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Abstract

We use decision theory to confront uncertainty that is sufficiently broad to incorporate
“models as approximations.” We presume the existence of a featured collection of what we
call “structured models” that have explicit substantive motivations. The decision maker
confronts uncertainty through the lens of these models, but also views these models as
simplifications, and hence, as misspecified. We extend the max-min analysis under model
ambiguity to incorporate the uncertainty induced by acknowledging that the models used
in decision-making are simplified approximations. Formally, we provide an axiomatic

rationale for a decision criterion that incorporates model misspecification concerns.
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Come l’araba fenice:
che vi sia, ciascun lo dice;

dove sia, nessun lo sa.!

1 Introduction

The consequences of a decision may depend on exogenous contingencies and uncertain out-
comes that are outside the control of a decision maker. This uncertainty takes on many forms.
Economic applications typically feature risk, where the decision maker knows probabilities but
not necessarily outcomes. Statisticians and econometricians have long wrestled with how to
confront ambiguity over models or unknown parameters within a model. Each model is itself
a simplification or an approximation designed to guide or enhance our understanding of some
underlying phenomenon of interest. Thus, the model, by its very nature, is misspecified, but in
typically uncertain ways. How should a decision maker acknowledge model misspecification in
a way that guides the use of purposefully simplified models sensibly? This concern has certainly
been on the radar screen of statisticians and control theorists, but it has been largely absent in
formal approaches to decision theory.? Indeed, the statisticians Box and Cox have both stated

the challenge succinctly in complementary ways:

Since all models are wrong, the scientist must be alert to what is importantly wrong.

It is inappropriate to be concerned about mice when there are tigers abroad. Box
(1976).

. it does not seem helpful just to say that all models are wrong. The very word
“model” implies simplification and idealization. The idea that complex physical,
biological or sociological systems can be exactly described by a few formulae is
patently absurd. The construction of idealized representations that capture impor-
tant stable aspects of such systems is, however, a vital part of general scientific

analysis and statistical models, especially substantive ones ... Cox (1995).

While there are formulations of decision and control problems that intend to confront model
misspecification, the aim of this paper is: (i) to develop an axiomatic approach that will
provide a rigorous guide for applications and (ii) to enrich formal decision theory when applied
to environments with uncertainty through the guise of models.

In this paper, we explore formally decision making with multiple models, each of which is
allowed to be misspecified. We follow Hansen and Sargent (2020) by referring to these multiple

1“Like the Arabian phoenix: that it exists, everyone says; where it is, nobody knows.” A passage from a
libretto of Pietro Metastasio.

?In Hansen (2014) and Hansen and Marinacci (2016) three kinds of uncertainty are distinguished based on
the knowledge of the decision maker, the most challenging being model misspecification viewed as uncertainty
induced by the approximate nature of the models under consideration.



models as “structured models.” These structured models are ones that are explicitly motivated
or featured, such as ones with substantive motivation or scientific underpinnings, consistent
with the use of the term “models” by Box and Cox. They may be based on scientific knowledge
relying on empirical evidence and theoretical arguments or on revealing parameterizations of
probability models with parameters that are interpretable to the decision maker. In posing
decision problems formally, it is often assumed, following Wald (1950), that the correct model
belongs to the set of models that decision makers posit. The presumption that a decision
maker identifies, among their hypotheses, the correct model is often questionable — recalling
the initial quotation, the correct model is often a decision maker phoenix. We embrace, rather
than push aside, the “models are approximations” perspective of many applied researchers,
as articulated by Box, Cox and others. To explore misspecification formally, we introduce a
potentially rich collection of probability distributions that depict possible representations of
the data without formal substantive motivation. We refer to these as “unstructured models.”
We use such alternative models as a way to capture how models could be misspecified.?

This distinction between structured and unstructured is central to the analysis in this paper
and is used to distinguish aversion to ambiguity over models and aversion to potential model
misspecification. At a decision-theoretic level, a proper analysis of misspecification concerns has
remained elusive so far. Indeed, many studies dealing with economic agents confronting model
misspecification still assume that they are conventional expected utility decision makers who
do not address formally potential model misspecification concerns in their preference ordering.*
We extend the analysis of Hansen and Sargent (2020) by providing an axiomatic underpinning
for a corresponding decision theory along with a representation of the implied preferences that
can guide applications. In so doing, we show an important connection with the analysis of

subjective and objective rationality of Gilboa et al. (2010).

Criterion This paper proposes a first decision-theoretic analysis of decision making under
model misspecification. We consider a classic setup in the spirit of Wald (1950), but relative
to his seminal work we explicitly remove the assumption that the correct model belongs to
the set of posited models and we allow for nonneutrality toward this feature. More formally,
we assume that decision makers posit a set () of structured (probabilistic) models q on states,
motivated by their information, but they are afraid that none of them is correct and so face
model misspecification. For this reason, decision makers contemplate what we call unstructured

models in ranking acts f, according to a conservative decision criterion®

V(f)—min{/U(f)derI;ggC(p,Q)} (1)

pEA

3Such a distinction is also present in earlier work by Hansen and Sargent (2007) and Hansen and Miao (2018)
but without specific reference to the terms “structured” and “unstructured.”

4See, e.g., Esponda and Pouzo (2016) and Fudenberg et al. (2017).

>Throughout the paper A denotes the set of all probabilities (Section 2.1).



To interpret this problem, let

c = min c (p,
@ (P) miy (p,q)

where we presume that co(¢) = 0 when ¢ € (). In this construction, cq (p) is a (Hausdorff)
distance between a model p and the posited compact set () of structured models. This distance
is nonzero if and only if p is unstructured, that is, p ¢ Q). More generally, p’s that are closer to
the set of structured models ) have a less adverse impact on the preferences, as is evident by
rewriting (1) as:

v =mig{ [u(rdp+ o)}
peEA

This representation is a special case of the variational representation axiomatized by Maccheroni

et al. (2006). The unstructured models are statistical artifacts that allow the decision maker to

assess formally the potential consequences of misspecification as captured by the construction

of cg. In this paper we provide a formal interpretation of cg as an index of misspecification

fear: the lower the index, the higher the fear.®

A protective belt When c takes the entropic form AR(pl||q), with A > 0, criterion (1) takes
the form

i dp + Amin R 2
i { [ (0 o+ Amin Rl | )
proposed by Hansen and Sargent (2020). It is the most tractable version of criterion (1), which
for a singleton @) further reduces to a standard multiplier criterion a la Hansen and Sargent
(2001, 2008). By exchanging orders of minimization, we preserve this tractability and provide

a revealing link to this earlier research,

min {ggg{/U(f) dp+)\R(pHQ)}} (3)

The inner minimization problem gives rise to the minimization problem featured by Hansen and
Sargent (2001, 2008) to confront the potential misspecification of a given probability model ¢.”
Unstructured models lack the substantive motivation of structured models, yet in (1) they act
as a protective belt against model misspecification. The importance of their role is proportional
(as quantified by ) to their proximity to the set ), a measure of their plausibility in view of the
decision maker information. The outer minimization over structured models is the counterpart
to the Wald (1950) and the more general Gilboa and Schmeidler (1989) max-min criterion.
Our analysis provides a decision-theoretic underpinning for incorporating misspecification

concerns in a distinct way from ambiguity aversion. Observe that misspecification fear is absent

6To ease terminology, we often refer to “misspecification” rather than “model misspecification.”

