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Abstract

We study a continuous-time, heterogeneous agent economy with aggregate shocks
and financial frictions. Households cannot invest directly in risky capital. Instead,
they lend to a leveraged expert through risk-free bonds. To solve the model, we ex-
tend the Krusell-Smith approach to accommodate a nonlinear law of motion for the
aggregate endogenous variables by employing machine learning techniques. We take
the model to the data by building the likelihood function associated with the solution
described above. Regarding results, we document, first, the strong nonlinearities cre-
ated by financial frictions and why our solution method is required. Second, we show
how the economy displays more leverage and higher wealth inequality in the stochastic
steady-state than in the deterministic one. Third, we report how the impulse-response
functions are highly state dependent. In particular, we find that the recovery after a
negative capital shock hits the economy is more sluggish if experts are more leveraged.
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1 Introduction

The decades before the Great Recession witnessed both an increase in credit and leverage
and wealth inequality. See Adrian and Shin (2010), and Nufio and Thomas (2017), for
evidence on the increase in debt and leverage and Alvaredo, Chancel, Piketty, Saez, and
Zucman (2017), for evidence on the increase in wealth inequality. A natural question is to
ask to what extent these two trends were related and which role did they play in bringing
about the financial crisis of 2007-8 and the subsequent sluggish output recovery. In this paper,
we take a step in the direction of addressing these questions by analyzing the links between
financial frictions and the wealth distribution in a stochastic general equilibrium model with
heterogeneous agents.

We extend the neoclassical model with heterogeneous households and aggregate capital
a la Aiyagari (1994) along several dimensions. First, we introduce aggregate shocks, making
capital a risky asset. Second, we consider limited financial markets participation as in Basak
and Cuoco (1998) or Brunnermeier and Sannikov (2016, Section 2). There are three agents
in the economy: a representative firm, a representative expert, and heterogeneous households
subject to idiosyncratic shocks. Only the expert can hold physical capital, which is rented to
the firm. The expert cannot issue state-contingent assets (i.e., outside equity) and, thus, she
can only finance her capital holdings through debt sold to households plus her wealth (i.e.,
inside equity). Third, we analyze the model in continuous-time.

A major technical challenge is how to efficiently compute a solution to this model and
take it to the data. The two state variables of the model are the expert’s equity and house-
holds’ income-wealth distribution. As the latter is an infinite-dimensional object, standard
dynamic programming techniques cannot be employed. Several numerical techniques have
been developed in the last two decades to analyze this kind of problems, being the most
popular the approach introduced by Krusell and Smith (1998). These authors approximate
the cross-sectional distribution with a finite set of moments. To compute the law of motion of
these moments, they propose an iterative scheme that starts with an initial guess to compute
individual policies and then simulate the economy based on these policies to obtain a time
series for the moments. The law of motion is obtained from a regression problem of the
simulated time series.

In the original paper by Krusell and Smith (1998) and most of the subsequent literature,
the perceived law of motion (PLM) of the aggregate variables is approximately linear in the
endogenous state variables (but nonlinear in the exogenous states, since the coefficients of the
regression are allowed to vary across shocks). Hence a standard least-squares method can be
employed to estimate the coefficients based on the simulated data conditional on the realiza-

tion of the exogenous states. This is not the case in our model, in which the nonlinearities of



the endogenous state variables play a central role and where, because of the use of continuous
time, exogenous states are incorporated into the endogenous states instantaneously. To over-
come this problem, we rely on the machine learning literature and employ a neural network
to obtain a flexible parametric function of the PLM. The universal approximation theorem
(Hornik, Stinchcombe, and White 1989; Cybenko 1989) states that a neural network can
approximate any Borel measurable function. More importantly, perhaps, the neural network
breaks the curse of dimensionality for a large class of approximated functions. The parame-
ters of the neural networks can be efficiently estimated using a combination of the stochastic
gradient descent and the back-propagation algorithms. Not only is this an efficient and easy
to code algorithm, but also one that is particularly amenable to massive parallelization in
graphic or tensor processing units.

We take our model to match some features of the US economy, such as the leverage of the
corporate sector and solve the model numerically. We find that the introduction of aggregate
risk modifies the wealth distribution in the stochastic steady state, SSS(s) (i.e., a fixed-point
of the equilibrium conditions of the model when the realization of the aggregate shock is zero)
in comparison to the deterministic steady state, DSS (i.e., a fixed-point of the equilibrium
conditions of the model when the volatility of the aggregate shock is zero). More concretely,
the most-visited SSS has a higher share of wealthy households because of precautionary
savings. Consequently, this SSS displays more debt, leverage, and wealth inequality than
the DSS. We also analyze the aggregate ergodic distribution of debt and equity based on the
simulations of the model. The economy spends most of the time around the most-visited SSS,
but may occasionally travels either to a high-leverage and a low-leverage region, generating
transient dynamics with different features from the average ones.

Next, we study whether different wealth distributions modify the transmission of aggregate
shocks. To this end, we consider three different pairs of distributions and equity levels,
corresponding to the most-visited SSS and the high- and low-leverage regions visited in the
paths pertaining to the ergodic distribution. We compute the generalized impulse response
functions and the distributional impulse response functions to a negative capital shock. The
responses are very similar on impact, but the ensuing recession is more persistent if the
initial distribution is located in the high-leverage region. This higher persistence is due to
the dynamics of aggregate household consumption. In a high-leverage economy, the decline
in consumption of wealthy households is less severe than in the most-visited SSS. This milder
decline produces a slower path of capital accumulation and, hence, creates a slow recovery
path. From an individual perspective, the attenuation in the decline of consumption is
consistent with the expected path of interest rates, which is more persistent in the high-

leverage economy due to capital dynamics.



Overall, our findings shed light on how the increase in leverage and wealth inequality before
a financial crisis may explain why the effects of the ensuing recession are more persistent and

why nonlinearities matter for this mechanism.

2 Related literature

Our work relates to several important threads of recent work in macroeconomics. First, we
build on the recent macro-finance literature pioneered by Basak and Cuoco (1998), Adrian and
Boyarchenko (2012), He and Krishnamurthy (2012, 2013), and Brunnermeier and Sannikov
(2014), among others (for a more comprehensive survey, see Brunnermeier and Sannikov
(2016)). This literature has emphasized the importance of the wealth distribution in the
economy. However, most of these papers only consider a basic form of heterogeneity between
two representative groups, typically households and experts/intermediaries (or just dealt
with models where the heterogeneity is trivially collapsed into an economic-wide average
of leverage). Instead, in our paper, we can also deal with a more complex —and empirically
relevant— form of heterogeneity, namely a non-trivial heterogeneous wealth distribution across
households. The use of continuous time allows us to characterize much of the equilibrium
dynamics analytically and to worry only about local derivatives (instead of the whole shape
of equilibrium functions) even when solving the model globally.

Related to this latter point, our paper also makes a technical contribution to the literature
on global solution methods for heterogeneous agent models with aggregate shocks such as
Den Haan (1996, 1997), Algan, Allais, and Den Haan (2008), Reiter (2009, 2010), Den Haan
and Rendahl (2010), Maliar, Maliar, and Valli (2010), Sager (2014), and Prohl (2015) (a
recent survey of the field can be found in Algan, Allais, Haan, and Rendahl (2014)). The
presence of a nonlinear PLM allows us to investigate how aggregate risk affects the wealth
distribution and in turn how different distributions modify the transmission of aggregate
shocks.

To the best of our knowledge, ours is the first paper to generalize the celebrated algorithm
of Krusell and Smith (1998) to accommodate a universal nonlinear law of motion in the
endogenous state variables. As explained above, we employ a neural network to this end
as it provides a flexible approach to the problem of estimation of an unknown nonlinear
function. Naturally, other machine learnings schemes may also be proposed (or, for the
matter, other nonlinear universal approximators such as series expansions or splines). We
will explain in detail, however, why our approach is particularly convenient, both regarding
theoretical properties and practical considerations. A further advantage of our approach is

that it reflects in a fairly transparent way the self-confirming equilibrium (SCE) nature of the



“bounded rationality” solution. The PLM is computed based on the samples drawn in the
simulation of paths within the aggregate ergodic distribution. The agents employ the neural
network to extrapolate the dynamics outside of the equilibrium region.

The use of continuous-time methods is widespread in the macro-finance literature de-
scribed above. In the case of models with heterogeneous agents, it is becoming more popular
due to its advantages when performing numerical computations, as discussed in Achdou, Han,
Lasry, Lions, and Moll (2017) or Nunio and Thomas (2017). Ahn, Kaplan, Moll, Winberry,
and Wolf (2017) introduced a method to compute the solution to heterogeneous agent mod-
els with aggregate shocks. However, theirs is a local solution method, based on first-order
perturbation around the deterministic steady state and, thus, unable to analyze the class of
nonlinearly-related questions posed in our paper.

