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Abstract

We consider models where the Full-Commitment Ramsey-optimal policy is time-inconsistent
and define a new notion of optimal policy, Limited-Time Commitment. In our setup, successive
one-period lived governments can commit to future plans for a limited time only. We discuss a key
condition on the mapping from finite sequences of policy instruments to competitive equilibrium
allocations that can be checked model by model. If this condition is satisfied, Limited-Time
Commitment is sufficient to sustain Full-Commitment outcomes. We show that this condition is
verified in several models of optimal fiscal policy studied in the literature, allowing policies derived
assuming infinite periods of commitment to be supported with only a finite number of periods of
commitment (often a single period). We also study optimal monetary policy in a model where
this equivalence result fails, and compute Limited-Time Commitment outcomes numerically. We
provide an example where, at the zero lower bound, a single quarter of commitment obtains most

of the welfare gains of Full Commitment relative to No Commitment.
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1 Introduction

Governments in advanced economies typically formulate their macroeconomic policies as plans for
a finite future horizon. Fiscal policy is generally decided before or at the beginning of the fiscal
year and remains fixed for the duration of the year.! Fiscal reforms such as VAT rate changes and
fiscal consolidation plans are typically announced before their implementation and contain details

2 Furthermore, the political process may make it hard to

of short-to-medium run policy plans.
change contemporaneous policies, with the result that reforms are often implemented with a delay.
Central bankers also expend significant effort communicating their short-to-medium run objectives
for monetary policy in order to affect the private sector’s inflation expectations.

In contrast, a large part of the macroeconomic literature on optimal policy typically assumes
that either a single government at the beginning of time has Full Commitment (FC) into the infinite
future, or that in each period there is a government with No Commitment (NC) at all, only able
to choose contemporaneous policies. On the face of it, both of these extreme assumptions appear
hard to reconcile with the fact that policymakers act and communicate as if they possessed a limited
degree of commitment over a finite future horizon. On the one hand, policymakers are only in power
for a limited period of time, which makes commitment into the infinite future impossible. On the
other hand, political delays and institutional features may place limits on a policymaker’s ability
to change contemporaneous policy instruments, while allowing for the possibility of planning policy
changes for a near future horizon.

Motivated by this apparent distance between observation and theory, in this paper we study
optimal policy when successive governments inherit the plans of their predecessors and formulate
plans for a finite future horizon. In this formulation, which we call Limited-Time Commitment
(LTC), governments cannot commit into the infinite future, but instead only possess the ability to
commit for a finite number of periods. LTC thus lies between FC and NC, and we ask the natural

question of whether governments with only a finite number of periods of commitment behave more

1For example, in the UK the budget is announced on “Budget Day” and typically passed shortly afterwards.
2Examples of pre-announced VAT reforms include Japan (announced in 1996, implemented in 1997) and Germany

(announced in 2005, implemented in 2007). Alesina et al. (2015) document many examples of multi-year fiscal

consolidations.



like governments with full, or no, commitment.

By applying the same Markov-Perfect equilibrium concept introduced by the literature on time-
consistent policies to our setup, we show that in several models of optimal policy that have been
studied in the literature, a limited number of periods (often a single period) of future commitment
is sufficient to sustain the same allocations that arise when a single government has FC and can
commit to the infinite future.

The fact that one or few periods of commitment are often sufficient to sustain FC policies and
allocations has important consequences both for policy design and for the academic literature. First,
it implies that if we want to design commitment technologies that can improve welfare in real-world
policy environment, it may be sufficient to ensure that policy-makers are committed and accountable
for a short period of time. Second, it implies that even if assuming FC into the infinite future in our
models may seem extremely “unrealistic”, it actually often leads to the same results that arise in a
more empirically plausible setup where there is a succession of governments that make decisions for
the near future.

The time-inconsistency problems we study arise from governments formulating optimal policies
subject to competitive-equilibrium constraints which contain future values of certain choice variables.
We formulate a general framework in which we establish the conditions under which LTC can sustain
the FC policy. The reason for the surprising result that this is sometimes possible lies in a key
property of the mapping from sequences of policy instruments to sequences of allocations and prices.
If it is the case that a finite sequence of future policy instruments is sufficient to uniquely pin down
a finite sequence of contemporaneous and future allocations, then the time-inconsistency problem
can be resolved if the government can commit to a finite sequence of policies of a certain length.

To build intuition, consider a government elected at time ¢ that chooses taxes in order to maximize
welfare subject to competitive equilibrium conditions, including an Euler equation for asset holdings,
which contains consumption at ¢ + 1. The time-inconsistency problem here is that the time-t + 1
government, who is not subject to the time-t Euler equation, could choose policies leading to a
different consumption allocation from the time-t promise. However, if time-t + 1 consumption is
fully pinned down by the time-t 4+ 1 policy instruments, then the time-t government can prevent the

time-t + 1 government from deviating from her promise if she can commit to taxes one period ahead.



The time-t + 2 government will also respect the promises of the time-t + 1 government, creating a
chain of commitment which is able to sustain the FC policy.

We discuss the key assumption that needs to be satisfied in order for equivalence of FC and LTC
to arise, which can be checked in any model of optimal policy. We show that it is indeed satisfied in
many models of optimal fiscal policy that have been analyzed in the literature. In models without
capital, where governments choose the timing of labor taxes and government debt, we show that the
FC policy can be supported with commitment of the length of the longest maturity bond issued.
In models with capital, and governments who choose capital and labor taxes subject to a balanced
budget constraint, we show that FC can be supported with commitment equal to the length of time
over which the government budget must be balanced. In models with capital but without balanced
budgets, we show that the equivalence of FC and LTC arises in the special case of risk neutrality,
even though stark differences between FC and NC still exist in this case.

One subtlety in the equivalence of FC and LTC is the role of initial conditions. For example, in
the LTC game where governments have one period of commitment, who chooses the time-0 policy?
We prove that if the time-0 policy is restricted to equal the time-0 policy the FC government would
have chosen, then LTC supports FC for all time periods.® This leaves open the question of what
happens in the LTC game if we start from the wrong initial condition for time-0 policy. We prove
that in two of our fiscal policy examples, starting from the wrong initial condition simply leads to
convergence to a different FC allocation, thus maintaining much of the spirit of the equivalence of
FC and LTC.

We also study optimal monetary policy in the New Keynesian model, which has well known
time-inconsistency issues because of the forward-looking nature of inflation. In this model our key
assumption is not satisfied, and LTC policies will differ from the FC policy. We study the optimal
policy response to demand shocks that drive the economy to the zero lower bound, as well as cost-
push shocks, and compute LTC outcomes numerically. This represents a contribution of its own, as
the recent debate on forward guidance and the zero-lower bound hinges crucially on the degree to

which central banks can commit to future policies. We show that at the zero lower bound a single pe-

3 Alternatively, we also prove that if the time-0 government is allowed to choose the time-0 policy in addition to the

other policies normally in her control then LTC supports the FC allocation.



riod of commitment goes a long way in recovering welfare losses associated with lack of commitment.

Related Literature. The time-inconsistency of optimal policy has been a central issue in the
macroeconomic literature since the 1970s. Kydland and Prescott (1977) highlighted that optimal
policy in a dynamic model involves ex-ante promises that appear suboptimal ex-post if the govern-
ment is allowed to reoptimize at a later date. For this reason, the presence of future (expected)
variables in the constraint set of Ramsey-optimal plans rules out the use of standard optimal control
techniques.

Despite its importance both in the academic and in the policy debate, this key insight has not
lead to a uniform reaction in the literature. A part of the optimal policy research agenda has worked
on modifying standard recursive methods to deal with this class of problems under the assumption
that the government is endowed with a Full Commitment technology into the infinite future, while
another strand of the literature has considered time-inconsistency a central, unavoidable problem
and has focused on equilibria with No Commitment instead.

As leading examples of the first approach, consider the Recursive Contracts method formalized
in Marcet and Marimon (2011) which adds the Lagrange multipliers on forward-looking constraints
as state variables, allowing the reformulation of optimal policy problems as recursive saddle-point
problems, or the Promised Utility approach proposed by Abreu et al. (1990), based on the result
that past histories can be summarized by promised utility. Relatedly, Kydland and Prescott (1980)
proposed a similar recursive method based on the addition of marginal utilities as state variables in
the optimal policy problem.

The second part of the literature has focused instead on formulating equilibrium concepts without
a commitment technology, starting with the seminal paper on Sustainable Plans by Chari and Kehoe
(1990), and the application of Markov NC equilibria in optimal policy games, as for instance in
Klein and Rios-Rull (2003), Krusell et al. (2004) and Klein et al. (2008). In these papers, there is
a succession of governments that can only choose contemporaneous policy instruments. Hence, any
ability to formulate credible promises about future allocations is ruled out by assumption.

In our paper, we explore an intermediate assumption on the commitment technology, namely

that a succession of governments can announce policies for a finite future horizon. We allow for



some commitment to future outcomes as in the first strand, but we apply the Markov equilibrium
concept typical of the NC literature. We show that in several models that have been studied in the
optimal fiscal policy literature (e.g. the seminal paper by Lucas and Stokey, 1983) a few periods of
commitment, often only one, are sufficient to sustain the FC outcome as the unique equilibrium of
our game. In this sense, one can see our paper as suggesting that while assuming FC into the infinite
future may seem extremely “unrealistic”, in several models it leads to the same results that arise in
a world where finite-lived governments formulate their policies as plans for the near future.

The papers closest to our work are the Quasi Commitment approach of Schaumburg and Tam-
balotti (2007), and the Loose Commitment approach formulated by Debortoli and Nunes (2010,
2013). These papers assume that a government can formulate a plan into the infinite future, but
with some probability in every future period a new government is elected and allowed to change the
plan. Like ours, this game represents an intermediate point in the FC vs. NC debate. Differently
from these papers, however, LTC gives the government full commitment within a limited time hori-
zon, instead of probabilistic commitment over an infinite horizon. While this may seem a technical
difference, it turns out to be important. We show that in some models where LTC with one period of
commitment leads to allocations equivalent to FC, Loose Commitment with on average one period
of commitment leads to allocations closer to NC. In this sense a result of this paper is that once you
limit the commitment technology of the government, the details of how you do so matter for the
results.

Another example of the importance of how you deviate from FC or NC is a comparison of our
results for optimal capital and labor taxation under balanced budgets to those of Klein and Rios-
Rull (2003). They study a game where the time-t government chooses the time-t labor tax and the
time-t 4+ 1 capital tax, thus allowing one period of commitment for capital, but not labor, taxes. In
the solution to this game capital taxes are on average high, compared to the FC solution which has
average capital taxes near zero. In Section 4.2 we solve a deterministic version of the same model

under LTC, and show that if instead the time-t government chooses (and is able to commit to) both

40ur result that FC allocations can sometimes be supported with only a few periods of commitment in LTC echoes
Schaumburg and Tambalotti’s (2007) result that half to three quarters of the welfare gains from commitment can be
achieved with Quasi Commitment lasting on average two and five years respectively in a calibrated New Keynesian

model.



the time-t + 1 capital and labor taxes then we recover the FC policy and allocation.

A related strand of literature studies the so-called “timeless perspective” in optimal policy (e.g.,
Woodford, 2011). In this setup, the policy-maker is constrained to choose current policies as if they
were part of an optimal FC plan chosen in an infinitely far past. While there is a similarity between
this approach and ours — policy-makers are constrained by previous decisions and cannot modify
current policies —, there is also a relevant difference. With LTC, under the “right” initial conditions,
we recover exactly the FC plan, whereas the optimal “timeless” policy would lead to a different
outcome, because it is designed to remove the discrepancy in the FC plan between time-0 policies
and the rest of the plan. To make a concrete example, in this paper we consider a deterministic
version of a model of the optimal timing of taxes (Lucas and Stokey, 1983). The FC plan calls for
a constant tax rate from period 1 onwards, and a different tax rate in period 0. With one period of
commitment, LTC sustains the same outcome. The timeless perspective would call for a constant
tax rate from period 0, and, importantly, this tax rate is different from both the time-0 and the
time-1 tax rate arising under FC.?