"The Hansen and Sargent (2001, 2008) formulation of preferences builds on extensive literature in control
theory starting with Jacobson (1973)’s deterministic robustness criterion and a stochastic extension given by
Petersen et al. (2000), among several others.



when the index min,eq ¢ (p, ¢) equals the indicator function ¢ of the set of structured models
@, that is,

min ¢ (p, q) =

q€Q +o0o else

{ 0 ifpeQ
In this case, which corresponds to A = 400 in (2), criterion (1) takes a max-min form:

V (/) Zggg/U(f)dq
This max-min criterion thus characterizes decision makers who confront model misspecification
but are not concerned by it, so are misspecification neutral (see Section 4.1). The criterion in
(1) may thus be viewed as representing decision makers who use a more prudential variational
criterion (1) than if they were to max-minimize over the set of structured models which they
posited. In particular, the farther away an unstructured model is from the set @ (so the less

plausible it is), the less it is weighted in the minimization.

Axiomatics We use the entropic case (2) to outline our axiomatic approach. Start with
a singleton Q = {q}. Decision makers, being afraid that the reference model ¢ might not
be correct, contemplate also unstructured models p € A and rank acts f according to the

multiplier criterion

Vi () = min{ (9 do-s ARG | ()

pEA

Here the positive scalar A is interpreted as an index of misspecification fear. When decision
makers posit a nonsingleton set () of structured models, but are concerned that none of them

is correct, the multiplier criterion (4) then gives only an incomplete dominance relation:

[y = Vg (f) = Vg (9) Vg eQ (5)

With (5), decision makers can safely regard f better than g. This type of ranking has, however,
little traction because of the incomplete nature of 7~*. Nonetheless, the burden of choice will
have decision makers to select between alternatives, be they rankable by ~* or not. A cautious
way to complete the binary relation 77* is given by the preference 7 represented by (2), or
equivalently by (3). This criterion thus emerges in our analysis as a cautious completion of a
multiplier dominance relation 7Z*. Suitably extended to a general preference pair (72*, 7)), this

approach permits to axiomatize criterion (1) as the representation of the behavioral preference

>~ and the unanimity criterion

pEA

fzg @ﬁg{/wmpw(m)} > min{/U(g)dp+0(p,q)} Vg e @
as the representation of the incomplete dominance relation 7—*.
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2 Preliminaries

2.1 Mathematics

Basic notions We consider a non-trivial event o-algebra ¥ in a state space S and denote
by By (X) the space of ¥-measurable simple functions ¢ : S — R, endowed with the supnorm
| l.- The dual of By (X) can be identified with the space ba (X) of all bounded finitely additive
measures on (5, %).

We denote by A the set of probabilities in ba (¥) and endow A and any of its subsets
with the weak™® topology. In particular, A’ denotes the subset of A formed by the countably
additive probability measures. Given a subset () in A, we denote by A< (@) the collection of all
probabilities p which are absolutely continuous with respect to @, that is, if A € X and ¢ (A) =0
for all ¢ € @, then p(A) = 0. Moreover, A7 (q) denotes the set of elements of A” which are
absolutely continuous with respect to a single ¢ € A%, i.e., A7 (¢) = {p € A7 : p < q}. Unless
otherwise specified, all the subsets of A are to be intended non-empty.

The (convex analysis) indicator function dc : A — [0,00] of a convex subset C' of A is

defined by
0 ifpeC
dc (p) = {

+o0o else

Throughout we adopt the convention 0 - 00 = 0.
The effective domain of f : C'— (—o0, 0], denoted by dom f, is the set {p € C': f (p) < oo}

where f takes on a finite value. The function f is:

(i) grounded if the infimum of its image is 0, i.e., inf,cc f (p) = 0;

(ii) strictly convez if, given any distinct p,q € C, we have f(ap+ (1 —a)q) < af (p) +
(1 —a) f(q) for all @ € (0,1) such that ap + (1 — a) ¢ € dom f.

Divergences and statistical distances Given a subset ) of A7, a function ¢ : A x Q —

[0, 0] is a statistical distance for @ if
(i) the sections ¢, : A — [0, o] are grounded, lower semicontinuous and convex for all ¢ € Q;
(ii) ¢(p,q) =0 if and only if p = q.

By a “statistical distance” we do not restrict ourselves to a metric.® A statistical distance

for @) is variational if:

(iii) the function cg : A — [0, 00] given by c¢g () = mingeg c(+,q) is well defined, grounded,

lower semicontinuous and convex.

8In particular, given p,q € Q, ¢ (p, q) is not necessarily equal to ¢ (g, p).
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Next we report an important property of variational statistical distances for Q).

Lemma 1 If ¢ is a variational statistical distance for @), then c(j?l (0) = Q, that is, cg (p) =0
if and only if p € Q.

In particular, cg (p) is an Hausdorff statistical distance between p and ). In light of this
lemma, we say that a function ¢ : A x @ — [0, 00] is a variational pseudo-statistical distance
for Q if it satisfies (i), (ili) and c5' (0) = Q. It is a weakening of the notion of variational
statistical distance that will come in handy later on.

The next lemma provides a simple condition for a function ¢ : A x @ — [0,00] to be a

variational statistical distance for Q).

Lemma 2 Let ) be a compact and convex subset of A%. A lower semicontinuous and convex
function ¢ : A x QQ — [0,00] is a variational statistical distance for @ if and only if it satisfies
the distance property:

c(pg) =0 <= p=gq (6)

A (variational) statistical distance for @ is a (variational) divergence for @ if, for each g € @,
(iv) ¢(p,q) < oo only if p < q.

The divergences that we consider thus assign an infinite penalty when p is not absolutely
continuous with respect to q.

So far we considered statistical distances for a given set (). When the set () may vary, we
need a “universal” notion that ensures consistency across such sets. To this end, we say that a
statistical distance

c: AxA% — 0,00

defined on the entire Cartesian product A x A7 is a (universal) variational divergence if its
restriction to each compact and convex subset ) of A? is a variational divergence for Q).
To present a well-known class of variational divergences, given a continuous strictly convex
function ¢ : [0,00) — [0,00), with ¢ (1) = 0 and lim;_,, ¢ (t) /t = +o0, define a ¢-divergence
Dy : A x A% — [0, 00] by

fcb(;l—i;) dq ifp € A7 (q)

+o00 otherwise

Dy (pllq) =

under the conventions 0/0 = 0 and In0 = —c0.? The most important example of ¢-divergence is
the relative entropy given by ¢ (t) = tInt —t+ 1 and denoted by R (p||q).!° Another important

9The function dp/dq is any version of the Radon-Nikodym derivative of p with respect to q.
1 Given the conventions 0/0 = 0 - 400 = 0, it holds ¢ (0) =0ln0—-0+1=0--00o+1=1.
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example is the Gini relative index given by the quadratic function ¢ (t) = (t —1)* /2 and
denoted by x? (p||q).
A ¢-divergence Dy : A x A7 — [0, 00] is lower semicontinuous and convex.!! Next we show

that it is a variational divergence.