Finally, our paper contributes to the nascent literature on the application of machine learn-
ing techniques to improve the computation of dynamic general equilibrium models. Their
methods have so far been concerned with the solution of high dimensional dynamic program-
ming (DP) problems. Scheidegger and Bilionis (2017) combine Gaussian process regression
with an active subspace method to solve discrete-time stochastic growth models of up to 500
dimensions. Duarte (2018) instead employs a reinforcement learning algorithm together with
a neural network to solve a two-sector model with 11 state variables. In contrast to these
papers our machine learning algorithm is not used to overcome the curse of dimensionality
in DP, but to provide a nonlinear forecast of aggregate variables within the model itself. In
this respect, our paper is loosely related to an early literature using neural networks to model
bounded rationality and learning, such as Barucci and Landi (1995), In-Koo (1995), Cho and
Sargent (1996), or Salmon (1995).

Our methodological work may be useful to analyze other heterogeneous agents models
with aggregate shocks. An obvious candidate is the analysis of the zero lower bound (ZLB) in
heterogeneous agent New Keynesian (HANK) models models such as Auclert (2016), Gorne-
mann, Kuester, and Nakajima (2012), Kaplan, Moll, and Violante (2018), Luetticke (2015),
or McKay, Nakamura, and Steinsson (2016). The ZLB naturally introduces a nonlinearity in
the state space of aggregate variables that cannot be addressed either with local methods or
with global methods based on linear laws of motion. Another potential candidate is models in
which the “quasi-aggregation” result does not hold, that is, models in which the higher-order
moments are necessary to provide an accurate characterization. There is a priori no reason to
assume that the law of motion of higher order moments should be linear and hence nonlinear

techniques are required.



3 Model

We postulate a continuous-time, infinite-horizon model in the tradition of Basak and
Cuoco (1998) and Brunnermeier and Sannikov (2014). Three types of agents populate our
economy: a representative firm, a representative expert, and a continuum of households.
There are two assets: a risky asset, which we identify as capital, and a risk-free one, which
we call bonds. Only the expert can hold the risky asset. In the interpretation implicit in
our choice of terminology, this is because the expert is the only agent with knowledge in
accumulating capital. However, other interpretations, such as the expert standing in for the
financial intermediaries in the economy, are possible. In contrast, households can lend to
the expert at the riskless rate, but cannot hold capital themselves, as they lack the required
skill to handle it. The expert cannot issue outside equity, but she can partially finance her
holdings of the risky asset by issuing bonds to households. Together with market clearing,
our assumptions imply that economy has a risky asset in positive net supply, capital, and a
risk-free asset in zero net supply, bonds. As it will be clear below, there is no need to separate
between the representative firm and expert, and we could write the model consolidating both
agents in a single type. Keeping both agents separate, though, clarifies the exposition at the

cost of little additional notation.

3.1 The firm

A representative firm in the economy rents aggregate capital, K;, and aggregate labor,

Ly, to produce output with a Cobb-Douglas technology:
Y, = F(K, L) = KL,

Since input markets are competitive, wages, w;, are equal to the marginal productivity of
labor:

_OF (K, L)
=L, —(1—Oé)ft (1)

and the rental rate of capital, r¢;, is equal to the marginal productivity of capital:

Wy

_OF (K, Ly) Y,

re; = Ok, = aE. (2)

During production, capital depreciates at a constant rate J and receives a growth rate
shock Z; that follows a Brownian motion with volatility o. Thus, aggregate capital evolves

according to:
dK;

?t = (Lt — 6) dt + O'dZt, (3)



where ¢; is the reinvestment rate per unit of capital that we will characterize below. The
capital growth rate shock is the only aggregate shock to the economy. Following convention,
the rental rate of capital r; is defined over the capital contracted, K;, and not over the capital
returned after depreciation and the growth rate shock. Thus, we define the instantaneous

return rate on capital drf as:
drf = (re, — 0) dt + odZ,.

The coefficient of the time drift, rc¢; — d, is the profit rate of capital, equal to the rental rate

of capital less depreciation. The volatility o is the capital gains rate.

3.2 The expert

A representative expert holds capital I?t (we denote all variables related to the expert
with a caret). She rents this capital to the representative firm. And, to finance her holding
of IAQ, the expert issues risk-free debt Et at rate r; to the households. The financial frictions
in the model come from the fact that the expert neither can issue state-contingent claims
(i.e., outside equity) against K, nor have net savings in the risk-free asset. In particular, the
expert must absorb all the risk from holding capital.

The net wealth (i.e., inside equity) of the expert, ]/\\ft, is defined as the difference between
her assets (capital) and her liabilities (debt):

Nt:kt—ﬁt.

We allow ]vt to be negative, although this would not occur along the equilibrium path.

Let ét be the consumption of the expert. Then, the dynamics of ]/\7t are given by:

d]/\}t = [?td'f’f — étrtdt — 6tdt
= @t]/\\ftdrf + |:(1 - @t) Nﬂ"t - ati| dt

= |:(7"t + @t (TCt — (5 — Tt)) Nt — 6{| dt + U@t]/\\ftdZt, (4)
where 0, = % is the leverage ratio of the expert. The term r; + W (re; — 6 — 1) is the

deterministic return on net wealth, equal to the return on bonds, r;, plus &; times the excess
return on leverage, r¢; — & — ry. The term a@t]/\\ft reflects the risk of holding capital induced

by the capital growth rate shock.



The previous expression allows us to derive the law of motion for I?t:

d[/(\vt - d]/\\[t‘FdEt
= |:(Tt + @t (TCt —0— ?"t)) j\\ft — ét] dt + O'C/L\th\\[tdzt -+ dB\t

The expert’s preferences over 6,5 are representable by:
U; = E {/ e log(@)dt} : (5)
J

where p is her discount rate. Using a log utility function will make our derivations below
easier, but could be easily generalized to the class of recursive preferences introduced by
Duffie and Epstein (1992).

The expert decides her consumption levels and leverage ratio to solve the problem:

_max Us, (6)
{Ct7at}t20

subject to evolution of her net wealth (4), an initial level of net wealth Ny, and the No-Ponzi-
game condition:
lim e Jo "9 By = 0. (7)

T—o0

3.3 Households

There is a continuum of infinitely-lived households with unit mass. Households are hetero-
geneous in their wealth a,, and labor supply z,, for m € [0,1]. The distribution of households
at time t over these two individual states is Gy (a, z). To save on notation, we will drop the
subindex m when no ambiguity occurs.

Each household supplies z; units of labor valued at wage w;. Individual labor productivity
evolves stochastically over time following a two-state Markov chain: z;, € {z1, 22}, with
0 < z; < z3. The process jumps from state 1 to state 2 with intensity A\; and vice versa
with intensity As. We assume that the ergodic mean of z is 1. We follow Huggett (1993) in
identifying one state with unemployment (where z; is the value of home production) and the
other state as working. We will follow this assumption when the model faces the data, but
nothing essential depends on it.

Households can save an amount a; in the riskless debt issued by the expert at interest

rate ;. Hence, a household’s wealth follows:

dat = (tht + ray — Ct) dt =s (at7 St Kt’ Gt) dt’ (8)



where we use the short-hand notation s (a, ¢, K;, G¢) to denote the drift of the wealth process.
The first two variables, a; and z;, are the household individual states, the next two, K; and
Gy, are the aggregate state variables that determine the returns on its income sources (labor
and bonds), and the optimal choice, ¢; = ¢ (ay, 2, Ky, Gy), of the control. The households also

face a borrowing limit that prevents them from shorting bonds:
Q¢ 2 0. (9)

Households have a CRRA instantaneous felicity function

=7 =1

I—7

u(c) =

over utility flows from the process of consumption ¢ (-) discounted at rate p > 0. Two points
are worth discussing here. First, we have a CRRA felicity function to give us room to
investigate the consequences of households having different risk aversions than the expert.
And, as before, we could generalize the CRRA felicity function to more general classes of
preferences. Second, we will make the households less patient than the expert, p > p. As
in Aiyagari (1994), households in our model want to over-accumulate savings to self-insure
against labor risk. As we will argue in a few pages, only by lowering their discount rate below
the expert’s we can have a DSS and an ergodic distribution of endogenous variables.!

Thus, households maximize

[e’s) lefy . 1
max [Eg {/ eptt—dt] ) (10)
0

{Ct}tZO 1- Y

subject to the budget constraint (8), initial wealth ag, and the borrowing limit (9).