Domeij and Klein (2005) study tax reform in presence of implementation lags. This approach
leads to a similar timing assumption to ours, but with an important distinction: under our main
assumption, every government is inheriting the “right” policy from its predecessor, hence FC policies
can be sustained in equilibrium, whereas in Domeij and Klein (2005) the focus is on a fiscal reform
starting from a suboptimal policy.

Our work on optimal monetary policy at the zero lower bound relates to Adam and Billi (2006,
2007) who show that the zero lower bound increases significantly the welfare losses from lack of
commitment in the New-Keynesian model. We provide an example where LTC allows to get close to

the welfare with FC, even with a single quarter of commitment. Relatedly, Bodenstein et al. (2012)

5A different approach to find an intermediate outcome between FC and NC has been explored in the literature
on reputational equilibria, starting with the seminal contribution of Barro and Gordon (1983). Furthermore, several
other papers explore the extent to which FC outcomes can be supported in absence of a commitment technology, e.g.
Alvarez et al. (2004) and Conesa and Dominguez (2012) explore the role of the maturity structure of debt in imposing
restrictions on future governments and allowing to sustain FC plans. Laczé and Rossi (2015) argue that adding more
policy instruments brings NC outcomes closer to FC: specifically they allow for consumption taxes in a model of labor

and capital taxation and show that this leads to time-consistent policies that are remarkably similar to FC ones.



study optimal monetary at the zero lower bound with Loose Commitment.

The rest of the paper is organized as follows. Section 2 introduces the concept of LTC in a
general model and discusses informally its equivalence with FC in a simple example. Section 3
proves formally the main equivalence result. Section 4 applies the result to models of optimal fiscal
policy commonly used in the literature and Section 5 discusses the role of initial conditions in two
of these examples. Section 6 studies optimal monetary policy in the New-Keynesian model, where
our equivalence result fails, and provides numerical results on LTC at the zero lower bound. Section

7 concludes.

2 Full Commitment and Limited-Time Commitment

In this section we describe a general model of optimal policy and we define two notions of optimal
policy: the Full-Commitment (FC) Ramsey equilibrium and the Limited-Time Commitment (LTC)
equilibrium. We argue that LTC nests both the NC equilibrium, as a special case without any
degree of commitment, and the FC equilibrium, in the limit with infinite commitment, under the
right initial conditions. In each of these equilibrium concepts, we discuss a specific assumption on
the mapping from infinite sequences of taxes to infinite sequences of allocations and prices that needs
to be satisfied in order for the government(s) to be able to pin down a single competitive equilibrium
by choosing the policy instruments.

We then describe a simple example and use it to provide intuition for our main result: under a
stronger assumption on the mapping from finite sequences of policies to finite sequences of alloca-
tions that is satisfied in several models of optimal policy, LT'C with a sufficiently long, but finite,
commitment, and FC give rise to equivalent outcomes. In other words, commitment to a finite
sequence of policies is sufficient to sustain the FC outcome as the unique equilibrium. This result is

shown formally in Section 3.

2.1 Environment and competitive equilibrium

Time is discrete and indexed by t = 0, 1,2, ... The economy is populated by a continuum of house-

holds, a continuum of firms and a government or a sequence of governments. A vector of exogenous



variables g; € G follows a deterministic sequence about which all agents have perfect foresight, with
the Markov property that g; is sufficient information to predict g;+1. We call b; € B the endogenous
state variables (bg being an initial condition), ¢; € C' the remaining variables constituting alloca-
tions (for instance consumption and hours worked), p, € P C R™? the prices and 7y € T the policy
instruments chosen by the government(s).

Agents’ preferences are represented by the following utility function:

Zﬁtr(ct,bt,gt,n). (1)
=0

where r : Cx BxGxT — Rand 8 € (0,1). Households and firms take sequences of prices {p: };-, and
policy instruments {7, };, as given. Households maximize utility subject to their budget constraints
(and potentially other constraints such as borrowing constraints). Firms maximize profits subject
to their production technologies. All markets clear.

Following the general formulation in Marcet and Marimon (2011), we can summarize these equi-
librium conditions with three sequences of constraints: a transition equation for the endogenous
states, a set of constraints involving only contemporaneous allocations and a set of constraints in-

volving future variables.

bir1 = U(bs, 9ts e, 1, Tt) (2)
k(be, gesce,pes ) <0 (3)
h(bt, gis Cts Pty Tes ooy Dt Ny Gt4-N» Ce4-N s PN TegN) = 0. (4)

for N > 1.

Definition 1. Given an initial condition by, an exogenous sequence {g:},-, and a policy sequence
{m}2y, a competitive equilibrium is a sequence {ct, pt, b1}, that satisfies (2), (3) and (4) for

t=0,1,....

As is well known in the literature, the presence of the future variables in the constraint set
defining competitive equilibria is the reason for the time-inconsistency of FC policies. In Definition

2 we explicitly label the future variables which enter into the constraints as problematic.



Definition 2. Split ¢; into its elements (cf,...,c;¢). For every 1 < s < N, we call problematic
from the perspective of time t the elements of c,ys which appear in the constraint (4). The same

definition applies to elements of byys (with s > 1), pis and Teys.
We make the following (standard) regularity assumption.

Assumption 1. Given an initial condition by and an exogenous sequence {g;};—, for all sequences

{(7e, ce, beg1,pe) Yoo satisfying (2), (3), (4), imp_yoo D oyq Bir(ct, be, g1, 7¢) exists, although it may be

plus or minus infinity.

2.2 Full-Commitment Ramsey equilibrium

In a FC equilibrium, a single benevolent infinitely-lived government endowed with the ability to
credibly commit into the infinite future announces a plan at ¢ = 0 and then implements it. In
order for the government to be able to pin down a unique competitive equilibrium, the following

assumption on the mapping from infinite sequences of taxes to allocations is required.

Assumption 2. Given an initial condition by, an exogenous sequence {g:};-, and a policy sequence
{1}i2,, there exists a unique sequence {(ct, b1, pt) ooy that satisfies equations (2), (3) and (4) for
t=0,1,...

Assumption 2 allows us to map an infinite sequence of policy instruments to a single competitive

equilibrium. The FC government solves the following problem:

Zﬁ r Ct')btvgt)’rt) (5)

{(Ttact,bt+17pt)}z 0%
subject to (2), (3) and (4).

Definition 3. Let {Tth}toio be a policy sequence that solves (5). A Full-Commitment (FC)

Ramsey equilibrium is the competitive equilibrium associated with {Tt C} 0"

As has been extensively discussed in the literature (e.g. Kydland-Prescott, 1977), the presence of
problematic variables in equation (4) induces time-inconsistency in the FC policy. The FC govern-
ment commits to a certain sequence which is optimal from a ¢t = 0 viewpoint, but would no longer

be optimal in subsequent periods, if a reoptimization were allowed.
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2.3 Limited-Time Commitment equilibrium

The setup can be described as a game, where successive one-period-lived governments indexed by ¢
choose only a finite sequence of policy instruments, taking as given the strategies of the following
governments. Each government is benevolent and maximizes (1) subject to the competitive equilib-
rium conditions (2), (3) and (4). Such a game may often have multiple equilibria. In our exposition,
we follow the literature (for instance Klein et al., 2008) in restricting attention to symmetric-Markov
equilibria, where each government chooses a common best-response function mapping a small set of
“natural” state variables into the chosen sequence of policy instruments.

Let L =0,1,2,.. index the duration of commitment. Let S° = {1} and S* = {1}UT* for L > 0
and let 7/ € S* be a vector of policies inherited from governments in power before t. In particular,
tt=1for L =0and 7* = (1,7, Tt41, ..., 7v41-1) for L > 0. In the case L = 0, no policy decision
is inherited and LTC nests the NC equilibrium studied for instance by Klein et al. (2008). Hence,
we let the corresponding (redundant) state variable be a constant number, which is equivalent to
not having a policy-related state variable. Note that this should not be confused with the value of
a policy instrument being equal to 1.

The government dated ¢ takes as given the inherited policies TtL and chooses the policy for period
Ty+r- In the NC game with L = 0, the government is free from policy constraints and chooses the
value of the current policy instrument. In the simplest case of Limited-Time Commitment, with
L =1 (which we label One-Period Commitment, or OPC), each government takes the current policy
as given and chooses the next period policy. Relative to the NC case, a positive level of commitment
L > 0 implies that the state vector describing the choice problem of a government has to be enriched
to include all the policy instruments that have been chosen by previous governments and cannot be
changed. Hence, the “natural” state variables of this problem are (bt, gt,TtL) and accordingly we
have to treat 7 as an initial condition (as well as by).

Consider the government in power in period ¢ and let VLTC(th, 41, TtLH) be the agent’s tail of
discounted utility starting in ¢+ 1 if the next government starts with state variables (th, Ji+1, Ttﬁ_l)
and all governments from ¢ + 1 onwards are expected to play a common policy function 7,7 =
FNC(biy iy Gr4ds TtLﬂ-) for j = 1,2, ... In order to define VETC (b i1, gi1, {41) more formally, we make

the following assumption.
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Assumption 2-LTC. Given a state (b, g, 7)) € B x G x SL, a function 717¢ : B x G x St — T :

LTC(

such that T1jyp, = T bt+j,gt+j,TtL+j) for 3 = 1,2,... and a time t + L policy T.r1, € T, the

competitive equilibrium system given by (2), (3) and (4) admits a unique time-invariant solution for

L.-LTC

- (bLTC(btughTt )T )

the vector (g, pt, biy1) given by (cp, pe, big1)

When all governments play the policy function 727 the function VETC satisfies the following

functional equation.
VLTC(bta gt, TtL) - T( %Tc(bta gt, TtL; %LTC)’ bt) gt Tt)

+BVETC(oETC by, g, 7 717C), grya, 1) (6)

LTC(bt’ ¢iLTC

where 7y = 7 g, 7F) and is the i-th entry of the vector (¢, pt, by41) implied by the
competitive equilibrium mapping ¢*7°.

The government dated t anticipates that all future governments will play the policy function

7LTC and solves the following maximization problem

max r(ce, be, ge, ) + BVLTC(tha gt+1, TtL+1) (7)
T4+ LsCtsPt Dt 41

= $LTC( L.zLTC

be, gty TS ), where future variables appearing in constraint (4),

subject to (ct, pe, biy1)
h : b L .=LTC

such as c;11, are given by ¢1(bi11, ge41, 79415 T ), and so on.
In a symmetric Markov equilibrium, the solution for the optimal policy instrument is given by

Tirr = 7T (by, gi, 7F) and the maximum value is VETC(by, g, 7F). In words, the policy function

7LTC ig associated with a fixed point of the operator defined in (7).

Definition 4. A symmetric Markov Limited- Time-Commitment (LTC) equilibrium is a
competitive equilibrium associated with the policy sequence ({?LTc(bt,gt, TtL)};)iO) if L =0 and with

the sequence (7'0, ooy TL—15 {%LTc(bt,gt,TtL)}zo) if L > 0.

Notice that for L — oo, if we take as “initial conditions” the FC policy sequence this equilibrium
trivially coincides with the FC equilibrium, as in the limit the entire path of taxes coincides with

the initial conditions. In this case, LT'C nests both NC (L = 0) and FC (L — o0).
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2.4 Example

We now discuss the relationship between the equilibrium notions of FC and LTC in the context of
a simple deterministic version of the optimal fiscal policy model of Lucas and Stokey (1983). In
this model, we informally argue that a single period of commitment (L = 1) is sufficient to sustain
FC outcomes. To avoid notational clashes with the general framework presented above, here and
wherever we refer to a specific model we use upright text to denote variables.