Lemma 3 Let () be a compact and convex subset of A7. A restricted ¢-divergence Dy : A X

Q — [0, 00] is a variational divergence for Q.

Given a coefficient A € (0, 00], the function ADy : A x A% — [0, 00] is also a variational
divergence. In particular, when A = oo we have
0 ifp=gq

(00) Dy (plla) = d1qy (p) = {

oo else

because of the convention 0 - co = 0.

2.2 Decision theory

Setup We consider a generalized Anscombe and Aumann (1963) setup where a decision maker
chooses among uncertain alternatives described by (simple) acts f : S — X, which are X-
measurable simple (i.e., finite-valued) functions from a state space S to a consequence space X.
This latter set is assumed to be a non-empty convex subset of a vector space (for instance, X

is the set of all simple lotteries defined on a prize space). The triple
(5,3, X) (7)

forms an (Anscombe-Aumann) decision framework.

Let us denote by F the set of all acts. Given any consequence x € X, we denote by x € F
also the constant act that takes value x. Thus, with a standard abuse of notation, we identify
X with the subset of constant acts in F. Given a function v : X — R, we denote by Imu its
image. Observe that uo f € By (X) when f € F.

A preference 7~ is a binary relation on F that satisfies the so-called basic conditions (cf.
Gilboa et al., 2010), i.e., it is:

(i) reflexive and transitive;
(ii) monotone: if f,g € F and f(s) 77 g (s) for all s € S, then f = g;
(iii) continuous: if f,g,h € F, the sets

{ae0,1]:af+(1—a)gzh} and {a€[0,1]:hZaf+(1—a)g}

See Chapter 1 of Liese and Vajda (1987). We refer to this book for properties of ¢-divergences.
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are closed;

(iv) non-trivial: there exist f,g € F such that f > g.

Moreover, a preference - is unbounded if, for each x,y € X with x > y, there exist z, 2/ € X
such that . ) . .
Z yrm o=y = —
22—|—2yN$ yN2x—|—2z
Bets are binary acts that play a key role in decision theory. Formally, given any two prizes

T >y, a bet on an event A is the act z Ay defined by

xAy(s):{ z ifseA

y else

In words, a bet on event A is a binary act that yields a more preferred consequence if A obtains.

Comparative uncertainty aversion As in Ghirardato and Marinacci (2002), given two
preferences 77 and 75 on F, we say that =1 is more uncertainty averse than 7o if, for each

consequence r € X and act f € F,
fZie = fZax

In words, a preference is more uncertainty averse than another one if, whenever this preference

is “bold enough” to prefer an uncertain alternative over a sure one, so does the other one.

Decision criteria A complete preference 7~ on F is wvariational if it is represented by a

decision criterion V' : F — R given by

v =mip{ [utndp ] 0
pEA
where the affine utility function v is non-constant and the index of uncertainty aversion c :
A — [0, 00] is grounded, lower semicontinuous and convex. In particular, given two unbounded
variational preferences 7~; and 75 on F that share the same u, but different indexes ¢; and ¢y,
we have that 7Z; is more uncertainty averse than 77, if and only if ¢; < ¢y (see Maccheroni et
al., 2006, Propositions 6 and 8).

When the function ¢ has the entropic form ¢ (p,q) = AR (p||q) with respect to a reference
probability ¢ € A7, criterion (8) takes the multiplier form

pEA

Vi () = min{ [ u(Han-+ ARGl }



analyzed by Hansen and Sargent (2001, 2008).!% If, instead, the function ¢ has the indicator

form 0, with C' compact and convex, criterion (8) takes the maz-min form

V() =uin [ u()dp
axiomatized by Gilboa and Schmeidler (1989).
All these criteria are here considered in their classical interpretation, so Waldean for the

max-min criterion, in which the elements of A are interpreted as models.

3 Models and preferences

3.1 Models

The consequences of the acts among which decision makers have to choose depend on exogenous
states that are outside their control. They know that states obtain according to a probabilistic
model described by a probability measure in A, the so-called true or correct model. If decision
makers knew the true model, they would confront only risk, which is the randomness inherent
to the probabilistic nature of the model. Our decision makers, unfortunately, may not know the
true model. Yet, they are able to posit a set of structured probabilistic models (), based on their
information (which might well include existing scientific theories, say economic or physical),
that form a set of alternative hypotheses regarding the true model. It is a classical assumption,
in the spirit of Wald (1950), in which @ is a set of posited hypotheses about the probabilistic
behavior of a, natural or social, phenomenon of interest.

A classical decision framework is described by a quartet:
(5,5, X,Q) (9)

in which a set @ of models is added to a standard decision framework (7). The true model
might not be in @), that is, the decision makers information may be unable to pin it down.
Throughout the paper we assume that decision makers know this limitation of their information
and so confront model misspecification.'® This is in contrast with Wald (1950) and most of the
subsequent decision-theoretic literature, which assumes that decision makers either know the
true model and so face risk or, at least, know that the true model belongs to () and so face
model ambiguity.'*

In Theorem 1, but not in Theorem 2, we assume that () is a convex subset of A?. As

12Strzalecki (2011) provides the behavioral assumptions that characterize multiplier preferences among vari-
ational preferences.

13 Aydogan et al. (2018) propose an experimental setting that reveals the relevance of model misspecification
for decision making.

4The model ambiguity (or uncertainty) literature is reviewed in Marinacci (2015).



usual, convexity significantly simplifies the analysis. Yet, conceptually it is not an innocuous
property: a hybrid model that mixes two structured models can only be less well motivated
than either of them. Decision criterion (1), however, accounts for the lower appeal of hybrid
models when ¢ (p,q) is also convex in ¢ (as, for instance, when c is a ¢-divergence). To see
why, observe that minyea { [ (f)dp + c(p,q)} is, for each act f, convex in ¢. In turn, this
implies that hybrid models negatively affect criterion (1). This negative impact of mixing thus
features an “aversion to model hybridization” attitude, behaviorally captured by axiom A.8.
Remarkably, the relative entropy criterion (2) turns out to be neutral to model hybridization.
In this important special case, the assumption of convexity of () is actually without any loss of
generality (as Appendix B.2 clarifies).