3.4 Market clearing

There are three market clearing conditions. First, the total amount of debt issued by the

expert must equal the total amount of households’ savings:

B, = /ath (da,dz) = B, (11)

IThis property of the model stands in contrast with other models with financial constraints, where
borrowers are more impatient than lenders to prevent the former from accumulating enough wealth as to
render the financial friction inoperative. In our model, as the expert accumulates net wealth, the rate of
return on the wealth falls due to the decreasing marginal productivity of capital while total risk increases,
preventing a scape from the financial constraint.



We must also have dB; = dgt.

Second, the total amount of labor rented by the firm is equal to labor supplied:

Lt :/Zth.

Due to the assumption about the ergodic mean of z, we have that L; = 1. Then, total

payments to labor are given by w;. If we define total consumption by households as
Ct = /C (at, Zty Kt, Gt) th (da, dZ) s

we get:
dﬁt = dBt = (wt + TtBt — Ct> dt, (12)

which tells us that the evolution of aggregate debt is the labor income of households (wy)
plus its debt income (r;B;) minus their aggregate consumption C;.

Third, the total amount of capital in this economy is owned by the expert,
K, = K,

and, therefore, dK; = df(t and W, = %, where N, = Nt = K; — B;. With these results, we

derive

th = ((Tt -+ @t (TCt —0— Tt)) ]/\7,5 — 6t> dt + O’@tj\\[tdzt + dé\t
= ((TCt — (S) Kt + wy — Ct - 615) dt + O'thZt

_ (Yt _ K, — C, — @) dt + o K,dZ, (13)

where the last line uses the fact that, from competitive input markets and constant-returns-

to-scale, Y; = re, Ky + wy. Recall, from equation (3), that
th = (Lt — 5) tht + O'thZt.

Then, equating (13) and (3) and cancelling terms, we get

Yt—ct—at
K ’

L =

i.e., the reinvestment rate is output less consumption of households and the expert divided

by aggregate capital.
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3.5 Density

The households distribution Gy (a, z) has a density (i.e., the Radon-Nikodym derivative)
gi(a, z). The dynamics of this density conditional on the realization of aggregate variables

are given by the Kolmogorov forward (KF) equation:

dg; o ) )
% ~ " da (s (ae, 2, Ky, Gy) gi(a)) — Niga(a) + Njgi(a), i # j = 1,2, (14)

where g;:(a) = gi(a, z;), i = 1,2. The density satisfies the normalization

2 o
Z/ gi(a)da = 1.
i=1 Y0

Reading equation (14) is straightforward: the density evolves according to the optimal
consumption-saving choices of each household plus the two jumps corresponding to house-
holds that circulate out of the labor state i (\;gi;(a)) and the households that circulate into

state j (Ajg;(a)).

4 Equilibrium

An equilibrium in this economy is composed by a set of prices {wt, rC, T, TE }DO , quantities

{Kt, Ny, By, (z, cmt} and a density {g, (')}»o such that:

t>0

1. Given wy, 1y, and g, the solution of household m’s problem (10) is ¢; = ¢ (at, ¢, Ky, Gy) -
2. Given r¥, r;, and N; the solution of the expert’s problem (6) is @, K;, and B;.

3. Given K, the firm maximizes their profits and input prices are given by w; and r¢;.
4. Given wy, 1y, and ¢, g; is the solution of the KF equation (14).

5. Given g; and By, the debt market (11) clears.

Several elements of the equilibrium are characterized with ease. We proceed first with the
expert’s problem. The use of log-utility implies that the expert consumes a constant share
p of her net wealth and chooses a leverage ratio proportional to the difference between the

expected return on capital and the risk-free rate:
Cy = pN;

Cdt:&.\)t:;(?"Ct—(S—Tt).
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Second, rewriting the latter result, we get that the excess return on leverage:

TCt—(S—Tt:O'Q%

depends positively on the variance of the aggregate shock, 02, and the leverage of the economy
%. The higher the volatility or the leverage ratio in the economy, the higher the excess return
that the expert requires to isolate households from dZ;. A positive capital growth rate shock,
by increasing N; relatively to K;, lowers the excess return and increases the risk-free rate.
Analogously, a lower volatility of the aggregate shock increases the risk-free rate.

Third, we can use the values of rc¢;, L;, and w; in equilibrium to get and expression for
the wage w; = (1 — a) K¢, the rental rate of capital rc; = aK{*~!, and the risk-free interest

rate: P
t
o2

Ft.
Since K; = N, + By, these three equations depends only on the expert’s net wealth NV, and
debt Bt'

Fourth, we can describe the evolution of N;:

ry=aKM —§—

(15)

AN, = [(retwrec—6 =) N, — G dt + 0w Nudz,

K\ K
= (O[Ktal -0 — Z)\— 0'2 (1 — ﬁt) ﬁ) Ntdt + O'thZt (16)
t t

that depend only on N; and B; plus dZ;. Furthermore, equation (16) shows the nonlinear
structure of d/V; on the leverage level % We will stress this point in the next pages repeatedly.

For convenience, some times we will write
dNt = MN(Bt7 Nt)dt + UN(Bt, Nt)dZt,

where 4N (B;, Ny) = <osz"1 §—p—a? (1 - %) %) N, is the drift of N; and o™ (By, N;) =

o K; its volatility.
Fifth, we have from equation (12):
dBt = (wt + T’tBt - Ct) dt

t

which depends nonlinearly on N; and B; and linearly on aggregate household consumption,

C}, an endogenous variable we must determine.

12



We can stack all the equilibrium conditions (except the optimality condition for house-
holds, which we will discuss in the next section) in two blocks. The first block includes all
the variables that depend directly on Ny, B;, and dZ;:

wy = (1—a) K2 (18)
re, = akKP! (19)
o K
drf = (re, — 0) dt + odZ, (21)
K\ K
dN, = (aKg—l —6—p—o° (1 —~ —t> —t> Nydt + o K,dZ;. (22)
Ny ) Ny

The second block includes the equations determining the aggregate consumption of the house-
holds, dB;, dK;, and %%t

Co= [ elan K Gi)gua,) dad: (23)

dB; = ((1 —a) KX + (aKtal —§— 02%) B, — Ct> dt (24)

dK, = dN, + dB, (25)

i — 2 (5 (0020 Koy G) (@) — Ngala) + Nygala), 145 =12 (20

The second block shows us i) how the density {g; (-)}

Cy pins down dBy, and iii) that once we have dB;, we can calculate dK;. Thus, in practice,

.., matters to determine Cj, ii) that
computing the equilibrium of this economy is equivalent to finding C;. Once C; is known, all
other aggregate variables follow easily.

Before we explain our general solution in the next section, we use the previous equations
to analyze the DSS of the model. In particular, we look at the case where there are no capital
growth rate shocks, but we still have idiosyncratic household shocks.

To do so, we can go to the law of motion for the expert net wealth (16), set o = 0, and
get:

ANy = (aKP™" — 6 — p) Nydt. (27)

Since the drift of Ny, u™ (B, N) = (aK*™' —§ — p) N, must be zero in a DSS (we drop the ¢

subindex to denote the DSS value of a variable), we get

K:<ﬂ_+5)a,
(6%

13



With this result, the DSS risk-free interest rate (15) equals the return on capital and the

rental rate of capital less depreciation:
r=rf=r¢—6=aK*"' 0= (28)

As mentioned above, this condition forces us to have p < p. Otherwise, the households would
accumulate too many bonds and the DSS would not be well-defined. With aggregate shocks,
this over-accumulation would only be acuter, preventing the convergence of the economy to
an ergodic distribution.

The dispersion of the idiosyncratic shocks determines the DSS expert’s net wealth:
N:K—B:K—/adG(da,dz),

a quantity that, unfortunately, we cannot compute analytically.

5 Solution

Our previous discussion highlighted the role of finding the households aggregate consump-

tion, C;, to compute the equilibrium of the economy given some structural parameter values:
U= {Oé, 67 g, 167 P75 21, %2, )\17 )\2} .

To do so, we start by following Krusell and Smith (1998) and assume that, when form-
ing their expectations, households only use a finite set of n moments of the cross-sectional
distribution of assets instead of the complete distribution. In contrast to Krusell and Smith
(1998), in which the income-wealth distribution is the only endogenous state variable, here
the expert’s net wealth N; is also a state variable. At the same time, we do not have any
exogenous state variable, as K; = N; + B; instantaneously incorporates the capital growth
rate shocks. For ease of exposition, we discuss the case with n = 1. All the techniques can
be trivially extended to the case with n > 1.

