at s, for arbitrary p > 0. For
s € S,(s0), define the parameterized initial value problem IVP-s by the ODEs in BVP”
together with initial conditions zy = (s,7°,0). We can define a function g : S,(sg) — R® as
in the proof of Theorem 2 such that, if a solution to IVP-s exists and g(s) = s, then this
solution also solves BVP”.

In Step 2, we construct a function 7°5¢ : R | — Ry such that if T < T98%(°; p, K),

55To see this, note that the coefficients on the players’ (purported) static equilibrium strategies, displayed
in spm.nb, contain only the terms (1 — ugafias) and (1 — ugaliqax7) in their denominators; by Assumption
1 part (iv), and since xr € [0, 1), these terms are nonzero.
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then for all s € S,(sg), a unique solution to IVP-s exists over [0, 7] and has the property
that 2(s) € S,+k(s0). Intuitively, we use these conjectured bounds on z to bound the growth
rate of the system and show that for small 7', the conjectured bounds must hold.

In Step 3, we note that g is well-defined when T' < T8¢ (1°; p, K); g is also continuous,
owing to the fact that F is of class C! and the terminal conditions in BVP” are continu-
ous in x7, each on the appropriate domain. We then show that for 7" below a threshold
T(v%;p, K) < T98%(v°;p, K), g is a self-map. We observe here that T'(v%; p, K) € O(1/7°);
we can then define T'(7°) by optimizing over (p, K). In Step 4, then, we apply Brouwer’s
Theorem to establish the existence of a fixed point s* = g¢(s*) for such T' < T'(v°). By
construction, the unique solution to IVP-s*, for any such s*, is a solution to BVP”.

In Step 5, all that remains is to recover a solution to the original BVP from the solution
to BVP”. Now a = (1 + 3 is well-defined and finite, and hence v > 0 at all times. Hence,
(ve, vs, B2) is recovered from (g, Us, Bg) Moreover, ap # 0 by Assumption 1 parts (ii) and
(iv), and since the right hand side of the ODE for a contains a factor of «, we have a # 0
by the comparison theorem. Consequently, given a solution to BVP” the ODEs for (5, v3)
are well-defined and form a linear system in (S, v3) that does not contain any coefficients in
{vo, v1,v4} and has known terminal conditions since yr is known. The associated operator
for this system is Lipschitz continuous in (fy,v3) uniformly in ¢ € [0,7] (as the solutions
to the previous ODEs are continuous), and so there exists a unique solution (fy,v3). The
coefficients (v, vs,v7,v9) are also well-defined as a,y # 0. Finally, given a solution for the
coefficients determined thus far, the remaining ODEs for vy, v; and v, are linear in themselves

and uncoupled, so they have unique solutions.

Proofs for Section 5: Refer to the online appendix.
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