A representative agent has preferences defined over sequences of private consumption {ct}?i o and

labor effort {1:};°:
> Blu(es, 1) (8)
=0

with standard assumptions u, > 0, ue < 0, u; < 0, uy < 0. Their budget constraint is given by

ct + qibir1 = wilg (1 — Ttl) + by 9)

where q; is the price of a one-period discount bond issued at ¢ that repays one unit of consumption
at t + 1. The resource constraint reads

ctt+g= lt (10)

where g is a constant level of government expenditure that needs to be financed through proportional
labor income taxes at rate 7/. Output is produced using a linear technology in labor: y; = Iy, hence
firms’ profit maximization implies a unit wage: w; = 1. The government’s budget is implied by the

agent’s budget constraint and the resource constraint:
be + g = 7{l + qbr1. (11)

The agent’s first order conditions with respect to consumption, labor effort and bonds, together
with the resource constraint, can be summarized by an intratemporal optimality condition and an

Euler equation.

_U](Ct,Ct+g) _ 1_7_tl (12)
UC(Ct, Ct + g)
detie(Ce, ¢t + 8) = Buc(ciy1, cry1 + 8) (13)

In terms of the general notation introduced above, we have by = by, no exogenous state (g is

l

constant), ¢; = (ct, 1), pr = q¢, and 7 = 7;. Note that we have implicitly solved out for the real

wage.
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Equation (9) is an example of a constraint like (2), while (10) and (12) are examples of constraints
like (3). Equation (13) represents a constraint like (4), involving ¢;11 as the only “problematic”
variable.

We refer to Lucas and Stokey (1983) for a treatment of the FC optimal policy in this setup.
However, it is worth stressing that the presence of ¢ty1 in the Euler equation for bonds is the source
of time-inconsistency of the FC policy in this model. When ¢ = 0, the FC government has an
incentive to use the initial allocation to twist the interest rate and decrease the value of outstanding
initial debt bg, hence reducing the distortions required to finance expenditure. In particular, if the
FC government starts with a positive (negative) stock of debt, b_; < (>)0, she will choose a lower
(higher) tax rate in the first period than in the later periods. Consistently with this initial incentive,
any FC promises about allocations ¢; with ¢ > 0 would be reneged if the government was allowed
to reoptimize at ¢: in order to decrease the value of outstanding debt (assets), by, the government
would like to offer another tax cut (hike), although she promised not to do this initially.

Consider now the LTC game. When L = 0 (NC equilibrium), outstanding debt by is the only
“natural” state variable and each government chooses the contemporaneous tax rate 7} as a function
of b;. The government in power in each period now has an incentive to twist the interest rate, leading
to a deviation from the FC outcomes.5

Assume, however, that there is a positive, albeit finite, degree of commitment. In particular,
consider the case L = 1. Each government takes the contemporaneous tax rate as given and chooses
the policy for the following period. The “natural” state variables are (by, 7). Notice that now
the government dated ¢ is unable to affect the allocation (c¢, 1), which is entirely pinned down by
(10) and (12), given the inherited tax rate 7/. This implies that the government cannot twist the
interest rate and affect the value of outstanding debt. Furthermore, by announcing (and committing
to) a future tax rate Ttl 1, the government is effectively choosing (g¢,bs41) and, importantly, the
“problematic” variable c;y1, as well as l;41 from the resource constraint at ¢ + 1. Hence, in this
model, commitment to a finite sequence of policies, specifically a single future tax rate, is sufficient

to uniquely pin down the future variables generating the time-inconsistency, thereby eliminating the

5The solution to the NC game in this and similar models is investigated by Krusell et al. (2004) and Debortoli and
Nunes (2013).
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ability of the future government to act in a way that is inconsistent with the FC plan. By doing
so, starting from an initial condition consistent with the FC plan, a chain of successive governments
with LTC sustain the whole FC plan as the unique equilibrium.

In the general framework presented above, whether LTC is sufficient to sustain FC outcomes
depends on whether finite sequences of policy instruments can uniquely pin down allocations. Our
main result, which we prove in the following section, is that an equivalence result between FC and
LTC outcomes (with sufficiently large but finite L) holds in a general class of models for which an
inherited TtL , together with a commitment to 741, uniquely pin down all the problematic variables
appearing in the constraints at ¢t. This implies that FC outcomes can be sustained with a significantly
lighter requirement on the policy-maker’s ability to control future policies than the one assumed in

the standard Ramsey-optimal policy literature.

3 Equivalence result

In this section we first introduce a new notation that will be useful to move towards a recursive
formulation of the LTC problem. We then state our key assumption on the mapping from sequences
of policies to sequences of allocations and finally prove the equivalence result between the FC and

LTC equilibria under this assumption.

3.1 Competitive equilibrium

It is convenient at this point to summarize the variables of the model using y; = (b¢, g¢, ct, pe, 7t) €
Y CBxGxCxPxT. Asequence y = {y:}72, € Y is denoted a plan. The definition of

competitive equilibrium (1) can be straightforwardly restated as a plan satisfying (2), (3), and (4).

Definition 5. The constraints (2), (3), and (4) define a time-invariant correspondence I'* :'Y +—
YN, Let Y C Bx G x C x P xT be such that T*(y) is non-empty for ally € Y.

A plan y thus satisfies competitive equilibrium if and only if (y¢41,...,yeen) € T*(ye) for all
t =0,1,.... The presence of any terms besides b;;1 in determining the feasibility of y; derives from
the problematic elements in (4). We have defined Y as a set such that for any y; € Y, there exists

a continuation sequence starting from ¢+ 1 which satisfies competitive equilibrium. Note that given
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this definition, non-emptiness of the correspondence I'* simply requires the existence of at least one
competitive equilibrium plan.

At t = 0 the only predetermined variables are (by, go) € B xG. The set of competitive equilibrium
plans from a given initial state (bg, go) is denoted by IT*(bg, go), which is constructed as follows. For

any (bo,go) € BxG:

IT*(bo, go) = {{yt}i20 : co € C,po € P70 € T, y0 = (bo, 9o, €05 P0, 70)s (Y41, -+ Ye+n) € T () VE=0,1,...}
(14)

Define B* € B x (G as the set of initial conditions for which at least one competitive equilibrium

plan exists. IT*(bg, go) is thus non-empty for all (by, go) € B*. From now on we take as a maintained

assumption that B* is non-empty, and restrict ourselves to initial conditions in B*. It is also worth

noting at this point that since we can always construct a competitive equilibrium plan by truncating

an existing plan at time ¢, any time-¢ pair (b, g;) is on a competitive equilibrium plan if and only if

it is in B*. The period utility function is redefined as a function ¢ of ¥, such that ¢ : ¥ — R, i.e.

q(y¢) = r(ce, by, g, 7¢). The representative agent’s utility from ¢ = 0 for a given plan, y, is given by:
o

u (y) = Bq(w) (15)
t=0

where it is understood that Y ;2 = limy, 00 Yy -

3.2 Full Commitment

The FC government chooses and commits to an entire path {7;}2°, € T at ¢t = 0, taking the initial
state (bg, go) € B* as given. It is now convenient to restate our Assumptions 1 and 2 with our new

notation.

Assumption 1*. Given any (bo,go) € B*, for all'y € II*(by, go), limp_yoo Yy B'q(ys) exists,

although it may be plus or minus infinity.

Assumption 2*. Given any (b, go) € B*, any path for government policy, {1}, € T which lies

on a competitive equilibrium plan'y € IT*(bg, go) lies on no other plans contained in IT*(by, go).

The first assumption ensures that discounted utility converges to a limit, and is hence defined.

The second is an invertibility assumption, ensuring that the government is able to pin down a
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unique path for competitive equilibrium given a path for tax rates. Under this assumption we can
equivalently define the government’s problem as choosing a path for taxes, or simply choosing the
associated plan, y. This allows us to state the FC government’s problem, for any (bg, go) € B*, as:

Vi(bo,g0) = sup  u'(y) (16)

y€ll*(bo,90)

Where V* : B* — R is the supremum, giving the value on an optimal plan. The first two assumptions
ensure that this exists and is well defined for any (bg,gp) € B*, since there is always at least
one competitive equilibrium plan, and all plans lead to well-defined discounted utilities. For any

FC’(

(bo, go) € B*, denote the set of plans which achieve the supremum by y*“ (bg, go).

3.3 Limited-Time Commitment

The aim of this subsection is to identify sufficient conditions such that the solutions to the FC and
LTC problems coincide. For clarity, we thus avoid restating the LTC problem until these sufficient

conditions have been established. The following is our key requirement for equivalence:

t+L
s=t

Assumption 3*. There exists an L € [N, 00) such that, for any (by, g1) € B*, any sequence {75}

on a competitive equilibrium plan
1. implies a unique value for every element of y, and hence a unique byyy from (2), and

2. giwen the implied values of (bi1, Gt+1, Tet1s---» Te+L), any competitive equilibrium plan y €
IT*(byy1, gr1) which contains these variables implies a unique value for any problematic ele-

ments of {bi+s, Cits, Pits oy -

The first half of the assumption allows us to compute today’s utility, ¢(y¢), if we fix (bs, gi, ¢, -, Te+L)-
It also ensures that the environment is such that we are able to back out a unique equilibrium from
a shorter sequence of tax rates. In particular, it allows us to uniquely back out the next endogenous
state, by4+1, and hence move the economy forward one period.

The second half of Assumption 3* is the more substantial. Note that the problematic elements
of {bi+s, Ct+57pt+s}é\[:1 are those which cause time-inconsistency problems. The second half of the
assumption states that the we are able to fully control these variables today, since any competitive

equilibrium plans starting tomorrow all contain the same values of these problematic elements.
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Assumption 3* defines a mapping from (b, g¢, ¢, ..., Tt+-1.) t0 yt, b1, and the problematic
elements of {byys, Cirs, Pets}oq. The recursive structure of the definition of competitive equilibrium
ensures that this mapping must be time invariant: the relationship between (b¢, g4, 7¢, ..., ¢4 1) and
the variables it pins down does not depend on t.

L is a important number in our setup, as it will turn out to be the number of periods of com-
mitment sufficient to sustain the FC solution as an equilibrium of the LTC game. This allows us
to define the state vector for the LTC game when the governments have L periods of commitment:
2t = (bey Gty Tty ooy Te41—1) € B X G X TL. This is the state that the time ¢ government inherits: the
natural states, by and g;, and the pre-committed taxes, 7; to 747_1.” Notice that any sequence of
y defines a sequence of x using the definition of z;: the elements in (yq, ..., yr+1—1) give us z; for

t=0,1,.... Now define the restricted set:
X = {ac € B x G x T :  lies on at least one path y € II*(by, go) for some (bg, go) € B*} (17)

This is the set of values for the state x; which are compatible with competitive equilibrium. The time-
t government in the LTC game then chooses 74 1. Note that by the second half of Assumption 3*
and given x;, choosing 71, pins down a unique z441 (and vice versa), and hence we can equivalently
state the government’s problem as one of choosing x;y1 given x;. The time-t + 1 government then
inherits the state x;41 and chooses x4y, and so on. We thus need to establish the time-t government’s
choices for x44+1 which belong to a competitive equilibrium path given the state x;, which we do in
the following lemma. Since x; and x4 jointly define a unique value for (by, g¢, 7¢, ..., T44-1.), they also

pin down unique values for the variables discussed in Assumption 3%*.