More concretely, households consider a perceived law of motion (PLM) of aggregate debt:
dBt - h (Bt, Nt) dt, (29)

where h (B, N) is the conditional expectation of dB; given available information (By, N;):

E [dB;|B;, Ny]

h(BtyNt) = dt ;

14



instead of the exact law of motion (17). We borrow the term PLM from the learning literature
(Evans and Honkapohja, 2001). Our choice of words accentuates that we allow h (-,-) be a
general function, and not just a linear or polynomial function of its arguments. In fact, our
methodology will let the PLM approximate, arbitrarily well, equation (17).

In the original Krusell-Smith methodology, the PLM is assumed to be log-linear in the
endogenous state variables and nonlinear in the exogenous state by making the coefficients of
the log-linear specification dependent on the realization of the aggregate shock. As explained
in Subsection 5.3, we propose a more flexible methodology, in which the functional form A (-, -)
is not specified, but obtained from simulated data by employing machine learning techniques.
This extra flexibility is key given the complex nonlinearities present in laws of motion of Ny,
(16), and By, (17).

Given the PLM, the household’s problem has an associated Hamilton-Jacobi-Bellman
(HJB) equation:

-1 oV;
pVi(a,B,N) = maxl——i—sa + A [Vj(a, B,N) — Vi(a, B, N)]
c - a
Vi o x v, [N (B.N)] Vi
+h (B, N) aB+u (B, N) 8N+ 5 INZ (30)

i # j = 1,2, and where we use the shorthand notation s = s(a, z, N + B, G). Note how the
HJB incorporates h (B, N). Equation (30) completes the equilibrium conditions (18)-(26).

5.1 An overview of the algorithm
The algorithm to find h(B, N) in (29) proceeds according to the following iteration:
1) Start with hg, an initial guess for h.

2) Using current guess for h, solve for the household consumption, ¢,,, in the HJB equa-
tion (30). This solution can be obtained by using an upwind finite differences scheme

described in Appendix A.

3) Construct a time series for B, by simulating the cross-sectional distribution over time.

Given By, we can find N; and K using equations (16) and (25).
4) Use a universal nonlinear approximator to obtain hi, a new guess for h.

5) Iterate steps 2)-4) until h,, is sufficiently close to h,_; given some pre-specified norm

and tolerance level.
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Steps 1)-5) show that our solution has two main differences with respect to the origi-
nal Krusell-Smith algorithm: the use of continuous time and our employment of a universal
nonlinear approximator to update the guess of the PLM. Both differences deserve some ex-

planation.

5.2 Continuous time

Krusell and Smith (1998) wrote their model in discrete time. Our continuous-time for-
mulation, while not changing any fundamental feature of the model, enjoys several numerical
advantages with respect to discrete time (Achdou, Han, Lasry, Lions, and Moll, 2017). First,
continuous time naturally generates sparsity in the matrices characterizing the transition
probabilities of the discretized stochastic processes. Intuitively, continuously moving state
variables like wealth only drift an infinitesimal amount in an infinitesimal unit of time. There-
fore, in an approximation that discretizes the state space, households reach only states that
directly neighbor the current state. Second, the optimality characterizing consumption has a
simpler structure than in discrete time:

v,

- _
' =5 (31)

Third, it is easier to capture occasionally binding constraints such as (9) in continuous time
than in discrete time as the optimality condition (31) for consumption holds with equality
everywhere in the interior of the state space. Fourth, the dynamics of the cross-sectional
wealth distribution are characterized by the KF equation (14). The discretization of this
equation yields a simple and efficient way to simulate a time series of the cross-sectional
distribution (although this can also be performed in discrete time, as in Rios-Rull 1997,
Reiter 2009, and Young 2010, at some additional cost). Appendix A provides further details
on this.

Regarding the generation of data, we simulate T periods of the economy with a constant
time step At. The initial income-wealth distribution can be the one at the DSS (although we
could pick other values). A number of initial samples is discarded as a burn-in. If the time

step is small enough, we have

tj+At tj+At
Bt]-—l-At = Btj + / st = Bt]. ‘|—/ h (Bs, Ns) ds ~ Bt]. +h (Btj, th) At.
t; t;

J J

Our simulation (S,ﬁ) is composed by a vector of inputs S = {sy,ss,...,s;}, where s; =

{s},s3} = {By,, Ny, } are samples of aggregate debt and expert’s net wealth at J random
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times t; € [0,7], and a vector of outputs h= {/f;l,ﬁg...,/f;J}, where

~ _ Byia- B,
e VN

are samples of the growth rate of B;. The evaluation times ¢; should be random and uniformly

distributed over [0, T as, ideally, samples should be independent.

5.3 A universal nonlinear approximator

In the original Krusell-Smith algorithm, the law of motion linking the mean of capital
tomorrow and the mean of capital today is log-linear, with the coefficients in that function
depending on the aggregate shock. This approximation is highly accurate due to the near
log-linearity of their models in the vicinity of the DSS. Indeed, in such a model, the DSS
and SSS almost coincide.? But, as shown in equations (16) and (17), this linearity of the law
of motion of the endogenous variables with respect to other endogenous variables does not
carry out to our model.

This nonlinear structure causes two problems. First, we face the approximation problem:
we need an algorithm that searches for an unknown nonlinear functional instead of a simple
linear regression with aggregate-state-dependent coefficients. Second, we need to tackle the
extrapolation problem. While the theoretical domain of B, and NV; is unbounded, practical
computation requires to limit it to a compact subset of R? large enough as to prevent boundary
conditions from altering the solution in the subregion where most of the ergodic distribution
accumulates. But precisely because we deal with such a large area, the simulation in step
3) of the algorithm in Subsection 5.1 never visits an ample region of the state space. Thus,
the approximation algorithm should not only provide an accurate nonlinear approximation
in the visited region, but also a “reasonable” extrapolation to the rest of the state space. We
will return to what “reasonable” means in this context momentarily.

To address these two problems, we propose to employ a nonlinear approximation technique
based on neural networks. Our approach has four crucial advantages. First, the universal
approzimation theorem (Hornik, Stinchcombe, and White 1989; Cybenko 1989) states that
a neural network with at least one hidden layer can approximate any Borel measurable
function mapping finite-dimensional spaces arbitrarily well. In particular, the theorem does

not require that the approximated function be differentiable and can handle cases with kinks

2Recall that the SSS (stochastic steady state; also called the risky steady state) is the fixed-point of the
law of motion for capital and the household distribution when the realization of the aggregate shock is zero,
but agents still consider the shock can occur. In comparison, in the DSS (deterministic steady state), the
volatility of the aggregate shock has been driven to zero.
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and occasionally binding constraints.

Second, the neural network coefficients can be efficiently estimated using gradient descent
methods and back-propagation. This allows for an easier coding and shorter implementation
time than other approaches.

Third, neural networks are more economical, for middle and high dimensions, than other
approximators. More concretely, Barron (1993) shows that a one-layer neural network achieves,
for functions on the first moment of the magnitude distribution of the Fourier transform, in-
tegrated square errors of order O(1/n), where n is the number of nodes. In comparison,
for series approximations (polynomials, spline, and trigonometric expansions), the integrated
square error is of order O(1/(n??) where d is the dimensions of the function to be approxi-
mated. In other words: the “curse of dimensionality” does not apply to neural networks that
approximate functions of the very wide class considered by Barron (1993). This advantage
is not present in our baseline model, with d = 2, but will appear in any extension with addi-
tional aggregate state variables. Even going to d = 3 or d = 4 saturates alternatives such as
Chebyshev polynomials.?

Fourth, neural networks extrapolate outstandingly. This is, in practice, key. Neural
networks have well-behaved shapes outside their training areas. In contrast, Chebyshev
polynomials (or other series) more often than not display explosive behaviors outside the
fitted area that prevent the algorithm from converging. Figures 12 and 13 in Appendix
B show this disappointing behavior of an approximation to the PLM in our model with
Chebyshev polynomials. The two figures document how, within the area of high density of
the ergodic distribution, Chebyshev polynomials approximate the law of motion for aggregate
debt fairly (compare them with panel ¢) in Figure 1, obtained with our neural network). But
Chebyshev polynomials start oscillating as soon as we abandoned the well-traveled area of

the simulation.

5.4 More on the neural network approximator

Here we briefly describe our neural network approximator of the PLM in more detail. For
excellent introductory treatments of this material, see Bishop (2006) and Goodfellow, Bengio,
and Courville (2016).