Convexity of () can be also justified in a robust Bayesian interpretation of our analysis
that regards @) as the set of the so-called predictive distributions, which are combinations of
“primitive” models (typically extreme points of )) weighted according to alternative priors
over them. For instance, if the primitive models describe states through i.i.d. processes, the
elements of () describe them via exchangeable processes that combine primitive models and
priors (as in the Hewitt and Savage, 1955, version of the de Finetti Representation Theorem).
Under this interpretation, the p’s are introduced to provide a protective shield for each of the

predictive distributions constructed from the alternative priors that are considered.

3.2 Preferences

We consider a two-preference setup, as in Gilboa et al. (2010), with a mental preference 7-*

and a behavioral preference 7.
Definition 1 A preference 7 is (subjectively) rational if it is:

a. complete;

b. risk independent: if x,y,z € X and a € (0,1), then z ~ y implies ax + (1 — )z ~
ay + (1 —a)z.

The behavioral preference 77 governs the decision maker choice behavior and so it is natural
to require it to be complete because, eventually, the decision maker has to choose between
alternatives (burden of choice). It is subjectively rational because, in an “argumentative”
perspective, the decision maker cannot be convinced that it leads to incorrect choices. Risk
independence ensures that 7~ is represented on the space of consequences X by an affine utility
function v : X — R, for instance an expected utility functional when X is the set of simple
lotteries. So, risk is addressed in a standard way and we abstract from non-expected utility

issues.
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The mental preference ~* on F represents the decision maker’s “genuine” preference over
acts, so it has the nature of a dominance relation for the decision maker. As such, it might well

not be complete because of the decision maker inability to compare some pairs of acts.
Definition 2 A preference 7—* is a dominance relation (or is objectively rational) if it is:
a. c-complete: if x,y € X, then x ="y ory =% x;
b. completeness: when Q is a singleton, if f,g € F, then f 75" g or g =* f;

c. weak c-independent: if f,g € F, x,y € X and a € (0,1),

af+(l—a)zz ag+(1—a)r = af+(1—a)y 2 ag+ (1 —a)y

d. convez: if f,g,h € F and a € (0,1),

frrhandg"h = af+(1—a)g =" h

If f —* g we say that f dominates g (strictly if f >=* g). It is objectively rational because the
decision maker can convince others of its reasonableness, for instance through arguments based
on scientific theories (a case especially relevant for our purposes). Momentarily, axiom A.3 will
further clarify its nature. The dominance relation is, axiomatically, a variational preference
which is not required to be complete, unless @ is a singleton.'> When @ is a singleton, the
dominance relation is complete and yet, because of model misspecification, satisfies only a
weak form of independence. In other words, in our approach model misspecification may cause
violations of the independence axiom for the dominance relation. Later in the paper, Section

4.2 will further discuss this important feature of our analysis.

Along with the classical decision framework (9), the preferences =* and - form a two-

preference classical decision environment

(5,5,X,Q,2" %) (10)

)~

The next two assumptions, which we take from Gilboa et al. (2010), connect the two

preferences ~* and .

A.1 Consistency. For all f,g € F,
fZi9=1r1Zy

15 Convexity is stronger than uncertainty aversion a la Schmeidler (1989), which merely requires that f ~* g
implies af+(1 — a) g 7=* g for all &« € (0, 1). Yet, convexity and uncertainty aversion coincide under completeness
(see, e.g., Lemma 56 of Cerreia-Vioglio et al., 2011b).
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Consistency asserts that, whenever possible, the mental ranking informs the behavioral one.
The next condition says that the decision maker opts, by default, for a sure alternative x over

an uncertain one f, unless the dominance relation says otherwise.

A.2 Caution. For all z € X and all f € F,
[Zre=azf

Unlike the previous assumptions, the next two are peculiar to our analysis. They both
link @ to the two preferences 77* and - of the decision maker. We begin with the dominance
relation 7-*. Here we write f Q g when ¢ (f =g) = 1 for all ¢ € Q, i.e., f and g are equal

almost everywhere according to each structured model.

A.3 Objective Q-coherence. For all f,g € F,
Q *
f=9 = f~"y

This axiom provides a preferential translation of the special status of structured models over
unstructured ones: if they all regard two acts to be almost surely identical, the decision maker’s

“genuine” preference ~* follows suit and ranks them indifferent.

Previously, we noted that for some applications it may be important to allow the set of
structured models, @), not to be convex. Nevertheless, the convex hull, co@), of @) will play an
important role in our next axiom.!® Even when @ is not convex, we assign a special role to
the probabilities in its convex hull relative to other unstructured models. Our rationale is that
hybrid models retain an epistemic status and are more than just statistical artifacts used to
assess model misspecification.!”

To introduce our next axiom, recall that a rational preference 7~ satisfies risk independence
and thus admits an affine utility function v : X — R that can be used to represent it over
consequences as an expected utility.!® Given a model p € A and an act f, we define an

indifference class X ]’3 C X of consequences :L"} via the equality

u(e)) = [u(r)dp (1)

We can interpret each x? as a consequence that would be indifferent, so equivalent, to act f if

p were the correct model. By constructing these equivalent consequences for alternative acts

6The need to consider the w*-closure of the convex hull is a technical detail (with a finite set @ we can just
consider convex hulls).

1"In the robust Bayesian perspective previously discussed, the elements of €6(Q are the predictive distributions
determined by alternative priors over Q).

18Under the usual identification of constant acts with consequences.
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and models, our next axiom relates the posited set of models () with the behavioral preference
—

~*

A.4 Subjective QQ-coherence. For all f € F and all z € X, we have
r-r =1~ f
if and only if p € €oQ).

In words, p € A is a structured or hybrid model, so belongs to co(), if and only if decision
makers take it seriously, that is, they never choose an act f that would be strictly dominated
if p were the correct model. Such a salience of p for the decision makers’ preference is the
preferential footprint of a structured or hybrid model that decision makers take seriously under
consideration because of its epistemic status — as opposed to a purely unstructured model,
which they regard as a mere statistical artifact with no epistemic content.

More can be said in the original Anscombe-Aumann setting. For a given model p € A and
act f, we construct the integral | fdp, which is a lottery that describes the prize distribution
induced by act f when states are generated by model p € A.!? If u : X — R is any affine utility
function that represents 5 on X, then this integral obviously satisfies (11). This particular
construction adds further clarity to axiom A.4 because it identifies one lottery in the indifference

class X sz that depends directly on the model p. This axiom can now be written as

x>—*/fdp2>x>-f

As an additional benefit, this formulation makes it clear that the definition of x? is independent

of the choice in (11) of the specific utility u that represents 7~ on X.

4 Representation with given structured information

We now show how the assumptions on the mental and behavioral preferences permit to char-
acterize criterion (1) for a given set @ in A7, that is, for a DM’s given structured information.

To this end, throughout this section we assume that () is a compact and convex set and we
say that a variational pseudo-statistical distance ¢ : A x @ — [0, 0] is uniquely null if, for all
(p,q) € A x Q, the sets ¢, (0) and ¢, (0) are at most singletons.”” For instance, statistical
distances are easily seen to be uniquely null because of the distance property (6).

We are now ready to state our first representation result.