Lemma 1. There exists a time-invariant transition function I' : X — X defined s.t. xy41 is on a

competitive equilibrium path given xy iff x44q1 € T'(xt). For all xy € X, T'(x4) is non-empty.

Proof. T' : X + X is defined s.t. 2,1 € I'(z4) iff there exists a (yiy1,...,%:+n) € Y such that
1) (Yt+1, -, Yr+n) contains the problematic elements {by 4, Ci+s, pt+5}£[:1 and b1 uniquely pinned
down by (x¢, z441), and 2) (Yes1, -, Ye+n) € I (ye). Since I'* and the relationship between (x¢, z41)

and the variables it pins down are both time invariant, defining I" without time dependence is

"We are now omitting the (redundant) constant state 1 that allowed us to nest the NC equilibrium in Section 2.

This is because we only focus on non-zero degree of commitment in this section.
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possible. I'(x;) is non-empty for all z; € X because being in X implies that x; lies on at least one
competitive equilibrium plan, y. The values (Y41, ..., y1+r) from this plan define a value for x;4; on

a competitive equilibrium plan. O

Time inconsistency issues arise from the feasibility of time-t¢ choices depending on the choices
of future governments. Lemma 1 is thus important in proving that LTC overcomes these issues
because it establishes that the feasibility of the time-t choice of z;11 does not depend on any future
choices, and only depends on the time-t state, x;.

Finally, let P = {(z,y) € X x X : y € I'(z)} be the graph of I'(z), and redefine the utility func-
tion as F' : P — R such that F(z,z¢+1) = q(y:). Again, note that Assumption 3* allows us to
back out a unique y; given (x4, x441), which is what allows this reformulation. We make the following

boundedness assumption on the utility function:
Assumption 4*. The environment is such that F(z,y) is bounded for all x € X and y € T'(x).

Assumption 4* can be considered a technical assumption, however with interesting implications
if it fails. It will turn out to be important for guaranteeing that the FC solution is the unique
equilibrium of the LTC game. We discuss why, and how to relax this assumption, in the appendix.
Note that this assumption does allow unbounded utility functions, such as CRRA over consumption,
as long as competitive equilibrium places a bound on the feasible levels of utility.

Under these assumptions, the LTC game with L periods of commitment can be re-expressed as:

v(zs) = sup {F(l‘t,l‘tﬂ) + Bv(xtﬂ)}a Vo e X (LTC)
zip1€0 ()

This definition of the LTC game is equivalent to the definition in Section 2.3, but the statement is
simplified by the above results. In particular, we are able to express both the transition, I', and the
utility, F', in terms only of today’s state, z;, and today’s choice, x;11. This means that, stated this
way, no future choice variables enter the constraints, removing the time inconsistency problem and

allowing a standard recursive formulation.

3.4 Equivalence of LTC and FC

Having restated the FC and LTC games in terms of our notation, we now turn to demonstrating

the equivalence between the two equilibria. Proofs for several lemmas are relegated to the appendix.
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The main proposition is stated below:

Proposition 1. Consider an L such that Assumptions 1* to 4* hold, and fix a (bo, g0) € B*. If,
in the LTC game, either

1. {Tt}tL:_Ol 1s restricted to be optimal values from the FC game, or
2. the time-0 government, in addition to choosing 11, is also allowed to choose {Tt}f;()l

then all equilibria of the LTC game generate paths y € y''¢(

bo, go), and achieve maximum time-0

utility V*(bg, go)-

The bulk of the proof rests on establishing the equivalence between the recursive LTC game and
the FC problem, which is done in two steps. We first re-express the FC problem as a “Modified
Problem” (MP) where the government chooses paths for z; instead of y;. We then show that MP
has a recursive formulation equivalent to the LTC game.

To set up the Modified Problem, we first need to define plans in terms of our new state variable:
x = {x4}§2, € X°°. This allows us to define the set of competitive equilibrium plans, x, starting

from a given xg € X:
M(xo) = {{x1}i20 € Xt 241 € (), t=0,1,...}

This allows us to redefine the path utilities using u : II(xg) — R by u(x) = 5%, B F (24, 2441).
We can then define MP as:

Vieo)= suwp u(x) (MP)
x€Il(xo)

This problem is to maximize utility given an initial state xp, by choosing a plan x. Notice that
there are thus two differences from the original FC problem. Firstly, the state for the FC problem
is just (bo, go), but the state here is xg = (b, 9o, 70, ---, TL—1), S0 the MP problem maximizes utility
subject to the initial taxes being taken as given. Secondly, the MP chooses plans for x, whereas
the FC problem chooses plans for y. However, the following lemma demonstrates that under our

assumptions, choosing plans for x or y is equivalent:

Lemma 2. For all (by,g0) € B*, each'y € 11I*(bo, go) implies a unique x € II(xq) for some zo € X.

Conversely, for all xg € X, each x € I(xg) implies a unique 'y € I1*(bg, go) for some (bg, go) € B*.
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Proof in Appendix A. Thus the FC and MP problems are both equivalent, with the time-0
government choosing complete paths for policies, except that the MP problem is restricted in that

it cannot choose the initial policies (7o, ..., 7T2—1).
Lemma 3. For any xog € X:
1. The set of competitive equilibrium paths, I1(xg), is non empty
2. For allx € TI(x0), limy o0 > 1y BEF (2, x411) exists, although it may be plus or minus infinity.

Proof in Appendix A. This lemma ensures that the supremum in the MP is well defined. We
can now finish illustrating the tight link between FC and MP. For any (bg, go) € B*, define the set

Q(bo, go) as follows:

Q(bo, 90) = { (70, -+ T1.—1) € T : (b0, g0s 705 s TL—1) € X }

This is the set of L initial government choices that lie on competitive equilibrium paths for a given
initial state. The following lemma establishes that as long as these initial choices are chosen correctly,

the same paths solve MP and FC, and lead to the same maximum value.

Lemma 4. For any (bo, go) € B, SUD(+,.... -, 1)eQ(bo,g0) V ((b0; 90, T0s -+, TL—1)) = V*(bo, g0), and the

FC(

implied plans which achieve the supremum all lie in y*“ (by, go).

Proof. Lemma 2 established the equivalence of x and y paths. Suppose that for some (bg, gg) € B*
we had V*(bo, go) > SUD(+,, .7, 1)eQ(bo,g0) V (D05 90, 70, -+, TL—1)), where the left hand side supremum
is achieved with the path y and the right hand side by the path x’. The path x defined by y is
a competitive equilibrium and delivers higher utility, contradicting that the right hand side is the
supremum. The equivalent argument applies in the opposite direction, leaving equality as the only

possibility. O

Note that this lemma also trivially implies that V'((bo, 90, 70, .-, 72-1)) = V*(bo, go) for any

FC(

(10, ..., 7L—1) from an optimal FC plan, and that the generated plans all lie in the subset of y* (b, go)

which contains plans containing (79, ..., 7,—1). Having established the link between the FC and MP
problems, all that remains is to establish the link between the MP problem and the LTC game. This

is done in the final lemma:
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Lemma 5.

1. The function V satisfies (LTC).

2. Let x* € II(x) be a competitive equilibrium plan that attains the supremum in (MP) for initial
state xg. Then

V(i) = F(zf, 2i0) + BV (i), t=0,1,2,... (P)
3. If v is a solution to (LTC) and satisfies
lim B'v(zy) =0, ¥x € I(xg),Vzo € X (BC)
t—00
thenv =V.
4. Let x* € II(xg) be a competitive equilibrium plan for initial state xy satisfying (P) and with
: t k)
tligloﬁ V(i) <0
Then x* attains the supremum in (MP) for initial state x.

Proof. All statements follow from Theorems 4.2-4.5 in Stokey and Lucas (1989). We require that

their Assumptions 4.1 and 4.2 hold, which we proved in Lemma 1 and Lemma 3. O

This lemma is the standard statement of recursivity. Note that the original FC problem is not
recursive, but the modified problem, where we instead consider picking sequences of x;, is. We are
then able to apply this to proving an equivalence with the LTC game, because the state z; was
chosen to be precisely the state in that game. The first two items of the lemma prove that MP solves
the LTC problem: the MP value function V(z) satisfies the LTC recursion, as do the generated
optimal plans.

The second two items, combined with Assumption 4* can then be used to show that these
are the unique function and plans which solve the LTC recursion. Assumption 4* states that the
return function is bounded, which implies that there is a finite F' < oo for which |F(z,y)| < F for
any x,y € X. This implies that |v(x)| < F/(1 — B) for any candidate solution to LTC, including the
MP solution, V. This bound, combined with 8 < 1, implies that 1) the boundedness condition in

point 3 of Lemma 5 is satisfied for any candidate solution to LTC, meaning that all solutions must
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be V, and 2) the boundedness condition in point 4 of Lemma 5 is satisfied for any plan, meaning
that any optimal plans in the LTC game must be an optimal plan in MP.

This completes the proof of Proposition 1. We have thus proved that the solution to the FC
problem can be supported as the unique equilibrium of the LTC game, as long as the initial policies,
{Tt}th_Ol, are either arbitrary forced to be the optimal FC choices, or if the time-0 government is also

allowed to optimally choose these policies.

4 Optimal fiscal policy

In this section we show how our equivalence result applies to several models of optimal fiscal policies
that have been studied in the literature. We start from the optimal timing of labor taxes bond-only
economies such as Lucas and Stokey (1983) and Faraglia et al. (2014) and then move on to study
optimal capital taxation as in Klein and Rios-Rull (2003), Klein et al. (2008) and Debortoli and
Nunes (2009). In all these models, we illustrate that Assumption 3* holds and hence FC outcomes
can be supported as symmetric Markov equilibria in the LTC game. We restrict the set of exogenous
states for simplicity, and it is worth noting that all our results go through if extra exogenous states
satisfying the Markov property are added. To avoid notational clashes, in the following sections we

use upright text to denote variables in the specific models.

4.1 Economies without capital

We start our analysis by considering a deterministic economy without capital and generalize the
example presented in Section 2, by allowing for time-varying government spending and long-maturity
bonds. An exogenous stream of expenditure {g;};~,, which for simplicity we assume to be purely
wasteful, needs to be financed with labor income taxes {Ttl}:io and debt {byyn};o, with generic
maturity N € [1,00). This model encompasses a deterministic version of the model studied by Lucas
and Stokey (1983) when N = 1 as well as models with long-maturity bonds as in Faraglia et al (2014)

when N > 1.8 The choice of the label N for maturity is not accidental, as this will indeed turn out

8The analysis can easily be extended to multiple maturities, but we restrict ourselves to one bond for expositional

simplicity.
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to coincide with our definition of N from our general formulation: variables N periods ahead appear
in the constraints.
A representative agent has preferences defined over sequences of private consumption {c;};~, and

labor effort {1},

> Bluferlr) (18)
t=0

with standard assumptions uc > 0, uee < 0, u; < 0, uy < 0. Their budget constraint is given by
Ct + qtbt_:,_N = tht <1 — TtZ) + bt (19)

where q; is the price of a bond issued at t that repays one unit of consumption at ¢ + N.? Output

equals labor effort, hence the resource constraint reads
ctt+gr =1 (20)

and firms’ profit maximization implies a unit wage: w, = 1. The government’s budget is implicitly
defined by the agent’s budget constraint and the resource constraint.

The agent’s first order conditions with respect to consumption, labor effort and bonds, together
with the resource constraint, can be summarized by an intratemporal optimality condition and a

Euler equation:
e e+ g)

=1-—7 21
uc(ce, ¢ + gt) ¢ (1)

qQette(Cty ¢t + 8t) = Buc(Cryn, CtoN + g4 N) (22)

This completes the description of the model, allowing us to map it into the general framework of
Section 3. In the general notation we have by = (by,...,bisn-1), g+ = &, ¢t = (ct,1t), pt = q, and
7 = 7}. Note that we have implicitly solved out for, and ignored, the real wage. The transition I'*
is defined by the equations (19), (20), (21), and (22). Note that, according to our definition, c;yn
is thus the only problematic variable in the time-t constraints, since it appears in (22). We refer to
the previous literature for a derivation of FC optimal policy in this model. Here we limit ourselves

to a brief discussion of the difference between FC and NC equilibria in this context.