A single hidden layer neural network h (s;#) is a linear combination of @ fixed nonlinear

3Similarly, approaches, such as Smolyak interpolation, that alleviate the “curse of dimensionality” in
standard problems are harder to apply here because we will be dealing with shapes of the ergodic distribution
are hard to characterize ex-ante. Neural networks are more resilient to sparse initial information regarding
such shapes.
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basis (i.e., activation) functions ¢(-):

Q 2
his;0) =03+ 020 (egﬁq +) 037q8i> , (32)
q=1 i=1
where s is an two-dimensional input and 6 a vector of coefficients (i.e., weights):

2 n2 2 1 1 1 1 1 1
0 = (62,02, ...,05,00,,00 1,05, ....05 0,00 0,604 )

Note how we call 6 “coefficients,”

as they represent a numerical entity, in comparison with the
structural parameters, ¥, that have a sharp economic interpretation. Different alternatives
are available for the activation function. For our model, we choose a softplus function,
¢(x) = log(1 4 €*) for a given input z. why?

The neural network provides a flexible parametric function h that determines the growth
rate of aggregate debt:

/}Zj:h(Sj;e), jzl,..,J,

and that satisfies the properties of universal approximation, breaking of the curse of dimen-
sionality, good extrapolative behavior, and easy implementation we discussed above.

The neural network (32) can be generalized to include many hidden layers, stacked one
after the other. In that case, the network is called a deep neural network. However, for the
particular problem of approximation a two-dimensional function a single layer is enough. The
size of the hidden layer is determined by (). This hypercoefficient can be set by regularization
or simply by trial-and-error in relatively simple problems, such as the one presented here. In
our case, we set () = 16 because the cost of a larger hidden layer is small.

The vector of coefficients 6 is selected to minimize the quadratic error function £ (0; S, ﬁ)

given a simulation (S, 1A1>
0 = argmeaxé' <9;S,ﬁ)
J —~
= argmealeg@;sj,hj)
j:

J

1 ~

= argmax o E 1 Hh(sj;é’) — h;
]:

2

A standard approach to perform this minimization in neural networks is the stochastic

gradient descent algorithm. The stochastic gradient descent begins by drawing a random
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initialization of 6y from a known distribution O, typically a Gaussian or uniform:
0y ~ O. (33)
Then, @ is recursively updated according to
Ot = O — emVE (9; sj,ﬁj)

where:
-

o€ (e;sj,ﬁj) o€ (9;sj,ﬁj) 0E (G;Sﬁj)

0:s;,h;) =
ve (6:s.h) a3 T oer T o6,

is the gradient of the error function with respect to 6 evaluated at (sj,/ﬁj). To improve
performance, it is typical to group several points of the simulation in each evaluation step —
instead of just one point— in what is known as a minibatch algorithm. This takes advantage of
the fast convergence of the gradient (think about it as a score of the error function) towards
its value with an infinite sample, but at a much lower computational cost. The step size
en > 0 is selected in each iteration according to a line-search algorithm in order to minimize
the error function in the direction of the gradient. The algorithm is run until the distance

between 6,1 and 0,, is below a threshold e:
161 — Ol <e.

An advantage of neural networks is that the error gradient can be efficiently evaluated
using a back-propagation algorithm, originally developed by Rumelhart, Hinton, and Williams

(1986), which builds on the chain rule of differential calculus. In our case, this results in:

o0& (0; sj,/ﬁ])

062 h (sj;0) = h;
(98;;’ ) _ (h(sj,e) ?L) (05q+291q;> forg=1,..,Q
85(20::’ ) _ 93(;1(5],9) E) <93q+zelq;> forg=1,..,Q
* Z;q ) = 8§9§<h(sj,9) ﬁ) (Qéq—i—Z@q;),forizl,Zandqzl,...,Q,
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where ¢/(z) = m

One potential concern with neural networks is that the algorithm might converge to a
local minimum. A way to coping with it is to implement a Monte Carlo multi-start. We
select P initial vectors 68, with p =1,..., P from (33). For each of these vectors, we run the
stochastic gradient descent until convergence. Once we achieve convergence, we select the
6P that yields the minimum error across all the trials. Furthermore, since we are interested
in approximating an unknown function, not clearing a market or satisfying an optimality
condition, local minima that are close to a global minimum are acceptable solutions to the

approximation problem.

6 Estimation

Once we have solved the model given some structural parameter values ¥, the next step
is to take it to the data and let observations determine the values in ¥ and perform inference
on them. We will proceed in two stages. First, we will discuss the simple case where the
econometrician has access to only aggregate data and wants to build the likelihood associated
with them. Once we understand how to construct the likelihood in this situation, we move
to describe how to add microeconomic observations from the cross-sectional distribution of
assets and evaluate a much more sophisticated likelihood.

Let X; = [By; Ny)' be a vector of aggregate state variables, debt and net wealth of the ex-
pert. Imagine that we have D+ 1 observations of X; at fixed time intervals [0, A, 2A, .., DA, ]:

XP ={Xo,Xn, Xon, .., Xp}.

We could also handle the more general case where the states are not observed (or they
are observed given measurement error). In that situation, we would require a sequential
Monte Carlo approximation to the filtering problem described by the associated Kushner-
Stratonovich equation of our dynamic system (see, for a related approach in discrete time,
Fernandez-Villaverde and Rubio-Ramirez, 2007).
We are interested in estimating W using the likelihood:
D
L(XP|v) = HPX (Xaal X@-1)a; ¥)

d=1

where
px (XaalX@-1)a; V) = faa(Baa, Naa)

is the conditional density of Xga given X_qa.
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The key to evaluate the likelihood is to note that f;(B, N) follows the KF equation in the
interval [(d — 1)A, dA]:

O O (BN (BN~ [ (BN F(BLV)] +
o [0 (B.V) (BN (34)

where
fa-ya =06 (B = Ba-1)a) § (N = Ng-1)a)

and ¢ (+) is the Dirac delta function (Lo, 1988).

A fundamental property of the operator in the KF equation (34) is that it is the adjoint
of the infinitesimal generator employed in the HJB. This result is remarkable, since it means
that the solution of the KF equation amounts to transposing an inverting a sparse matrix
that has already been computed when we solved the HJB. This provides a highly efficient
way of evaluating the likelihood once the model is solved.*

A promising avenue to improve the estimation is to add micro observations, which bring
much additional information and help to integrate different levels of aggregation to assess
the empirical validity of the model. This route has the additional advantage that we can
substitute B; as an observable (which is not a state variable of the model, but only an
element of the Krusell-Smith-type of solution we adopt) for the cross-sectional distribution
of assets.

More concretely, we consider X; = [g:(a, 2); V;]', that is, we replaced aggregate debt
by the complete income-wealth distribution. As before, X stacks the whole sequence of
observations.

At this moment, we need to assume —as typically in models with heterogeneous agents
and aggregates shocks that the conditional no aggregate uncertainty (CNAU) condition holds.
See, for instance, Miao (2006), following Bergin and Bernhardt (1992). This implies that if
households are distributed on the interval I = [0, 1] according to the Lebesgue measure @,
then

GiAxZ)=d(iel: (a,2) € Ax Z),

for any subsets A C [0,00), Z C {z1, 22} that is, the probability under the conditional
distribution is the same as the probability according to the Lebesgue measure across the

interval I.

41f the KF would become numerically cumbersome in more general models, we could construct Hermite
polynomials expansions of the (exact but unknown) likelihood as in ATt-Sahalia (2002). We could also consider
methods of moments in continuous time such as those pioneered by Andersen and Lund (1997) and Chacko
and Viceira (2003).
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The likekihood that an individual agent i € I at time t = dA is at state (ajn, 255, Baa, Naa)
is fix (@i, Zin, Ban, Naa). The log-likelihood is then log [ fix (@i, 2ia, Baa, Naa)] - Note that
this log-likelihood is a function of 7. The conditional aggregate log-likelihood across all agents
is

log px (XaalX(-1)a; V) = /10&'{ [fia(dhn, Zons Ban, Naa)] @(di),

and taking into account the CNAU condition
/log [ng(aﬁlA, Z(iiA’ BdA; NdA)] (I)(dl) = /log [ng(a, Z, BdAa NdA)} GdA<dCL, dz)

2 00
= Z/ log [ng(%Zi,BdA,NdA)] gaa(a, z)da,
i=1 70

where in the second line we have applied the definition of the Radon-Nikodym derivative.
The density fi(a,z, B, N) follows the KF equation:

aff 9 d d d
- — " 3a (St (a,z) fi(a, z, B, N)) —Nifi(a,z;, ByN) + X ff(a, zj, B,N)
0
_a_B [h(B7N)ftd<avzlaB7N))] - a_N [Mi\f(B?N)ftd(a? ZlaB>N):|
82
O [N BN BN #£5=12) (35)

where
f(iH)A = ga-1a(a, 2)6 (B — Ba—1a) 6 (N = Na—1ja) ,

which, again is easy to evaluate.