YFor the simple act f = Y, 14,2;, by definition ([ fdp) (z) is the probability >, p (4;) z; (z) of obtaining
prize z by choosing f under p.
20Throughout this section statistical distances ¢ : A x Q — [0, 00| are always meant “for Q.”
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Theorem 1 Let (S,%2, X,Q, =%, 72) be a two-preference classical decision environment, where

~ )~

(S,X) is a standard Borel space. The following statements are equivalent:

(i) 7=* is an unbounded dominance relation and 7 is a rational preference that are both Q-

coherent and jointly satisfy consistency and caution;

(ii) there exist an onto affine function u : X — R and a variational pseudo-statistical distance
c: A xQ —[0,00], with domcg C A< (Q), such that, for all acts f,g € F,

fifg¢$gg{/UUﬂw+dn®}Zm%{/uwﬁﬁ+dn®} Vg€ Q (12)

e

and

f§g¢$%g{/UUﬁm+%gdnm}zmm{/uwﬁw+%gdn®} (13)

pEA

If, in addition, c is uniquely null, then ¢ : A x @@ — [0,00| can be chosen to be a variational

statistical distance.

This result identifies, in particular, the main preferential assumptions underlying a repre-

sentation of the type

VU?me{/UUﬁm+%gdn®} (14)

PEA

for the preference 7—. While this representation is of interest for a general variational pseudo-
statistical distance with respect to a set @), it is of particular interest when ¢ : A x Q — [0, o0] is
a variational statistical distance. In this case, the partial ordering ~~* is more easily interpreted.
Though a technical condition of “unique nullity” is imposed to pin down statistical distances,
our representation arguably has more general applicability and captures the preferential under-
pinning of criterion (14).

The Hausdorff statistical distance min,eq ¢ (p, ¢) between p and @) is strictly positive if and
only if p is an unstructured model, i.e., p ¢ (. In particular, the more distant from @ is an
unstructured model, the more it is penalized as reflected in the minimization problem that

criterion (14) features.

A misspecification index A behavioral preference - represented by (14) is variational with
index mingeq ¢ (p, ¢). So, if two unbounded preferences 771 and 77, represented by (14) share
the same u but feature different statistical distances mingeq ¢; (p, ¢) and mingeq c2 (p, g), then

221 is more uncertainty averse than 7, if and only if

minc; (p,q) < mincs (p,
minc, (p,¢) < mine, (p, q)
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In the present “classical” setting we interpret this comparative result as saying that the lower is
mingeq ¢ (p, q), the higher is the fear of misspecification. Indeed, @ is fixed and the differences

in behavior cannot be due to model ambiguity. We thus regard the function

— min ¢ (p, 15
p - mince(p,q) (15)

as an index of aversion to model misspecification and we call it, for short, a misspecification
index. The lower is this index, the higher is the fear of misspecification.

To further interpret, set cg (p) = mingeq ¢ (p, ¢). The index is maximal when

0 ifpe@
+00 else

cq (p) =dq (p) = {

Later we will interpret this maximal case as representing a neutral attitude toward model
misspecification (cf. Definition 4). In this case, the decision maker does not care about un-
structured models and maximally penalizes them, so they play no role in the decision criterion.
In contrast, unstructured models are penalized less, so play a bigger role in the criterion, when
the decision maker wants to keep them on the table to express a concern about model misspec-

ification. Comparing two indexes, when

c1,Q < C2Q

we interpret the lower penalization of unstructured models in ¢; ¢ as modelling a higher concern

for model misspecification.

Specifications and computability Two specifications of our representation are noteworthy.
First, when c is the entropic statistical distance AR(p||q), with A € (0, co], we have the following

important special case of our representation

V(5 =mig{ [ ulr)do+ Amig R0 | (16

pEA

which gives tractability to our decision criterion under model misspecification. Specifically, for
A € (0,00),2!

u(f)
min u dp + Amin R =min—A\lo /e_kd 17
wig { [ u(9)dp+ Ay Ripll) | = min o [y )
This result is well known when @ is a singleton, that is, when (16) is a standard multiplier
criterion.??

2I'When A = oo, we have minyea { [ u (f)dp + Amingeq R(p||q)} = mingeq [u (f) dg.
22Gee Appendix B.2 for the simple proof of (17).
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A second noteworthy special case of our representation is the Gini criterion

pEA

V (f) = min {/u (f)dp+ AIngCngQ(pIIQ)}

Remarkably, we have

win { [0 () dp+ min o)} = min { [ (9) o~ 5yven, (0 (1)
for all acts f for which the mean-variance (in utils) criteria on the r.h.s. are monotone. So,
the Gini criterion is a monotone version of the max-min mean-variance criterion.

As to computability, in the important case when criterion (1) features a ¢-divergence, like
the specifications just discussed, we need only to know the set ) to compute it, no integral
with respect to unstructured models is needed. This is proved in the next result which is a

consequence of a duality formula of Ben-Tal and Teboulle (2007).%

Proposition 1 Given Q C A% and X > 0, for each act f € F it holds

v (0 =win{ [ (hdo+ mip Dyt p = vaigsop {o [ or (- ") aa}

The r.h.s. formula computes criterion (1) for ¢-divergences by using only integrals with

respect to structured models. This formula substantially simplifies computations and thus

confirms the analytical tractability of the previous specifications.

4.1 Interpretation of the decision criterion

In the Introduction we outlined a “protective belt” interpretation of decision criterion (14), i.e.,

v =mig{ [t dp+miye o)}
To elaborate, we begin by observing that the misspecification index (15) has the following

bounds

0<minc(p,q) <do(p) VPEA (18)
q

So, fear of misspecification is absent when the misspecification index is dg — e.g., when A = 400
n (16) — in which case criterion (14) takes a Wald (1950) max-min form

XWﬁ—mm/uﬁMq (19)

qeQ

Z3Here ¢* denotes the convex Fenchel conjugate of ¢. As usual, ¢ is extended to R by setting ¢ (t) = +oc if
t < 0, in particular ¢* is increasing.
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This max-min criterion characterizes a decision maker who confronts model misspecification,
but is not concerned by it, and exhibits only aversion to model ambiguity. In other words, this
Waldean decision maker is a natural candidate to be (model) misspecification neutral. The next
limit result further corroborates this insight by showing that, when the fear of misspecification

vanishes, the decision maker becomes Waldean.?*

Proposition 2 For each act f € F, we have

AToo pEA

limmin{/u(f)dp—i—)\IqréiélR(qu)} :rqréiél/u(f)dq

These observations, via bounds and limits, call for a proper decision-theoretic analysis of
misspecification neutrality. To this end, note that structured models may be incorrect, yet
useful as Box (1976) famously remarked. This motivates the next notion. Recall that act x Ay,

with x > y, represents a bet on event A.

Definition 3 A preference 7 is bet-consistent if, given any x > vy,
q(A) 2 q(B) Vqe Q= zAyZ By

for all events A, B € ¥.