9In the case of N > 1 we are considering a long-bond economy with “no buy-back”: governments cannot repurchase

bonds before maturity. This is for expositional purposes, and our results also apply in the case of buy-back.

24



Equation (22) highlights the source of time-inconsistency of the FC policy in this model. When
t = 0, the FC government has an incentive to use the initial allocation to decrease the value of
outstanding initial debt by, and hence reduce the distortions required to finance expenditure. If the
government starts with a stock of debt (b_; < 0), the government will enact a tax cut in period 0
to achieve this, relative to later periods. In the special case where government spending is constant,
taxes and debt are then constant from period 1 onwards at a level which depends on the initial level
of debt. Consistently with the initial incentive to cut taxes, any FC promises about allocations c;
with ¢ > 0 would be reneged if the government was allowed to reoptimize at ¢: in order to decrease
the value of outstanding debt, by, the government would like to offer another tax cut, although she
promised not to do this initially.

The properties of the solution under NC depend crucially on the assumptions about government
spending. For N = 1, and if government spending is assumed exogenous and constant, Krusell
et al. (2004) prove the existence of a “step function” equilibrium which supports multiple steady
states for government debt.!'® Debortoli and Nunes (2013) study a version of this economy with
N = 1 which also features endogenous government spending valued in utility. As discussed above,
the FC equilibria features a long run level of debt which depends on the initial level of debt: initial
conditions matter. The NC government, on the other hand, has a debt policy which converges to
a steady state level b* regardless of initial conditions. Overall, there are thus large differences in
debt-dynamics between the solutions to these models under FC and NC.

In the LTC game with an arbitrary L periods of commitment the government inherits the fol-
lowing states at time ¢. Firstly there are the natural states, g; and (by,...,byrn—1). Then there are
the pre-committed taxes, (Ttl, ey Ttl . 7_1)- The government then chooses Ttl 1 Note the similarity to
the NC problem, where the government only inherits the natural states, and chooses 7}.

We now show that the FC equilibrium can be supported in the LTC game with L = N periods of
commitment. In the Lucas and Stokey economy, which has N = 1, this means that just one period
of commitment is sufficient to recover FC. To prove this, we need to show that our key assumption

on the mapping between sequences of taxes and sequences of allocations, Assumption 3*, holds

10T principle, it is also possible for a smooth equilibrium to exist, although it is challenging to find numerically,

making its characterisation hard.
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in this model. In other words, we need to show that given the natural states (g, by, ..., bitn—1),
if we fix (Ttl,...,Ttl+N), then (i) we pin down all of y; = (b, ...,bsen_1,8t, ¢ 1, qt, 7), of which
we only need to check (¢, 1, q¢), and beyy, and (ii) the problematic variable ciyy is fixed given
(141, D1y ey DL n, TtZH, - Ttl+N). To see that this is the case, consider equation (21). Given a tax
rate Ttl (and an exogenous g;), this is one equation pinning down one unknown, namely c;.!* Hours 1;
can then be easily recovered from the resource constraint. Hence a sequence {7‘,51, ey TtZ . N} pins down
a sequence of consumption and hours {(ctﬂ,ltﬂ)};ﬁg . The bond price, q; can then be recovered
from (22) and bonds byy x from the budget constraint (19), given an outstanding level of debt by.

The boundedness restriction in Assumption 4* is also satisfied as long as there are no compet-
itive equilibria leading to (negative) infinite value, which is a relatively weak restriction. Depending
on the utility function, this can typically be guaranteed by assuming that the government must
remain to the left of the peak of the Laffer curve. Having shown that these two assumptions hold,
we have proved that the FC solution can be supported by the LTC game.

An important result of this analysis is that the degree of commitment necessary to achieve FC
outcomes depends crucially on the the maturity of debt. The longer this maturity, the higher the
number of periods of commitment required. Hence for a given planning horizon for fiscal policy,
economies with longer debt maturity appear to be more prone to the welfare costs of imperfect
commitment.

Notice that in a one-period bond economy, L = 1 is sufficient to recover FC. It is simple to prove
that this is also the case in a model with endogenous government spending, allowing comparison
with the Loose-Commitment results in Debortoli and Nunes (2013). The differences are surprising.
Debortoli and Nunes (2013) show that under Loose Commitment, debt will always optimally converge
to a steady state value, even if commitment only lasts one average for one period. In contrast, under
LTC steady state debt depends on initial debt as it does in FC. This highlights that, once we depart
from FC or NC, how we do so can have surprising implications for our models. In this case, one year

of LTC, or Loose Commitment which lasts on average one year do not lead to similar equilibria.

11 Since this equation is nonlinear, an additional, weak regularity assumption is required in order to ensure that the
solution is unique, so that a given tax rate pins down a unique allocation. This amounts to ensuring that the left hand
side of (21) is either strictly increasing or decreasing in c¢; for ¢; > 0, a condition that is satisfied for standard utility

functions, such as separable isoelastic utility in c¢; and ;.
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4.2 Capital and labor taxes

We now consider optimal fiscal policy in economies with capital. We study a general model which
nests the economies analyzed by Klein and Rios-Rull (2003), Klein et al. (2008) and Debortoli and
Nunes (2010). Specifically, we allow for government consumption to be valued by households and
chosen by the government, making the policy instruments labor taxes, 7}, capital taxes, 77 and
government spending, g;. We also let the capital utilization rate, v;, be endogenous. We begin by

discussing a version of the model where the government must balance its budget every period, and

then consider a model where the government can borrow and lend from the household.

4.2.1 Balanced budget

The model described in this section is that of Debortoli and Nunes (2010). Klein and Rios-Rull
(2003) and Klein et al. (2008)’s models can be recovered by removing endogenous capital utilization.

Household preferences are represented by the utility function:

Z Blu(c, g, 1r) (23)
t=0

with ue > 0, Uee < 0, ug > 0, uge < 0, w3 < 0, up < 0. Output is produced using a Cobb-Douglas

technology that combines capital (with an endogenous utilization rate v;) and labor:
Yt = (Vtkt)a ll_a. (24)

Following Greenwood et al. (2000), capital depreciates at rate §(v;) with ¢’ > 0 and ¢” > 0.
Depreciation is increasing in the rate of utilization, giving a well defined trade-off which determines
the optimal level of utilization. Endogenous utilization makes the capital taxation problem more
tractable, because even at time 0 the government faces the cost that higher capital taxes will lower

utilization. The resource constraint of the economy reads:
ct+keyr — (1= 6(ve)) ke + g = (veke)* ;% (25)

Households consume, supply labor, and invest in capital, renting it to firms. Combining the house-

holds’ and firms’ optimality conditions leads to the following conditions:

ul(ctu ¢, 1t) l a1—«a
UC(Ctvgtalt) ( t) ( )( t t) t ( )
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(1 . Tf) avekOII= = §'(vy) (27)

uc(ct, g, 1t) = Puc(cest, 1, ley1) [1 + o (Vs kern) ! LT (1 - Ttk+1) - 5(Vt+1)} (28)

As in Klein and Rios-Rull (2003), Klein et al. (2008) and Debortoli and Nunes (2010), we assume that
the government budget constraint has to be balanced in every period. This imposes the restriction
that Tthtlt + Ttkrtvtkt = g3, where 1 is the rental rate of capital. Combined with the firm’s first order

conditions for capital and labor, this gives the condition:
arf 4+ (1 —a) 7| (viky)* 117 = g;. (29)

That the government must balance its budget every period turns out to be an important assumption
in order to obtain equivalence of LTC and FC in this economy, as will be made clear. This completes
the statement of the model. In the general notation of Section 3 we have by = k¢, ¢; = (¢4, l¢, v¢), and
7 = (1,7}, 8:). There are no exogenous states (g;) and we have solved out for all prices (p;). The
transition correspondence, I'*, is defined by (25), (26), (27), (28), and (29).

The source of time-inconsistency in this model is the incentive of the government to promise
low capital taxes in order to foster capital accumulation and then to tax capital ex post once it has
been installed. More formally, the government is constrained by the Euler equation, (28), which
contains the problematic variables c;y1, v¢+1 and 111, and next period’s capital tax, Ttk’H. In the
notation of our general formulation we have N = 1, with variables one period ahead appearing in
the constraints.

Once again we refer to these previous papers for the derivation of the optimal policy under FC
and NC. We limit ourselves to proving that FC outcomes can be supported as equilibrium of the
LTC game. It will turn out that the government can sustain the FC solution with L. = 1 periods of
commitment in this model. In the LTC game with L = 1 periods of commitment the government
inherits the following states at time ¢. Firstly there is the natural state, k;. Then there are the
pre-committed policies, (7, 7}, g;). The government then chooses (Ttﬂl, 7} 110 8t+1)-

We need to show that Assumption 3*, holds in this model for L = 1. In other words, we need
to show that given the natural state k;, if we fix (7F, 7/, 7/ 1,7/, 1, 8t 84+1), then (i) we pin down
all of vy = (k¢ cp, 1y, vi, 7F, 7}, g¢), of which we only need to check (ct, 1y, v¢), and ki1, and (ii) the

problematic variables (c41,li41, vet1) are fixed given (kyt1, 751, /11, 8t41)-
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To see that this is the case, notice that given the government’s state, (kt,Ttk,Ttl, gt), equations
(25), (26), (27) and (29) form a system of four (non-linear) equations in four unknowns, namely
(ct,l¢,v¢, key1), uniquely pinning them down and satisfying the first two requirements.'? By the
same logic, by choosing (Ttﬁl, Ttl 1 gt+1), the government thus pins down (c¢41, li41, vir1) which are
the problematic variables in equation (28).

The boundedness restriction in Assumption 4* is satisfied under similar, weak conditions as in
the last section. Since these two assumptions hold, we have shown the equivalence of the LTC and
FC solutions in this model.

It is worth noting the importance of the balanced budget assumption for this result. The balanced
budget equation, (29), is one of the four equations we used to pin down equilibrium with only a finite
number of periods of taxes. Intuitively, to sustain commitment the time-t government would like
to force the government at ¢ + 1 to pick certain values of ¢;11 and the other problematic variables.
Committing to (Ttﬁ_l, Ttl 15 gt+1) is not enough to guarantee this, since future governments can always
influence c;y1 by changing future taxes, and hence investment.

The balanced budget assumption stops future governments from being able to do this, since
this would influence government revenue, potentially unbalancing the budget. It turns out that the
government at ¢+ 1 must set the value of ¢;41 chosen at time ¢ in order to balance her budget, which
constrains her feasible choices of (Tf+2, 7} 195 gt+2). Thus without assuming a balanced budget our
theorem would not hold, and LTC would not support the FC solution.

Debortoli and Nunes (2010) solve the balanced-budget model with Loose Commitment, and find
differences from the FC solution. In particular, they find that under Loose Commitment the capital
tax rate does not converge to zero, as it does under FC. Since LTC supports the FC solution, LTC
and Loose Commitment again deliver different results in this framework.

Finally, in the appendix we provide an extension where the budget must be balanced across a
fixed number of periods. In particular, we suppose that the government can issue one-period bonds,
denoted by, but that every M periods the government must set b1 = 0 and not issue any bonds.