More concretely, we use the notation i‘fj’l’m = fid(aj,Bl,Nm) and define a time step
At = %, where 1 << S € N is a constant. If we solve the KF equation (35) using a finite

difference scheme, we have, for t = (d — 1)A and s = 1,.., S — 1, where

d _ T\ 1 ed
ft—l—sAt - (I_AtA ) ft—}—(s—l)At’
d __
ft - gth(dfl)AéB(d—l)A’
where f? is defined as
fiaage
d 91,1,1,2,¢
f' = ,
92,J,L,Mt

and ¢ is the Kronecker delta.
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The conditional density px (XdA]X(d_l) Al fy) can be approximated by

> J L
px (Xaa| X@-1a;7) = Z Z Z S a9 AaAB,
i=1 j=1 I=1

where fidj 0, is the density evaluated at the observed equity point Nya, fi(aj, Bi, N = Nya)

and gffj are the elements of the observed distribution gya.

6.1 Results

Once we have evaluated the likelihood, we can either maximize it or perform Bayesian
inference relaying on a posterior sampler.

To illustrate that our approach, indeed, works, we implement the following Monte Carlo
experiment. We calibrate the model replicate some relevant features of the U.S. economy. In
our presentation of the parameters, we will report rates at an annual term. The capital share
parameter, «, is taken to be 0.35 and the depreciation rate of capital, 9, is 0.1. The discount
rate p, is set to 0.05. The intertemporal elasticity of substitution of the households % is set

to 0.5 so that the risk aversion is 2.

Table 1. Baseline calibration for Monte Carlo experiment

Parameter Value Description Source/Target
« 0.35  capital share standard
) 0.1 capital depreciation standard
ol 2 risk aversion standard
p 0.05  households’ discount rate standard
A1 0.986 transition rate unemp.-to-employment monthly job finding rate of 0.3
Ao 0.052  transition rate employment-to-unemp. unemployment rate 5 percent
Y1 0.72  income in unemployment state Hall and Milgrom (2008)
Y2 1.015  income in employment state E(y)=1
P 0.0497 experts’ discount rate K/N =2
o 0.01  volatility of shocks -

The idiosyncratic income process parameters are calibrated following our interpretation of
state 1 as unemployment and state 2 as employment. The transition rates between unemploy-
ment and employment (A1, A2) are chosen such that (i) the unemployment rate Ao/ (A1 + A2)
is 5 percent and (ii) the job finding rate is 0.3 at monthly frequency or A; = 0.986 at annual
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frequency.” These numbers describe the ‘US’ labor market calibration in Blanchard and Galf

(2010). We normalize average income y = Y1+ /\1):/\2 yo to 1. We also set y; equal to

>\1>—f/\2
71 percent of ¥y, as in Hall and Milgrom (2008). Both targets allow us to solve for y; and
y2. We set experts’ discount rate p such that the leverage ratio K/N in the most-visited
SSS is 2, which is roughly the average leverage from a Compustat sample of non-financial
corporations. We set volatility ¢ = 0.01 and will conduct some robustness analysis below.

Table 1 summarizes our baseline calibration.

Log-likelihood for different values of o

-219

i T T T
1

1

1

-219.5

-220

-220.5 [

log-likelihood

-221

-221.5

_222 1 1 1
0.008 0.0085 0.009 0.0095 0.01 0.0105 0.011 0.0115 0.012 0.012%

a

We solve the model according to the algorithm in Section 5 and sample of 5,000 years
at monthly frequency, using a minibatch comprising 64 observations. Then, we evaluate the
likelihood of those observations for different values of o, where all the other parameter values
are fixed at their calibrated quantities. We use a grid between 0.008 and 0.0125 with step
0.00025. The resulting loglikelihood is plotted in Figure 6.1. The pseudo-true parameter value
is drawn as a vertical discontinuous red line. The loglikelihood picks, indeed, at this point.

The smoothness of the plot confirms, also, that our algorithm has successfully converged.

% Analogously to Blanchard and Gali (2010, see their footnote 20), we compute the equivalent annual rate
A1 as A\ = Ellil (1 — A7) A™ where AT is the monthly job finding rate.
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7 Results

7.1 The PLM and the aggregate ergodic distribution

The resulting PLM h(B, N) is displayed in Figure 1. Panels (a) and (b) display the
function for given values in the equity (N) and debt (B) dimensions. The thick lines indicate

the regions of the state space in which the ergodic distribution of aggregates variables, to be

described below, is nonzero.

(a) h(B, N) for different values of B (b) h(B, N) for different values of N
0.1 T T T T 0.15 T T T T
B at SSS value O N at SSS value
B at high-leverage point 0.1 N at high-leverage point
0.05 B at low-leverage point N at low-leverage point
= = 005
5 ° 8
= = 0
-0.05
0.05
-0.1 -0.1
0.5 1 1.5 2 25 3 0.5 1 1.5 2 25 3
equity (N) debt (B)
(c) The perceived law of motion, h(B, N)
0.2
0.15

0.1
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op 24
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Figure 1: The perceived law of motion (PLM) h(B, N). White points in panels (a) and (b)
indicate the most-visited SSS and selected points in the high- and low-leverage regions of the
ergodic distribution. The shaded area in panel (c¢) displays the region of the PLM actually
visited in the ergodic distribution.
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Figure 1 shows how the nonlinearity of the PLM indicates that agents expect very different
growth rates of B, in different regions of the state space, with a the function switching from
concavity to convexity along the state space. Panel (¢) displays a 3-D representation of
the PLM h(B, N) where the nonlinearity of the function is evident, confirming our guess
that linear methods are not appropriate in this case. The thin blue line is the “zero” level
intersected by the PLM.

Figure 2 reproduces the same three panels of Figure 1, except for dh(B,N). Similar

comments regarding the nonlinear structure of the solution apply here.

(a) dN(B, N) for different values of B (b) dN (B, N) for different values of N
0.04 0.1

N at SSS value
0.02 — \N N at high-leverage point
N at low-leverage point

- 0 > 0.05
Z, \ 2,
- N S
A -0.02 N )
Z Z
= -0.04 \ = 0
B at SSS value N
-0.06 B at high-leverage point \\
B at low-leverage point \\\
-0.08 -0.05
0.5 1 1.5 2 2.5 3 0.5 1 1.5 2 2.5 3
equity (N) debt (B)
(c) Law of motion for N, dN(B, N)
0.1
0.08
0.06

0.04

16 18

;12 14
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Figure 2: The law of motion (dh(B,N)). White points in panels (a) and (b) indicate the
most-visited SSS and selected points in the high- and low-leverage regions of the ergodic
distribution. The shaded area in panel (c) displays the region of the PLM actually visited in
the ergodic distribution.
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The R? associated to this PLM is 0.985. In order to compare it with the standard Krusell
and Smith (1998) algorithm of finding a OLS over a linear regression on endogenous state
variables, we have recomputed the model using the latter approach. The R? in that case is
0.86, lower than typical values reported in the literature. The histogram of forecasting errors
at a 1-month horizon (the time step selected in the simulation step) are displayed in Figure
3. The linear PLM produces more volatile forecasting errors, which are also skewed to the
right. These results confirm the importance of taking into account the nonlinearities of the

model when computing the PLM.°
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Figure 3: Forecasting error distribution at a 1-month horizon, linear PLM (left) and nonlinear
(right).

Figure 4 plots the SSS phase diagram along the debt axis. The two intersections of the line
h(B,N) = 0 (the PLM) with the line dN (B, N) = 0 (zero changes in debt) demonstrates the
existence of two SSS, with different levels of associated aggregate debt. As we will document
momentarily, the SSS with higher debt is the most-visited one. In it, the aggregate debt is
2.08 and equity 1.62. In comparison, the DSS has lower debt 1.8.

SLater, we will discuss other alternatives to the standard Krusell and Smith (1998) algorithm and argue
that our method has advantages over them as well. Also, adding additional moments to the OLS regression
do not help much in terms of accuracy.
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h(B,N) =0 and dN(B, N) =0
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Figure 4: Stochastic steady state phase diagram.

Figure 5 displays the aggregate ergodic joint distribution of debt and equity F(B,N). It

is defined as
P{(B,N) € Q} — / i
Q

for any subset 2 of the state space. This distribution is not obtained directly from the PLM
but from the simulation of the paths of the income-wealth distribution and equity processes
(naturally, the PLM is employed in the HJB equation (30) to obtain the optimal consumption
policies of individual agents). A Monte Carlo simulation of 5,400 years of the economy at
monthly frequency has been employed to compute it, in which the model is initialized at the
deterministic steady state and the first 400 samples are discarded.