Under bet-consistency, a decision maker may fear model misspecification yet regards struc-
tured models as good enough to choose to bet on events that they unanimously rank as more
likely. Preferences that are bet-consistent can be classified as exhibiting a mild form of fear
of model misspecification. The following result shows that an important class of preferences,

which includes the ones represented by criterion (16), are bet-consistent.

Proposition 3 If A € (0,00) and ¢ = A\D,, then a preference - represented by (14) is bet-

consuistent.
Next we substantially strengthen bet-consistency by considering all acts, not just bets.

Definition 4 A preference 7~ is (model ) misspecification neutral if

/u(f)dqz/um)dq VgeQ— frg

for all acts f,g € F.

24To ease matters, we state the result in terms of criterion (16). A general version can be easily established
via an increasing sequence of misspecification indexes.
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In this case, a decision maker trusts models enough so to follow them when they unanimously
rank pairs of acts. Fear of misspecification thus plays no role in the decision maker preference,
so it is decision-theoretically irrelevant. For this reason, the decision maker attitude toward
model misspecification can be classified as neutral. The next result shows that this may happen

if and only if the decision maker adopts the max-min criterion (19).

Proposition 4 A preference - represented by criterion (14) is misspecification neutral if and

only if it is represented by the maz-min criterion (19).

This result provides the sought-after decision-theoretic argument for the interpretation of the
max-min criterion as the special case of decision criterion (14) that corresponds to aversion to
model ambiguity, with no fear of misspecification.?> As remarked in the Introduction, it suggests
that a decision maker using criterion (14) may be viewed as a decision maker who, under
model ambiguity, would max-minimize over the set of structured models which she posited but
that, for fear of misspecification, ends up using the more prudential variational criterion (14).
Unstructured models lack the informational status of structured models, yet in the criterion
(14) they act as a “protective belt” against model misspecification.

Under this interpretation of the criterion (14), the special multiplier case of a singleton
Q) = {q} corresponds to a decision maker who, with no fear of misspecification, would adopt
the expected utility criterion [ (f)dg to confront the risk inherent to ¢. In other words, a
singleton () in (14) corresponds to an expected utility decision maker who fears misspecification.

Summing up, in our analysis decision makers adopt the max-min criterion (19) if they either
confront only model ambiguity (an information trait) or are averse to model ambiguity (a taste

trait) with no fear of model misspecification.

4.2 Interpretation of the dominance relation

As just argued, the singleton Q@ = {¢} special case

pEA

min{/ﬂ(f) dp+6(p,Q)} (20)

of decision criterion (14) is an expected utility criterion under fear of misspecification (of the

unique posited ¢). Via the relation

fi*gﬁggg{/U(f)derC(p,Q)} Zmin{/U(g)derC(p,Q)} VgeQ  (21)

pEA

the representation theorem thus clarifies the interpretation of 72* as a dominance relation under

model misspecification by showing that it amounts to uniform dominance across all structured

25This result actually holds without any convexity assumption on ). The same applies to Propositions 1, 3
and 5 of this section.
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models with respect to criterion (20).

It is easy to see that strict dominance amounts to (21), with strict inequality for some ¢ € Q.
This observation raises a question: is there a notion of dominance that corresponds to strict
inequality for all ¢ € Q7 To address this question, we introduce a strong dominance relation
by writing f »* ¢ if, for all acts h,l € F,

(1—=0)f+dh>="(1—0)g+dl
for all small enough § € [0,1].2° By taking h = f and | = g, we have the basic implication
f»"g=1[f>"yg

Strong dominance is a strengthening of strict dominance in which the decision maker can
convince others “beyond reasonable doubt.” The next characterization corroborates this inter-

pretation and, at the same time, answers the previous question in the positive.?”

Proposition 5 Let c: A x Q) — [0,00] be a statistical distance, u: X — R an onto and affine
function and 7Z* an unbounded dominance relation represented by (21). For all acts f,g € F,

we have f >* g if and only if there exists € > 0 such that

PEA pEA

min{/ﬂ(f)derC(p,Q)} Zmin{/U(g)dp+C(p,Q)}+6 Vg€ Q (22)

This characterization shows that =* and »* agree on consequences and, more importantly,
that

f»*gﬁgéig{/U(f)derC(p?cz)} >I;gg{/U(9)dp+C(p,Q)} Vg€ Q

At the same time, (22) implies
fr"g=1Ff~g (23)

We can diagram the relationships among the different dominance notions as follows:
> = = = -

Y

\’
- = 7

An instance when
f="9g = f>g (24)

26Strong dominance has been introduced by Cerreia-Vioglio et al. (2020).
2TUp to an ¢ that ensures a needed uniformity of the strict inequality across structured models. The result
continues to hold even when c fails to satisfy the distance property ¢ (p,q) = 0 if and only if p = q.
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may fail is the max-min criterion (19).
We close by discussing misspecification neutrality, which in view of Proposition 4 is charac-
terized by the misspecification index min,eq ¢ (p, ¢) = dg (p)-

Lemma 4 Let ¢ be a variational statistical distance ¢ : AxQ — [0, 00]. We have mingeq ¢ (p, q) =
dg (p) if and only if, for each q € Q, ¢ (p,q) = 0o for allp ¢ Q.

In words, misspecification neutrality is characterized by a statistical distance that maximally
penalizes unstructured models, which end up playing no role. From a statistical distance angle,
this confirms that misspecification neutrality is the attitude of a decision maker who confronts
model misspecification, but does not care about it (and so has no use for unstructured models).

This angle becomes relevant here because it shows that, under misspecification neutrality,

the representation (21) of the dominance relation becomes

fz*g¢:wgg{/ﬁtﬁd¢+c@8®}ngg{/UQﬂmf+c@Mﬁ} Vg €Q
q q

Unstructured models play no role here. Next we show that also statistical distances play no
role, so representation (21) further reduces to

fz*g<:>/mf>dqz/u<g>dq VaeQ

when the dominance relation satisfies the independence axiom. This means, inter alia, that fear
of model misspecification may cause violations of the independence axiom for such a relation,
thus providing a new rationale for violations of this classic axiom.

All this is shown by the next result, which is the version for our setting of the main result
of Gilboa et al. (2010).

Proposition 6 Let (S,%, X,Q, 7", 72) be a two-preference classical decision environment. The

~ )~

following statements are equivalent:

(i) 7=* is an unbounded dominance relation that satisfies independence and 7, is a rational

preference that are both QQ-coherent and jointly satisfy consistency and caution;

(ii) there exist an onto affine function u : X — R and a variational statistical distance
c: A xQ —[0,00], with c(p,q) = gy (p) for all (p,q) € A x Q, such that (12) and (13)
hold, i.e.,

fz*g<:>/u<f>dqz/u<g>dq VaeQ

and

ftg¢¢%g/UUﬁmem/uqu

qeQ
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Under independence, the dominance relation ~~* thus takes a misspecification neutral form,

and the behavioral preference - is represented by the max-min criterion.