This captures the idea of medium run fiscal constraints placed upon the government, such as yearly

12The solution is unique under the same regularity assumption described in footnote 11. To see this, take the ratio
of (27) and (29) to form a single equation in v;. Since §(v¢) is strictly increasing, this pins down a unique v;. The

remaining variables can be solved recursively: (29) gives a unique l¢, (26) a unique c; and (25) a unique k¢41.
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balanced-budget restrictions in a quarterly model. In this case LTC can support FC with L = M
periods of commitment.

This extension is interesting for two reasons. Firstly, it illustrates the key role that the length
of time over which the budget must be balanced plays in achieving FC in this model. This leads
to potentially important policy implications, especially for countries that are implementing multi-
annual budget plans, such as several European countries. Secondly, it provides an example where
L > N, and the number of periods of commitment required to support FC exceeds the number of
periods ahead that choice variables appear in the constraints. In the previous two examples we had

L = N in both cases.

4.2.2 Unbalanced budget

In this section we consider an extension of the above model where the government is able to borrow
and lend from the household using a one-period bond. In this case we introduce the variable by

denoting government borrowing, and replace the balanced budget equation, (29), with:

Arbey1 + [O‘Ttk + (1= a) 7 | (vike) 1, = g + by (30)

@ — /BUC(CH_l, 841, le41) (31)
Uc(ct7 gt lt)

Where q; is the price of the bond, and (31) is the household’s Euler equation pricing the bond. In
the general notation of Section 3 we have by = (k¢, by), ¢; = (¢, 1, v¢), pr = q¢, and 72 = (7F, 7}, &).
There are no exogenous states (g¢). The transition correspondence, I'*, is defined by (25), (26), (27),
(28), (30), and (31).

In general, our theorem does not hold in this model. This is because, as discussed in the previous
section, it is not possible to pin down the problematic variables with a finite sequence of policy
instruments. For example, investment, and hence consumption, will depend on the entire infinite
sequence of future taxes, making it impossible to pin down the problematic variable c;41 with only
a finite sequence of policies.

However, it is possible to prove that our theorem holds in the special case of linear utility from
consumption. In particular, consider a version of the model with constant government spending, g,

which is purely wasteful, a utility function w(cq, g¢,1;) = ¢; — v(1;), and no capital utilisation margin,
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giving v; = 1. The function v(l;) is assumed to satisfy the usual conditions v'(l;) > 0 and v"(1;) > 0.

The equations of the model are now:

et kepr — (1 — )k + g = kM2 (32)
o) = (1-7) (1= kg1 (33)

b1 + [arf t(1-a) Tg] Kol = g+ by (34)
1= [alg g (1= ) +1- 4] (35)

Since there is no utilization margin we also add the constraint that capital taxes cannot exceed an
upper bound 7*. Even with linear utility from consumption, there is still a meaningful distinction
between the FC and NC solutions to this model. A government with FC will choose to have the
period-0 capital tax at the maximum level, and then set capital taxes from period 1 onwards to
zero.'® Labor taxes will be constant from period 1 onwards. A government with NC, on the other
hand, will have the temptation to tax capital once it is installed, and is going to set capital taxes to
the maximum level for a long time, potentially forever.

To see that LTC can support FC in this special case, note that the only problematic variable is
now ly41. In the notation of our general formulation we have N = 1, with variables one period ahead
appearing in the constraints. We need to show that Assumption 3*, holds in this model for L = 1.
In other words, we need to show that given the natural state (kg by), if we fix (7F, 77,7, 74),
then 1) we pin down all of y; = (k¢ ct,1i, 7F, 7)), of which we only need to check (cs,1;), and kg1,
and 2) the problematic variable 1,41 is fixed given (k¢y1, Ttﬁl, Ttl 1)

To see that this is the case note that, given k; and 7/, (33) pins down a unique l;, defining a
function I, = I(ks, 7/). Combined with (35) and the time-t government’s choice of (71, 7/,,) this

uniquely pins down (k¢41,l¢41). Finally, the resource constraint, (32) uniquely pins down c;.

13Straub and Werning (2015) show that in the presence of an upper bound on capital taxation, it is possible that
the Chamley-Judd result that capital taxes converge to zero does not hold for sufficiently high initial government debt,
and the upper bound optimally binds asymptotically. We assume that initial government debt is low enough to avoid

this case.
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5 The role of initial conditions

Our equivalence result proved in Section 3 relies on initial policy instruments being consistent with
the FC plan. In this section we explore the consequences of letting governments with LTC inherit
arbitrary policies for the properties of optimal policy with LTC. In two specific models, we argue
that the economy converges in a single period to a FC equilibrium consistent with different initial
conditions for the endogenous state variables. In this sense, LTC sustains an allocation that shares

the same qualitative properties as the FC solution.

5.1 Arbitrary initial conditions in the labor tax model

In this subsection, we study the effects of starting from an arbitrary initial condition for policy in
the deterministic version of Lucas and Stokey (1983) with LTC. We have established that starting
from initial conditions given by the FC policy sequence, LTC sustains FC outcomes with a length
of commitment given by the longest outstanding debt maturity. We now ask the question of what
happens if a government with LTC game inherits an arbitrary initial policy, potentially different
from the one implied by the FC policy path. We show that the economy converges in one period
to another FC equilibrium, consistent with a different level of initial debt. We also provide simple
formulas to evaluate the welfare cost of starting from a “wrong” initial policy.

For simplicity of exposition, consider the version of the model with one-period debt and assume

t.14

that government expenditure is constan Using the intratemporal optimality condition at time 0,

we can obtain hours as an implicit function A of the tax rate from

V(h(15)
W) g " 0

Using this function, the government budget constraint in period 0 can then be expressed as
u'(h(70) — g) (bo + & — Toh(m9)) = Bu'(c1)by (37)

Let ag = v/ (h(r})—g) (bo + g — Toh(7})) and note that this variable is a function only of the initial
debt and initial tax: ag = a(bg, 7}). The economic interpretation of this variable is the (marginal

utility) value of the resources that the time-0 government needs to raise on the bond market.

14This assumption can be easily relaxed without affecting the main insight. However, perfect tax smoothing arises

only under a stronger assumption on preferences, such as CRRA in both consumption and labor.
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Let s(t{) = «/(h(7}) — g) (g — 71h(7})). By adding and subtracting s(r{) on the right-hand side
of (37), we get
ao = 8 (a1 + () ) . (38)

Note that that the problem of the government at ¢ = 0 is affected by (bg, 7}) only through their
effect on ag. This is because this government cannot affect hours worked at ¢ = 0. Hence the

government’s optimization problem can be formulated in the following recursive form.'?

W(a) = foax f [u(h(r") — g) — v(h(7')) + W(a')] (39)
subject to the transition a’ = 37 'a — s(7’). Note that this recursive form ignores contemporaneous
utility, which is an any case fixed from the government’s point of view.

The FC policy for this model is fully characterized by two functions 74" (bg) and 7{ ¢ (bg) as
7} = 7F%(by) for all t > 1. The government chooses a perfectly smooth tax from ¢ = 1 onwards and
uses the tax rate at ¢ = 0 to affect the utility value of initial debt by affecting the initial allocation
in order to decrease the amount of distortions needed to finance expenditure and service the debt.
The allocation is also constant from ¢ = 1 onwards.

In order for debt not to explode with a constant tax rate and constant hours and consumption,

it has to be the case that a; is also constant. Hence, we can get the optimal tax rate from period 1

onwards from the transition equation for a in steady-state:

*(ag) = 5711 ;5 a0) (40)

and the value function satisfies

B
1-p

Total welfare starting from arbitrary initial conditions (b, Té) is then given by

W(ao) = [u(h(7"(a0)) — g) — v(h(7"(a0))] (41)

V(bo, 76) = u(h(75 — 8)) — v(h(7))) + W (ao). (42)

15This is an alternative formulation relative to the more general recursive formulation used to prove Proposition 1.
It holds in this model because the welfare-relevant component of the allocation (c¢,1¢) is fixed from the point of view

of the government dated t.
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We now argue that the LTC policy and allocation starting from (b, 7}), with 74 # 74 (bg)
converges to a another FC policy (and allocation), indexed by a different debt level.

Let by be the solution to the following non-linear equation'6

a(bo, 77 (bo)) = a(bo, 7). (43)

Then, the government at time 0 solves the problem defined in (39) starting from ag = a(bg, 77 (bo))
and the policy and allocation from ¢ = 1 onwards will coincide with the ones implied by the FC
equilibrium starting from bg. In particular, we will have 7} = 7*(ag) = 7' (bo) for all ¢ > 1.

In order to assess the welfare cost of starting from any initial tax, it is sufficient to compare the

value attained by the FC policy starting from ¢t = 0 with the value defined in (42).

5.2 Arbitrary initial conditions in the capital tax model

In the special case of the capital tax model with linear utility from consumption for which our
theorem holds, we can also prove that the equilibrium of the LTC game converges to a different FC
solution if a generic time-t government inherits “incorrect” policies. Recall that in this model the
FC solution for ¢t > 0 features zero capital taxes and constant labor taxes.

To prove this, it is convenient to combine the competitive equilibrium constraints into a single

implementability constraint:
1
g

This constraint combines all the time-¢ constraints except for the capital Euler equation, and also

ki + by = ¢; — vyl + kg1 + Bbe (44)

incorporates the time-t — 1 Euler equation.!” We can write the government’s problem recursively.
Note that we can use (b, k¢, 1;) as the only states since we can use the time-t labor condition, (33),
and t — 1 Euler, (35) to infer what time-t taxes they imply, instead of holding the taxes as additional

states.

Wbk 1) = max KT+ (1 =8k — g — kvt — v(le) + BW (bey1, kew1, le1)  (45)

bey1ker1,le+1

16Under standard regularity conditions a unique solution exists.
1"Thus the constraint requires that the time-t capital tax is consistent with the optimal choice of k; made one period

before. Hence the following discussion applies to any deviation of t + 1 policy from the FC plan which is announced
at time-, not surprise deviations. The result that we converge to another FC plan also holds for surprise deviations,

but the convergence simply takes one period longer.
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where the maximization is subject to (44). Denote by A\; the multiplier on (44), then the capital,

bond and labor first order conditions give respectively:

1= =B (ak{ ' +1-8) — My (46)
At = A1 (47)
(1= )k 1 = ' (ler1) = A1 (0" (s )1 + 0" (1e11)) = 0 (48)

We can combine the capital and bond first order conditions to give:
1= 8 (ak} ', +1-9) (49)

This is just the household’s capital Euler equation with zero capital taxes. Hence we have shown
that regardless of the initial condition at time-¢, a government with LTC will always immediately
set 71 = 0. Labor taxes will be constant from period ¢ + 1 onwards because both the multiplier
and capital in (48) are constant, implying constant hours, and hence constant labor taxes. The level
these constant labor taxes must be set at can be solved for by iterating the government’s budget
constant forward and imposing transversality. These constant labor taxes must be the solution to a

FC game for a different value of the initial endogenous state variables.

6 Optimal monetary policy

6.1 New Keynesian model

We now turn to investigating the implications of LTC for optimal monetary policy in the New
Keynesian model. This framework has well known time-consistency issues because of the forward-
looking nature of inflation. Hence there are important differences between the FC and NC solutions
as discussed, for instance, by Clarida et al (1999).

Particularly when the zero lower bound on the nominal interest rate is taken into consideration,
lack of commitment becomes a relevant issue, as shown by Adam and Billi (2007). The recent debate
on forward guidance in monetary policy relies on the central bank being able to credibly commit to

a future path for interest rates in order to facilitate the exit of the economy from a liquidity trap.
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In the real world, such commitment can only be limited in time. This makes this class of models a
particularly interesting environment for our theory.