Figure 5 shows how the economy spends most of the time in a region with debt levels
between 1.8 and 2.6 and equity between 1 and 2.2. The most-visited SSS, as mentioned
above, features an aggregate debt of 2.08 and equity of 1.62. In addition, the economy may
visit a high leverage region, with values of debt above 2.1 and equity below 1.5, and a low
leverage region, with debt below 2 and equity above 1.9. Note how the total amount of capital

(K = B+ N) is on average larger in the low leverage region than in the high leverage one.
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Ergodic distribution of debt (B) and equity (V)
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Figure 5: Ergodic distribution F(B, N). Lighter colors indicate higher probability.

When discussing the challenges of a nonlinear model with heterogenous agents and aggre-
gate shocks in Section 3, we mentioned the problem of extrapolation. In order to compute
the PLM based on simulated paths only a limited region of the state space is visited, that
of the ergodic distribution F'(B, N) displayed in Figure 1 in a shaded area. However, when
forming expectations, households evaluate the PLM over the entire state space. Therefore
the PLM is extrapolated over the regions of the state space not included in the support of the
ergodic distribution. There is no guarantee that the dynamics of the model in the extrapo-
lated region —were it to be ever visited— coincide with the ones expected in the PLM. Thus,
the approximation employed both in Krusell and Smith (1998) and in this paper should be
understood as a particular instance of a self-confirming equilibrium (SCE). See also Brumm
and Scheidegger (2017) and Piazzesi and Schneider (2016) for related discussions. In a SCE
households’ beliefs about the PLM coincide with the actual law of motion only in the equi-
librium paths. Off-equilibrium they may diverge, but households never discover it as this

region is never visited.
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7.2 The stochastic steady state

A SSS in this model is formally defined as the density ¢°°9(:) and equity N°%° that
remain invariant in the absence of aggregate shocks. Let I';(g(-), N, W) the law of motion of
the economy given an aggregate capital volatility o and a realization of the Brownian motion
W. 1t is an operator that maps income-wealth densities ¢g(-) and equity levels N into changes

in these variables:

1
At—0 At

gt+At(') - gt(‘)
Niyar — Ny

] =Ty (g:(+), N, Wi).

The stochastic steady state (SSS) is defined as the density ¢°°9(-) and equity N°%° that

remain invariant in the absence of aggregate shocks:
558 S5S 0
I's (g () NP2, O) = ol

Notice that the difference between the stochastic and the deterministic steady states is that
the former is the steady state of an economy where individual agents make their decisions
taking into account aggregate risks (o > 0) —using equation (30)— but no shock arrives,
whereas in the latter agents live in an economy without aggregate risks (o = 0) and take

their decisions accordingly. The DSS is then formally defined as

To(g”55(), NP59) = [ X ] .

Figure 6 compares the consumption and savings policies and the income-wealth densities
in the deterministic and stochastic steady states. Panels (a,b) show how the individual
consumption policies are identical in both cases. Notwithstanding, individual savings policies
are different, as shown in Pabels (c,d). This is connected to the fact that the SSS aggregation
allocation features more debt (B%5% = 2.08), less equity (N95% = 1.62) and slightly more
capital (K959 = 3.7) than the DSS. The riskless interest rate in the SSS is given by equation

(15):
L K555
NS5S’

588 _ (KSSS)‘X—I B -

whereas in the DSS is given by equation (28):

PSS _ (KDSS)O‘*1 s
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Figure 6: Equilibrium policies and income-wealth density in the deterministic and stochastic
steady states.

The most-visited SSS hence displays higher wages and lower interest rates due to the higher
capital level and the higher leverage ratio. The net effect is that savings almost coincide for
low-wealth households in both steady states but are higher for high-wealth households in the
DSS.

The fact that the total wealth of households is higher in the SSS than in the DSS implies
that the density in the former displays a thicker right tail, as displayed in Panels (e,f). The
presence of aggregate risk in this economy therefore produces an allocation with a higher
level of aggregate savings and more wealth inequality, together with higher output and more
leverage, compared to the allocation without aggregate risk.

The bounded rationality solution introduce by Krusell and Smith (1998) assumes that
households only employ a finite set of moments of the income-wealth distribution to forecast

the dynamics of aggregate variables. In our case, as in the original Krusell and Smith paper,
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we only consider the first moment, the total amount of wealth, aggregate debt in our case.
This ‘approximate aggregation’ holds well in our model as well as in theirs due to the linearity
of the consumption policy. As displayed in Figure 6 it is approximately linear for most indi-
vidual states. Only agents close to the borrowing limit face a nonlinear consumption policy
but, being close to zero assets, they contribute relatively little to the aggregate dynamics of
capital.

Does the economy converge the any of the SSS(s)? The state space (g(-), N) is infinite
dimensional and hence we cannot numerically analyze convergence for any possible initial
state. Instead we analyze convergence for densities visited in the aggregate ergodic distribu-
tion. Results are displayed in Figure 7. We consider different initial values, i.e.,income-wealth
densities and equity levels (go(+), No), selected from the simulations employed to compute the
aggregate ergodic distribution above and analyze the transitional dynamics in the absence of
aggregate shocks.” In all the cases considered the economy converges to the SSS. The conver-
gence path is very slow: for initial values in the high- or low-leverage regions convergence may
take several centuries. Notwithstanding, we cannot rule out that for other densities different
to the ones in the aggregate ergodic distribution the model would not converge to the SSS.
This is again related to the SCE nature of the solution. The PLM is computed based on the
income-wealth distributions visited along the paths of the ergodic distribution. In the case
of a different distribution agents will necessarily extrapolate the dynamics only based on the
aggregate first moment B. This, however, may lead to different dynamics to those displayed
in the Figure.

An interesting feature of the transitional dynamics displayed in Figure 7 is the curvature
of the paths that lie in regions with relatively low of high capital levels, in these cases the
paths look “curved® due to the fact that debt adjusts much faster than equity, the latter
mainly depending on the leverage ratio through equation (??). If equity and aggregate
capital are below (above) their long-run values households (de-)accumulate wealth increasing
their leverage. Once they reach a point with still low (high) equity but a capital level closer
to that in the SSS then there is a progressive redistribution of wealth from households to
experts (or the other way around in the case of initial high equity and capital). In the next

section we will discuss more about the model dynamics in the presence of aggregate shocks.

7.3 Dynamics

The analysis above has shown how, in this model, the introduction of aggregate fluc-

tuations modifies the distribution of wealth across households and between households and

"Despite the fact that agents form their expectations assuming the continuous arrival of shocks with
o> 0.
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Figure 7: Transitional dynamics for different initial states.

experts. In this section we analyze instead whether different wealth distributions modify the
transmission of aggregate shocks.

Figure 8 displays the generalized impulse response functions to a negative shock. The
generalized impulse response is defined as the difference between the transition path if an ini-
tial shock hits the economy and that if no shock arrives. We consider initial states (go(-), No)
in the high- and low-leverage regions and the SSS.

We analyze first the response to a 1 standard deviation shock that hits the economy at
the SSS. The shock generates a destruction in capital and equity, as experts absorb all the
risk. The reduction in capital produces a contraction in output and a decline in wages. The
lower level of capital increase the return on capital and the risk-free interest rate. Despite
the fact that the output contraction necessarily reduces households’ total income, its effects
are going to be asymmetric due to the heterogeneity in asset holdings. Poor households will
undoubtedly loose, as they see their wages decline. However, the increase in interest rates

benefits wealthy households by raising their capital gains.
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Figure 8: Generalized impulse response functions for different initial states.

Figure 9 displays the consumption and density for high-income households (z = z3) (re-
sults for low-income households are qualitatively similar). It shows how after the shock has
hit the economy all households reduce their consumption —compared to the transition path—,
but poorer households do so by a larger amount, reflecting their lower income. This explains
the decline in aggregate consumption displayed in Figure 8. As all households reduce their
consumption, those wealthy enough will experience an increase in their asset holdings. This
can also be seen in Figure 9. Households with assets levels around 1 decline as they increase
their wealth in the around 2. This helps households to be less dependent on reduced wage
income and to enjoy the rise in interest rates. At the aggregate level, this pattern explain
the dynamics of aggregate debt.

Figure 10 displays what we have called the “distributional impulse response” (DIRF). It
is just the generalized impulse response of the wealth density ¢;(-), that is, the difference

between the density after the shock and that in the transition path (this is the aggregate
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Figure 9: Consumption policy and income-wealth density at different points in time after the
shock.

density across income levels). The DIRF displays the progressive transition of households
with wealth levels between 0 and 1 to a new level above a > 1.5.