5 Representation with varying structured information

So far, we carried out our analysis for a given set () of structured models. Indeed, a two-

preference classical decision environment (10) should be more properly written as

(Sa 27X7Q7 r'>\:*Q7 iQ)

with the dependence of preferences on () highlighted. Decision environments, however, may
share common state and consequence spaces, but differ on the posited sets of structured models
because of different information that decision makers may have. It then becomes important to
ensure that decision makers use decision criteria that, across such environments, are consistent.

To address this issue, in this section we consider a family

{(S, E, X7 Qa r>\:*Q7 iQ) }QEQ

of classical decision environments that differ in the set ) of posited models and we introduce
axioms on the family {?\‘Ja} 0c0 that connect these environments. We assume that O is a
collection of compact subsets of A? that contains all singletons and is such that all doubletons
are included in some of its elements.?® These assumptions are satisfied, for example, by the

collection of finite sets of A? as well as by the collection K of its compact and convex sets.

A5 Monotonicity (in model ambiguity). If @' C @ then, for all f, g € F,
fZo9=TZq9

According to this axiom, if the “structured” information underlying a set @ is good enough for
the decision maker to establish that an act dominates another one, a better information which
decreases model ambiguity can only confirm such judgement. Its reversal would be, indeed, at
odds with the objective rationality spirit of the dominance relation.

Next we consider a separability assumption.
A.6 Q-separability. For all f,g € F,

fZeg YaeQ = fZo9g

28That is, for each q,q' € A’ there exists some @ € Q such that {g,¢'} C Q. It is a much weaker assumption
than requiring doubletons to belong to Q.
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In words, an act dominates another one when it does, separately, through the lenses of each
structured model. In this axiom the incompleteness of 27, arises as that of a Paretian order over

the, complete but possibly misspecification averse, preferences =7 determined by the elements

of Q.
We close with a continuity axiom. To state it, we need a last piece of notation: we denote

by zy, the consequence indifferent to act f for preference 7. 29
A.7 Lower semicontinuity. For all z € X and all f € F, the set {q €A7 1z .’L’f’q} is closed.

The next class of two-preference families Py = {( O NQ)} 0co builds on the properties

that we have introduced.
Definition 5 A two-preference family Pg is (misspecification) robust if:
(i) {z*Q} gco is monotone, separable, and lower semicontinuous;

(ii) for each Q € Q, ,i'*Q is an unbounded dominance relation, 7 is a rational preference,

both are (Q-coherent and jointly satisfy caution and consistency.
We can now state our first representation result.
Theorem 2 Let Py be a two-preference family. The following statements are equivalent:
(i) Pg is robust;

(ii) there exist an onto affine u : X — R and a lower semicontinuous divergence ¢ : A x A7 —
[0, 00] such that, for each Q € Q,

rrgo s mnf [unarscpobzunl [v@arepo}  weq

pEA

and

f Qg(z)mlg{/u(f)dp—i-zréigc(p,@} zmin{/u(g)dp—i-rqréiélc(p,q)}

pEA

for all acts f,g € F.

Moreover, u is cardinally unique and, given u, c is unique.

*In symbols, f ~% x 4. In particular, x5, should not be confused with m‘} as in (11).
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A robust Pg is thus characterized by a utility and divergence pair (u, c) that, consistently
across decision environments, represents each 7, via the unanimity rule (12) and each g via

the decision criterion

pPEA

Vo (f) = min{/ﬂ(f) dpﬂqréigff(p,q)}

An unstructured model p may play a role in this criterion when ¢ (p, ¢) < oo for some structured
model ¢, that is, when it has a finite distance from a structured model.

In this representation theorem we do not make any convexity assumption on the sets of
structured models. Next we sharpen this result by assuming that they are compact and convex
subsets of A?. We introduce a new axiom based on this added structure on sets of models.
Under the hypotheses of Theorem 2, all dominance relations ¢, agree on X and so we can just

write 7~*, dropping the subscript Q.

A.8 Model hybridization aversion. Given any q,q € A%,

)\il]ﬂq + (1 — )\) wf,q’ ?\'J* xf,)\q—&—(l—)\)q’
for all A € (0,1) and all f € F.

According to this axiom, the decision maker dislikes, ceteris paribus, facing a hybrid struc-
tured model Ag + (1 — \) ¢’ that, by mixing two structured models ¢ and ¢, could only have a
less substantive motivation (cf. Section 3.1).

The next result extends Theorem 1 to families of decision environments. It also sharpens
Theorem 2 by dealing with sets of structured models that are also convex; in particular, here

we get a variational divergence.
Proposition 7 Let P be a two-preference family. The following statements are equivalent:
(i) Px is robust and model hybridization averse;

(i1) there exist an onto affine u: X — R and a lower semicontinuous and convex variational
divergence ¢ : A x A7 — [0, 00] such that, for each Q € K,

pEA

ft*ég@lggg{/U(f)derC(p,Q)} Zmin{/U(g)dvaC(p,Q)} Vg€ Q

and

PEA

fZaog <:H]}gg{/U(f)dzﬂrI;%icgw(p,q)} > min{/u(g)dpﬂqrggy(p,q)}

for all acts f,g € F.

Moreover, u is cardinally unique and, given u, c is unique.
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This theorem ensures that the decision maker uses consistently criterion (1) across decision
environments. In particular, the same statistical distance function is used (e.g., the relative
entropy). Moreover, axioms A.5-A.8 further clarify the nature of structured models and their
connection with the dominance relation.

Besides its broader scope, this theorem improves Theorem 1 on two counts. First, it features
a statistical distance without the need of a unique nullity condition. Second, it contains a sharp
uniqueness part. The cost of these improvements is a less parsimonious setting in which the

set () is permitted to vary across the collection K of compact and convex subsets of A°.

6 Admissibility
A two-preference classical decision problem is a septet
(Fa‘S?EvXa Qv i*QJ?\:Q) (25)

where F' C F is a non-empty choice set formed by the acts among which a decision maker has
actually to choose, and the preferences 27y, and 2 are represented as in Theorem 2-(ii).
Given a set () in Q, the decision maker chooses the best act in F' according to Zg. In

particular, the value function v : Q — (—o0, 0] is given by

v (Q) = sup min {/u (f) dp + mine (p, Q)} (26)

feF pGA

Yet, it is the dominance relation ?\‘JZ) that permits to introduce admissibility.

Definition 6 An act f € F is (weakly) admissible if there is no act g € F that (strongly)

strictly dominates f.

To relate this notion to the usual notion of admissibility,>’ observe that ¢ ¢ [ amounts to

min{/U(g)dp+C(p,Q)} > min{/ﬂ(f)derC(p,q)} Vg€ Q
PEA peEA

with strict inequality for some ¢ € (). We are thus purposefully defining admissibility in terms
of the structured models (), not the larger class of models A, with a model-by-model adjustment
for misspecification that makes our notion different from the usual one.

The next result relates optimality and admissibility.