It turns out that in the New Keynesian model of monetary policy Assumption 3* does not
hold, with the consequence that the LTC game cannot support the FC equilibrium for any finite L.
Thus the model serves as a useful laboratory to investigate the properties of the LTC game in cases
more general than those where Proposition 1 holds and we will use numerical methods to solve for
optimal policy with LTC.

For simplicity, we work with the log-linearized version of the model, with policy minimizing a

squared loss function. The log-linearized version of the model can be stated as follows:
T = Bm+1 + Kyt + e (50)

vt = yer1 — 0 (ig — me1) + g (51)
Where all variables refer to deviations from a zero-inflation steady state. m; gives inflation, and y;
the output gap, with the first equation being the New Keynesian Philips Curve (NKPC), and the
second the IS equation. We focus on two shocks, a cost-push shock, e;, and a demand shock, g;.
We investigate each shock individually. For the demand shock experiments we also impose the zero

lower bound (ZLB) constraint, iy > —r*. Welfare is summarised by the loss function:

)
> (-3 - 392) (52)
=0

In this framework, N = 1, because w1 and yy4+1 appear in the constraints, which is the source of

the time-inconsistency problem. However we require the entire future sequence {is}22, to pin down

m; and y¢. Hence we cannot find a finite L with which to support the FC solution as an equilibrium

to the LTC game, and the solutions will differ. This allows us to investigate how close the solution

to the LTC game can be to the FC or NC solutions in a situation where our equivalence result does
not hold. The results will clearly be situation and model specific, so the results of this section should
not be considered general to all situations where our theorem does not hold.

For the LTC experiments, we assume that the government has one period of commitment (L =

1). The model is calibrated to quarterly frequency, and we choose standard parameter values, as

summarized in, for example, Bodenstein, Hebden, and Nunes (2012). They are reported in Table 1,

and derivations are relegated to the appendix.
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6.2 Zero Lower Bound

We investigate a negative shock to demand at time zero, gy < 0, which only lasts for one period.
This allows us to abstract from the non-linearities driven by an occasionally binding constraint. We
will compare the paths of inflation, output gap and interest rates with FC, NC and LTC and we
will compute welfare in these three scenarios given the path of the shock. A full analysis of optimal
policy with occasionally binding ZLB with LTC is left for future work.

The linearized NK model does not have any endogenous states, and so the only states for the
LTC government are the exogenous states and the pre-committed interest rate, i;. This contrasts
to the NC government, who has no states, and the FC government who solves an entire sequence
problem. We assume that gy is large enough (in absolute value) to drive the economy to the ZLB
at time 0.

Before stating the results, it is helpful to analyse the problem of the LTC government. From time
1 onwards there are no shocks, so the problem of the government is to choose i;y1 given her inherited
iy to maximize value, V(i;). The linear quadratic structure (plus the assumption of a non-binding
ZLB) allows us to guess and verify linear policy functions of the form 7, = ari; and y; = ayi;.

Plugging these into the time-t NKPC and IS equations yields:

Yt = ayit + 5yit+1 (53)
Tt = Qply + Orly1 (54)
Where oy = —0, 6y = ay + 0ar, ax = oyk, and 0 = azf + éyx. Given these policy functions,

the time-t government chooses i;y; understanding that it will affect 7, and y; (via m41 and y41)
according to the above, and also affect V (iz41). The time-t problem can be expressed as:

. 1 A .
V(iy) = max — =77 — Zy7 + BV (ir+1) (55)
1t+1 2 2

Subject to (53) and (54). This leads to a linear policy rule for the interest rate: i;y; = a;it, and a
quadratic form for the value function: V(i;) = %avif with a, < 0. Two interesting things emerge
from this. Firstly, the time-0 government might want to set iy < 0 to help stimulate the economy,

but this will come at a welfare cost from period 1 onwards, since V'(i;) < 0 if i; # 0.
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Secondly, if she does this, the future governments will “fight” against her decision. This is because
a; < 0, so all future governments will set interest-rate deviations of the opposite sign to those they
inherit. This is intuitive: In the absence of shocks, all future governments want to set zero interest
rates. Hence, if they inherit an interest rate which is non-zero, they will set the next interest rate
to the opposite sign to try and offset its effect on the behavior of the private sector, which depends
on the whole infinite sequence of future interest rates.

This makes the problem of the time-0 government tricky. We allow her to choose ig and ij.
If the shock is severe enough that ip hits the ZLB, she might consider setting a positive i;. This
is for the well-known reason that doing so will increase m, reducing the time-0 real interest rate
and stimulating demand. With only one period of commitment this becomes harder, since future
governments will try to offset her decision.

Figure 1 shows the paths of output gap, inflation and nominal interest rate following the demand
shock. The red line gives the responses under NC. The lack of commitment and shocks from ¢t =1
onwards means all variables revert to zero from time 1. The time-0 deviations are large, with both
output and inflation falling. The black line gives the FC responses. Here the central bank is able
to tame the time-0 recession by promising to keep interest rates low in future periods, leading to a
boom in period 1. The increase in m; reduces the real interest rate at time 0, reducing the output
and inflation deviations.

Finally, the blue line gives the responses under LTC. We see that LTC does not do as well as
FC, but the responses are closer to FC than NC with only one period of commitment, which is a
surprisingly positive result. The previously-mentioned offsetting behavior of future central banks is
visible here. The time-0 bank uses her one period of commitment to set a low ¢;. This leads the
time-1 bank to set a positive io, offsetting some of the benefit of setting a low ¢; and setting off a
cycle of alternating rates. Note how the time-0 bank, anticipating this behavior, thus sets an even
lower 4; than the FC bank.

In terms of welfare, LTC does surprisingly well. The NC government achieves a welfare loss
153% larger than FC, whereas the loss under OPC is only 27% larger than FC. This implies that
one single quarter of commitment allows to avoid most of the welfare losses associated with going

from Full to No Commitment in this experiment.
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6.3 Cost push shock

In this section we analyze the response to a positive cost-push shock at time 0, which decays according
to er11 = peer. In contrast to the last section, this allows us to analyze the effectiveness of LTC in
response to persistent shocks in a situation where our main proposition does not hold. We choose
pe = 0.9.

The commitment issues in response to cost-push shocks have been extensively studied. The key
insight is that the central bank might want to influence m 1 to offset e; in the NKPC, and spread
the cost of a shock over several periods. This, however, requires commitment, and while the central
bank is able to do this with FC, it is not with NC. LTC represents an intermediate case.

The results are demonstrated in Figure 2, which gives the impulse responses of the economy to
the cost push shock under FC, NC, and LTC. As before, the choice of the initial policy, here ig, is
clearly important, and we allow the time-0 government to also choose ig.

The responses under FC and NC are familiar. The NC central bank has no ability to affect the
future, and achieves deviations of output and inflation much more severe than the FC bank. The
LTC bank is able to partially dampen the deviation in the initial period compared to the NC case,
but the equilibrium remains closer to NC than FC. Inflation is always lower than NC, but the output
gap may be larger in later periods. The oscillations due to the offsetting behavior of each bank on
interest rates are less apparent due to the exogenous dynamics of e;, although they are still visible
for y;. Despite this, the LTC government still achieves a welfare gain relative to NC, although in

this case welfare remains closer to NC than FC.

7 Conclusion

In this paper we have studied optimal policy in economies where successive one-period lived govern-
ments formulate plans for a finite horizon. We have emphasized a key condition on the mapping from
policy instruments to allocations. If this condition is satisfied in a given model, then this Limited-
Time Commitment game with sufficiently long but finite commitment can sustain the same outcomes
that would arise if there were a single government at time 0, endowed with Full Commitment into

the infinite future.
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We have argued that this is indeed the case for a number of economies that have been studied
in the fiscal policy literature. In this sense, we have provided a case for assuming Full Commitment
in those models: even with a much lighter commitment assumption we can find the same results.

Additionally, we have shown that the length of commitment required to sustain Full Commitment
allocations in these models is related to intuitive model features: in a model of labor taxes without
capital, we require commitment equal to the length of the longest maturity bond. In a model of
capital taxation with balanced budgets, we require commitment equal to the length of time over
which the budget must be balanced.

Another result of our analysis is that once we start making assumptions that limit the gov-
ernment’s commitment technology, the details of how we do it can be quite important: we obtain
equivalence with Full Commitment in cases where the Loose Commitment approach (probabilistic
commitment into the infinite future) would lead to outcomes more similar to No Commitment.

We have also presented a case of optimal monetary policy subject to the zero lower bound, where
the key condition for equivalence with Full Commitment fails. We compute results numerically and
show that even a small amount of commitment may be sufficient to give most of the welfare difference
between Full Commitment and No Commitment.

Finally, in this paper we have worked with deterministic economies, and we leave a general
characterization of optimal policy with Limited-Time Commitment in stochastic economies for future
work. However, we conjecture that our main equivalence result will survive in stochastic models,

provided that governments can commit to finite sequences of state-contingent policy instruments.
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A Proofs

Proof of Lemma 2. For the first statement: For all (b, go) € B*, each y € II*(bg, go) defines a
unique path x, including its initial element xg. Since y is a competitive equilibrium, we know that
(Y41, - Yt+N) € T*(y), and hence, by the definition of T', that z;41 € T'(xy), for all t = 0,1, ...,
and that xgp € X. Thus x € II(zg). For the converse: For all g € X, each x € II(x¢) means that
x441 € I'(xy) for all t = 0,1, .... The definition of I' means that each pair (z;, z4+1) along the path
defines a unique sequence (Y, Y1, ---, Y¢+N) Which satisfies (yi+1, ..., ye+n) € I'*(y¢). This is thus a

competitive equilibrium path y € II*(bo, go), with (bg, go) € B* taken from yp. O

Proof of Lemma 3. Point 1 follows trivially from the non-emptiness of I' for any « € X. For point
2, note that Lemma 2 established that any x € II(x) has a unique associated path y € IT*(bg, go) for
some (bg, go) € B*. By Assumption 1* we know that for this y, lim, o >y B'7(bs, ar, g¢) exists,
although it may be plus or minus infinity. Given that we defined F' as F'(x¢, x141) = r(at, b, g¢), it

must also be that limy, o Yy B'F (24, T141) exists. O

B Additional notes

B.1 Note on role of bounded returns assumption

At this point it is worth briefly outlining the role of bounded returns (Assumption 4*) in the
preceding proof. Without this assumption it is only possible to prove that the FC solution is an
equilibrium of the LTC game, and not the unique equilibrium. This is because without it we cannot
guarantee that the boundedness conditions in Lemma 5 hold, meaning that the LTC game could
have other equilibria.

While this may seem like a technical assumption, it is often easy to construct a second equilibrium
when it fails. This equilibrium is a “shut down” equilibrium where the government achieves utility
of —oco. To see when this is possible, consider a model where there exists a y s.t. F(x,y) = —o0
for all x € X, which we denote g(x). We can construct an equilibrium where all governments play

9(x) as follows. Guess that all future governments play g(x), then the continuation value for today’s
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government is —oo, giving the optimisation problem:
v(ry) = sup  {F(xp,2e41) + B(—0))}, Var e X (56)
zi41 €T (z¢)
Since the government can only achieve utility —oo regardless of its choice, it might as well also play
g(x). This equilibrium is essentially one of mutual destruction: if all future governments shut down
the economy, I might as well too. While this might seem problematic for our results, it is worth
noting that it really must be possible for the government to achieve —oo utility for this to matter:
any arbitrarily low bound on utility is enough to remove this equilibrium.
It is also worth noting that the assumption can be relaxed slightly, if we instead assume that the

state variables can not grow “too fast”. This follows from Section 4.3 of Stokey and Lucas (1989).