The generalized impulse responses in Figure 8 also show how the response of the econ-
omy to the same aggregate shock may be strongly modified depending on the initial wealth
allocation. In particular, in the case of a high-leverage economy, the persistence of the shock
is greatly amplified. This is because in a high-leverage economy the decline in consumption
in the first decade after the shock is less pronounced. The comparison of the time-varying
consumption policies in Figure 9 shows how this is mainly driven by wealthy households. As
a consequence the path of wealth accumulation is slower, beginning to decline after the initial
decade, approximately. This can also be seen by comparing the DIRF in this case, displayed
in Figure 11.

The lower level of household’s debt compared to the SSS case discussed above implies a
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Figure 10: Distributional impulse response at the SSS.

lower capital level and thus less output. Therefore households with assets below 1 are forced
to consume less that in the SSS response after the initial decade, as displayed in Panel (g) of
Figure (9). This also explains the progressive increase in the share of low-wealth households
after three decades, as the recovery is sluggish compared to the SSS case.

Notice that aggregate dynamics help to explain why wealthy households reduce less their
consumption. it is precisely because they expect a sluggish recovery, and thus higher interest
rates that they decide to consume relatively more.

The previous analysis confirms the strong nonlinearity of the model responses in terms
of initial states. However, the model is approximately linear for small perturbations in the
vicinity of the SSS (not shown). In addition, the impulse response in the case of a low-
leverage economy is almost identical to that in the SSS as individual policies do not change

significatively compared to the SSS.
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Figure 11: Distributional impulse response at the high-leverage initial state.

8 Conclusion

In this paper we have presented a “proof of concept” of how to efficiently compute and
estimate a continuous-time model of financial frictions and the wealth distribution. For the
computation, we have exploited tools borrowed from machine learning. For the estimation,

we have built on contributions from inference with diffusions.
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Appendix

A. Numerical algorithm

We describe the numerical algorithm used to jointly solve for the equilibrium value func-
tion, v (a, z, B, N), the density g(a,z, B, N) and the aggregate debt B and equity N. The

algorithm proceeds in 3 steps. We describe each step in turn.

Step 1: Solution to the Hamilton-Jacobi-Bellman equation The HJB equation is
solved using an upwind finite difference scheme similar to Candler (1999) and Achdou, Han,
Lasry, Lions, and Moll (2017). It approximates the value function v;(a, B, N), i = 1,2 on a
finite grid with steps Aa, AB, AN :a € {ay,...,a;},B € {By,....Br}, N € {Ny,..., Ny},

where

aj = aj1+Aa=a1+(j—1)Aa, 2<j<J,
B, = BL.+AB=B+(-1)AL, 2<1< I,
Ny = Ny 1+AN=N;+(m—1)AN, 2<m < M.

The lower bound in the wealth space is a; = 0, such that Aa = a;/(J —1). We use the
notation v; j;.m = vi(a;j, By, Np,), and similarly for the policy function ¢; ;;,,,. The derivatives

are evaluated according to
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Note that at each point of the grid, the first derivative with respect to a can be approxi-
mated with a forward (f) or a backward (b) approximation. In an upwind scheme, the choice
of forward or backward derivative depends on the sign of the drift function for the state
variable, given by

Sijlm = WimZi + TimGj — Cijlm, (36)
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where

avi, i,l,m —i
it = |t2] 5"
W = (1—a)Z(Bi+ Np)", (38)
B + N,
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Let superscript n denote the iteration counter. The HJB equation is approximated by the

following upwind scheme,
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fori=1,2,j=1,...J,1l=1,..,L, m=1,.... M, where where 1 (-) is the indicator function

and
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Therefore, when the drift is positive (s};;,,; > 0), we employ a forward approxima-

tion of the derivative, 97v; ;i m,; when it is negative (s » < 0), we employ a backward

S; ,Jslm,
. . ol
approximation, 0yv; j;m. The term W — 0 as vl”jllm =V Lme

Moving all terms involving v™*! to the left hand side and the rest to the right hand side,

we obtain:
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fort=1,2,5=1,...J,l=1,..,L, m=1,..., M. We consider boundary state constraints in
a (st1 5 = si;r = 0). The boundary conditions in B and N are reflections.
In equation (40), the optimal consumption is set to

= (o) (41)

Z7J7n7m Z7j7l’m

where

n _ n n -n
avi7j7l7m - afvivjvlvmlszn,j,n,mF>0 + abvivjvlvmlsﬁj,l,m,b<o + avi7j7l7m18?:j,n,mF§015’2(L,j,l,'m,b20.

: =N _ (An -y =n
In the above expression, 0! = (¢jnm)”" where ¢, .,

i Lm is the consumption level such
that the drift is zero :

=N
Cij = WimZi + ryma;.
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We define

n
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where I,, and 0,, are the identity matrix and the zero matrix of dimension n X n, respectively.
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We can also define

(AT+Py) Xyi Ogyxr -+ Ogyxp O27x1
P, A7 Xy o Ogyxr O27x1 Vit
AT — 02{><L Ps A? 02.J><L OQ{XL = V?H |
PM,1 A?\LJfl XM,1 Vﬁ_l
O27x1 0275 - Oz Py (Al +Xu)
mimlay 02y e 025 027
027 200 1ay - 025 027
X,, = ,
025 »p-1mlay 02y
| 02 027  Ogy 025 Hrmlay |
- - C ()]
O1mlay  O2p  --- 02 02 ( - 111)7 -
ct -1
027 o02mlays - 027 027 %
Pm = 7u7‘L — .

027 or—1,mla;s 0Oy

n 1—v —1
027 027 0gy 027 ormlag %
L - i — i

Then, equation (40) is a system of 2 x J x L x M linear equations which can be written in

matrix notation as:
1 n+1 n n+1 n ne . n+l
N (v -V ) + v =u" 4+ AV

The system in turn can be written as
B vt = q" (42)

where , B" = (% + p) I-A" and d” =u" + %v”.
The algorithm to solve the HJB equation runs as follows. Begin with an initial guess
oY Set n = 0. Then:

,L'7j’l7m.

1. Compute i = 1,2 using (41).

1,5,l,m>

2. Find v?;rllm solving the linear system of equations (42).

3. If vfjllm is close enough to v, ., stop. If not, set n :=n +1 and proceed to step 1.

Most programming languages, such as Julia or Matlab, include efficient routines to handle

sparse matrices such as A"™.
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Step 2: Solution to the Kolmogorov Forward equation The income-wealth distribu-
tion conditional on the current realization of aggregate debt B = B; and equity N = N,, can
be characterized by the KF equation:

dg 0 .

% - a [si(a, B, N) gis(a)] — Nigii(a) + Aig_is(a), i =1,2. (43)

1 = /0 g(a)da. (44)

If we define a time step At we also solve this equation using an finite difference scheme. We

use the notation g; ; = ¢;(a;). The system can be now expressed as

Gijt+1 — Gij gz‘,j,té‘i,j,l,m,b1si,j,l,m,b>o - gi,j—l,tsi,j—l,l,m,f1si7j_17l,m7f>0

At N Aa

- gi7j+17t8i7j+17lzm7b1Si,j+1,l,m,b<0 - gi7j7tsi7j7l7m7b1Si,j,l,m,b<0

Aa

— NiGijt + A_iG—ijt,

In this case, let us define

91,1t

g121t

gt agrat |

921t

| 92,0t |

as the density conditional on the current state of B; and N,,.We assume that gy is the
density in the deterministic steady state (which coincides with the standard Aiyagari (1994)

economy ), the update in the next time period is given by the KF equation:
-1
g = (I-AtAL) g,

where A;‘;m is the transpose matrix of A;,, = lim, A{fm, defined above.

Complete algorithm

We can now summarize the complete algorithm. We begin a guess of the PLM 1° (B, N).
Set s:=1":

Step 1: Household problem. Given h*~' (B, N), solve the HIB equation to obtain an

estimate of the value function v and of the matrix A.
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Step 2: Distribution. Given A, simulate T periods of the economy using the KF equation
and obtain the aggregated ebt {Bt}tho and equity {Nt};‘rzo . The law of motion of equity

1S
Nt = Nt,1 —|— [OéZ (Bt —|— Nt)a — 5 (Bt + Nt) — rtBt — ﬁNt] At + o (Bt + Nt) V Atgt,

where ¢, N(0,1).

Step 3: PLM. Update the PLM using a neural netwok: h®. If |h® — h*7!|| < &, where ¢ is

a small positive constant, then stop. if not return to Step 1.
B. Chebyshev polynomials

(c) The perceived law of motion, h(B, N), after one iteration
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Figure 12: PLM with Chebyshev polynomials.
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(c) The perceived law of motion, h(B, V), after one iteration
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Figure 13: PLM with Chebyshev polynomials (zoom).
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