B.2 Multi-period balanced budget

In this section we consider a government who faces the constraint that she must balance her budget
every M periods. There are many ways to implement this which lead to LTC supporting FC, and
we illustrate one method here. In particular, we suppose that the government can issue one-period

bonds, denoted by, which are priced according the the agent’s Euler equation:

qtUc, = BucH_l (57)

Where uc, = uc(c, 8¢, 1¢). The government’s budget is now:
atbesr + [om'tk +(1-a) Tg} (vike)* 1= = g, + by (58)

Substituting in the bond Euler gives:

u
B Zt“ bir1 + |:Oé7'tk +(1—a) TtZ} (vike)* ;™ = g¢ + by (59)

ct

We implement the balanced budget assumption by assuming that the government cannot issue
bonds once every M periods. Give each period an index m; € {1,2,..., M} denoting its position
in the cycle, with m; = M denoting the last period of the cycle (where the government can’t issue
debt) and m; = 1 denoting the first (where there is thus no inherited debt to repay). To fix ideas,

consider a model where one period is a quarter, and the government must balance her yearly budget.
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This means that M = 4, and the government cannot issue any bonds in the fourth quarter of every
year.

The rest of the model equations are as in the baseline model where the government must balance
the budget every period: (25), (26), (27) and (28), to which we add the government budget, (59),
and the restriction that byy1 = 0 if m; = M. We now prove that we can support FC with LTC with
L = M periods of commitment.

To prove Assumption 3*, we need to prove that given (k¢, by) and (7F, 77, g, ..., Tf+M, Tf+M, St+M)
we pin down 1) all of y; = (k¢, by, ¢, 1, ve, 7F, 7, g4 ), of which we only need to check (cy,li, v¢), 2)
next period’s endogenous state, (kyy1,bey1), and 3) the problematic variables (cty1, le+1, Vit1)-

This has do be done separately for each position in the cycle, but the procedure is similar in all
cases. First consider a period where m; = 1, at the beginning of the cycle. We can forward (57)

from t to t + M — 1 to yield:

M-1 M-1
> e [0+ (1= @) 7| (essken ) UEE = D wers. s (60)
s=0 s=0
Combining this with

e M resource constraints, (25), from ¢ tot+ M — 1

e M labor FOCs, (26), from ¢ to ¢t + M — 1

e M utilization FOCs, (27), from t tot + M — 1

e M — 1 capital Euler equations, (28), from ¢ to ¢t + M — 2

gives 4 x M equations in 4 x M unknowns, {Ci4s, lits, Vits, Kt sH}iw:Bl, pinning down everything we
need. Note that we have used the fixed government instruments (7%, 7/, g, ..., Ttﬁ_ M—1> Ttl M1 &M -1)
in these equations. byt is found from (60).
Now consider a period where my; = M. Since byy; = 0 in this period, the government budget,
(60) gives:
arf 1+ (1—a) Tg] (veke) I = g + by (61)

Combined with (25), (26), (27) and (28) this gives four equations in four unknowns, (¢, li, vi, ket1).

By the same logic as for the the period with m; = 1, we can pin down {c;4s, lt+s,vt+s,kt+s+1}£1
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using:
M M
> terr, [arti+ (0= @) 7l | (i) TE8 =D e s (62)
s=1 s=1
Combined with
e M resource constraints, (25), from t+ 1 to t + M
e M labor FOCs, (26), from ¢t + 1 tot + M
e M utilization FOCs, (27), from t + 1 to t + M
e M — 1 capital Euler equations, (28), from t+ 1 to ¢t + M — 1

A similar procedure can be used for periods with m; € (2,3, ..., M — 1).

C Optimal monetary policy derivations

C.1 Cost push, FC

. 1 A
L=> p <—27T§—2yt2+ut (7 — B —KYt—et)) (63)
t=0
9 = T = — (64)
o t = He — Hi—1
0 K
Oy: = V= oM (65)

Combine the FOCs with the NKPC to solve for policy function of the form 7wy = aps—1 + be;. This

leads to the following equation:

K2 K2
(1 —ap + /\> (apii—1 + bey) = <6L5 - )\) pe—1 + (1 + Bbpe) et (66)
For this equation to hold for any e; or u;—1 we require:
2 2
<1—a6+l€)\>a—a6+fi\20 (67)
2
(1—a5+)\>b—1—abp€:() (68)

This allows us to solve for a and b, giving the inflation policy function.
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We then find p; from:
Ut = T + [h—1 = (1 + a)ut_l + bey (69)
Notice that for this equation to be stable we require that —1 < 1+ a < 1. Solving for a leads to a

quadratic equation, and imposing stability actually tells us which of the two solutions to pick. We

then get yy from:

K
Ve =T He (70)

C.2 Cost push, NC

Now the policy function can only depend on e;, so we guess m; = ae;. The NC game can be set up

by replacing 741 in the PC with ap.e;.

Vie) = —gmi - 53’? + BV (er41) + pue (e — Kyt — (1 + apeB)er) (71)

This gives the following FOCs:
o= (72
;ylf =y = —gm (73)

Combining these and plugging in to the PC, and then solving for a gives:

1
a="T""2= -
1+T_ﬁpe

Then get y; from:
Yt = — Tt (75)

> &

C.3 Cost push, LTC

To solve the LTC game with L = 1, we guess that the future policy functions take the form m; =

aris + brey and y; = ay iy + byey. Plugging these into the PC and IS curve gives:
Vi = oyl + Byer + dyirta (76)

T = Qply + /Bwet + 57rit+l (77)
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Where oy = —0, By = bype+brpe, 0y = ay+0ar, 0x = ayk, fr = 14+Lyk+Bbrpe, and o = arB+0yk.

The time-t problem can be expressed as:

. 1 A .
V(lt, et) = max—iﬁf - §yt2 + ﬂV(lt+1,€t+1) (78)
141

Subject to the above two equations. We also guess that V (i, e;) = % (avi% + bve% + 2cvitet). Plugging

these in:

. 1 . . A, . B, . .
V(i er) = max — (ariy + Bres + 6ﬂ1t+1)2—§ (ayis + Byer + 5y1t+1)2+§ (avlfH + bvpgef + 2cvp61t+1et)
t+1
(79)
Taking the i;41 FOC:

— = Iyp1 = a3l + biey (80)
Oity1
Where:
QrOr + Aoy dy
;= LYY 81
YT B — 02— A (81)
_ Badn + AByS, — Beupe

bi ayf — 62 — \&2

(82)

To solve for the values of these parameters we do the following. We have guessed seven parameters:
(G, br, Gy, by, ay, by, ¢y), and we need seven equations to solve for them. First, plug (80) and the

guessed policy functions for m; and y; into (76) and (77):
ayiy + bye; = (o + aidy) ir + (By + bidy) e (83)

arir + bﬂ'et = (aﬂ + ai57r) iy + (ﬁw + b7,67r) €t (84)

In order for these equations to hold for any value of i; and e; we require:

ay = 0y + a0y (85)
by = By + biéy (86)
Ar = O + ai67r (87)
b7r = /37r + b’L(ST( (88)

49



These are four of our seven equations. The final three come from the value function. Plugging the
guess for the value function on both sides of the value function definition, along with the guessed

policy functions for m; and y; and the optimal i;41 choice gives:
avi? + byef + 2¢,iier =
— (ariy + brer)® — X (ayis + byer)® + B (ay(aiis + bier)® + bypZet + 2cope(aiis + biet)er) (89)
Collecting terms on the right hand side:
avi? + bvef + 2cyirer =
(—a2 — /\az + Baya?) if + (—b2 — )\bz + Bayb? + Bbyp? + Bbi2cupe)
+2 (—axbr — Aayby + Baya;b; + Baicype) irey (90)

For this to hold for any values of the state we require:

ay = —a — )\af, + Baya? (91)

_ 32 2 2 2
by = —bz — Aby, + Bayb; + Bbypg + Bbi2cype (92)
Cy = —rbr — Aayby + Baya;b; + Bacype (93)

C.4 ZLB, FC

We maximize subject to: 1) ig > —r*, 2) time-0 IS curve only (assume that don’t hit ZLB from
time 1, hence IS stops being relevant), 3) whole sequence of NKPC. Stated like this, it is a primal

problem apart from ig:

o0
1 A . . E3
L=) g (-7%2 - §Y?+Mt (7 — Bmea —/Wt)>+7(yo —y1+oig —om —go)+0 (io +77) (94)

The FOCs for inflation and output from period 2 onwards are the same as the cost push shock model:

0
o = Tt = bt — Mt—1 (95)
0 K
o = Ve= T (96)
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And from t = 2 onwards we are only subject to the NKPC, so we can solve for exactly the same
policy functions as in the cost push case. Hence from ¢ = 2 we have the policy functions 7w =
apli—1 + bey with a and b exactly the same as before, and e, = 0. We then solve the remaining
system, (7o, Yo, 71, Y1, o, 11,7, 10, @), using the following procedure. Firstly, impose iy = —r*. Then
solve for seven unknowns (7o, yo, 71, ¥1, to, i1,7) from the following seven equations:

t=1FOCs:

0 ~yo
il = — ) — —— 97
o = T1 = J1 — Ho 3 (97)
0 KL Y
sy =L 98
dy1 Y1 b\ BA (98)
t =0 FOCs:
9 =My = (99)
oo 0= Mo
9 =T (100)
Jyo A A
And the time 0 and 1 NKPCs, and the time 0 IS:
Yo =yi1+or’+om +g (101)
mo = BT + KYo (102)
m = Bapr + Ky1 (103)
Finally, take the ig FOC:
i:<7’y—i-0:0:>9:—0'y (104)

Oip

If & < 0 then the ZLB doesn’t actually bind, and we can just set all variables to zero instead.

C.5 ZLB, NC

Since the shock is only for one period, with NC we have m; = y; = iy = 0 from period 1 onwards.

The period 0 NKPC and IS (with binding ZLB) then give:
Yo =or"+go (105)

T = KY0 (106)
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C.6 ZLB, OPC

OPC from period 1 onwards is just the solution to the cost push shock with e; = 0. Then in period

0 the government faces the constraints:
yo =y1 — oig+om + go (107)
o = BT + Kyo (108)
Where m; = ari1, and y1 = ayi;. These become:
Yo = ayio + Bygo + dyi1 (109)

o = Qrlg + Brgo + Oxi1 (110)

Where ay = —0, By = 1, 0y = ay + 0ax, oy = ayk, Br = Byk, and 0 = azB + doyx. The time-0

problem can be expressed as:

1 ) . A . .
_max_ — (ario + Brgo + 57r11)2 — 5 (aylo + Bygo + 5y11)2 + éavlt%s-l (111)
io>—r*i1 2 2 2
This leads to an optimal choice for i;41:
— = i1 = a;io + bigo (112)
ity
Where:
Oy + Aoy by
C_ VY 113
Ry PRV (113)
Ox + ABy0
bi _ /87r 7r+ /By Yy (114)

a4, — 62 — \02
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D Figures

Figure 1: Impulse response to demand shock at the Z1.B
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Figure 2: Impulse response to cost-push shock, p. = 0.9
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E Optimal monetary policy calibration

r* is set to the steady state interest rate with zero inflation, 1/5 — 1. The output-sensitivity of

inflation is given by x = (1 — v)(1 — Bv)r~ (o™ + w)(1 + wh)~!, and the weight on output in the

loss function by A = /6.

Table 1: Calibration

Interpretation Value
B | Discount factor 0.9917
o | Interest sensitivity of consumption 6.25
v | Probability can’t adjust price 0.66

w | Elasticity of firm marginal cost to output  0.47

0 | Elasticity of substitution between varieties 7.66

pe | Autocorrelation of cost push shock 0.9
r* | ZLB constraint 0.0084
pe | Autocorrelation of cost push shock 0.9
% | Inflation sensitivity to output 0.0244
A | Weight on output in loss function 0.0032
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