30See, e.g., Ferguson (1967) p. 54. Weak admissibility is, mutatis mutandis, related via formula (22) to the
notion of extended admissibility studied in Blackwell and Girschick (1954), Heath and Sudderth (1978) and,
more recently, in Duanmu and Roy (2017). This connection was pointed out to us by Jesse Shapiro. A statistical
risk version of Proposition 5 provides a preferential foundation for extended admissibility.
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Proposition 8 Consider a decision problem (25).
(i) Optimal acts are weakly admissible. They are admissible provided (24) holds.
(i1) Unique optimal acts are admissible.

Optimal acts (if exist) might not be admissible because the max-min nature of decision
criterion (14) may lead to violations of (24). Yet, the last result ensures that they belong to

the collection of weakly admissible acts

Fo={feF:fgecF.g5f}

Next we build on this property to establish a comparative statics exercise across decision
problems (25) that differ on the posited set @) of structured models.

Proposition 9 We have
QCQ =v(Q)=v(Q)

and

0(@ = penin { [ u(Hdp+ mine0) |

fGFé peEA
provided the sup in (26) is achieved.

Smaller sets of structured models are, thus, more valuable. Indeed, in decision problems
that feature a larger set of structured models — so, a more discordant information — the decision

maker exhibits, ceteris paribus, a higher uncertainty aversion due to a larger model ambiguity:

Q C Q' = minc(p,q) > minc(p,q) (27)
qe@ qeQ’
In turn, this easily implies v (Q)) > v (Q'), as the proof shows.

In the comparison (27), the divergence c is invariant as we change the set of structured
models. For this reason, in Proposition 9 a larger set of structured models implies a higher
uncertainty aversion due to model ambiguity and aversion to it (as is the case for max-min util-
ity).>! This invariance, however, is not an innocuous assumption as it rules out the possibility
that the divergence becomes larger when an enlarged set of structured models reduces misspec-
ification concerns.*? For instance, the entropic divergence may feature a higher A\ when Q gets
larger, something that may reverse the inequality (27) by making more valuable larger sets of
structured models. Nevertheless, with an invariant ¢ any probability measure outside the set of
structured models will necessarily be closer to a larger set of such models, as captured by the
divergence. In this sense, increasing the set of structured models may diminish misspecification
concerns even under the maintained invariance.

31See Ghirardato and Marinacci (2002).
32We thank Tim Christensen for having alerted us on this issue.
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7 A final twist

In our analysis a notion of set divergence naturally arises. Specifically, say that a function

C:AxQ—[0,00] is a statistical set distance if

Cp,Q)=0<=peq

If we consider a lower semicontinuous and convex function ¢ : A x A? — [0, 00] such that
¢(p,q) = 0 if and only if p = ¢, by Lemma 2 we can define a statistical set distance C' :
A x I — [0, 00] by setting C' (p, Q) = mingeq ¢ (p,q). In particular, C (p,{q}) = c¢(p,¢). This
is the Hausdorfl-type statistical set distance that characterizes our decision criterion (1).

Yet, for a generic statistical set distance C, not necessarily pinned down by an underlying

statistical distance ¢, our criterion generalizes to

Vot =min{ [u(Dar+ 0.0}
This variational criterion still represents a preference 27 that is more uncertainty averse than
the corresponding max-min one. It may also easily accommodate reversals of the inequality
(27), along the lines previously discussed. Though the analysis of this general criterion is
beyond the scope of this paper and is left for future research, this brief discussion should help

to put our exercise in a better perspective.

8 Conclusion

Quantitative researchers use models to enhance their understanding of economic phenomena
and to make policy assessments. In essence, each model tells its own quantitative story. We
refer to such models as “structured models.” Typically, there are more than just one such type of
model, with each giving rise to a different quantitative story. Statistical and economic decision
theories have addressed how best to confront the ambiguity among structured models. Such
structured models are, by their very nature, misspecified. Nevertheless, the decision maker seeks
to use such models in sensible ways. This problem is well recognized by applied researchers,
but it is typically not part of formal decision theory. In this paper, we extend decision theory to
confront model misspecification concerns. In so doing, we recover a variational representation
of preferences that includes penalization based on discrepancy measures between “unstructured

alternatives” and the set of structured probability models.
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A Proofs and related analysis

In the appendix, we provide the proofs of our main results. We relegate to the Online Appendix
the proofs of most of our ancillary results (e.g., Propositions 1, 2, 6, 8 and 9) including those
which are more routine and deal with statistical distances and divergences (Lemmas 1-3). Ap-
pendix A.1 contains the proofs of our representation results (Theorems 1 and 2 and Proposition

7). Appendix A.2 contains the proofs of the remaining analysis.

A.1 Representation results

The proof of Theorem 1 is based on three key steps. We first provide two results regarding
variational preferences which will help isolate the set of structured models () in the main repre-
sentation (their proof is confined to the Online Appendix). Second, we provide a representation
for an unbounded and objectively @-coherent dominance relation 7Z* (Appendix A.1.1). Third,
we prove Theorem 1 (Appendix A.1.2). The proof of Theorem 2 and Proposition 7 instead is
presented as one result (Appendix A.1.3). In what follows, given a function ¢ : A x Q — [0, o0,
where () is a compact and convex subset of A7, we say that ¢ is variational (for the set Q) if ¢,
is grounded, lower semicontinuous, and convex and ¢ is well defined, grounded, lower semicon-
tinuous, and convex. The next two lemmas, proved in Appendix B.3, are key in characterizing

subjective and objective ()-coherence.

Lemma 5 Let - be a variational preference represented by V : F — R defined by

V<f>=min{/u<f)dp+c<p>} VfeF

pEA

and let p € A. If 7 is unbounded, then the following conditions are equivalent:

(i) c(p) = 0;
(i1) :L'?7 = f forall f € F;

(iii) for each f € F and for each x € X

:L'>x’; — x> f

Lemma 6 Let =~ be a variational preference represented by V : F — R defined by

PEA

vin-uin{ [onarem]  ver

If 7 is unbounded, then the following conditions are equivalent:
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(i) For each f,g € F
Q
f=9g = f~yg

(i) domc C A< (Q).

A.1.1 A Bewley-type representation

The next result is a multi-utility (variational) representation for unbounded dominance rela-

tions.

Lemma 7 Let 75* be a binary relation on F, where (S,%) is a standard Borel space. The

following statements are equivalent:

(1) 7=* is an unbounded dominance relation which satisfies objective Q-coherence;

(ii) there exist an onto affine function v : X — R and a variational ¢ : A x Q) — [0, 00] such
that dome (-, q) C A< (Q) for all ¢ € Q and

rztg e w{ funarcrab 2ol [uwd ool weo o

To prove this result, we need to introduce one mathematical object. Let >* be a binary
relation on By (X). We say that =* is convex niveloidal if and only if >* is a preorder that

satisfies the following five properties:

1. For each ¢,1 € By (X) and for each k € R

o= = o+k="Y+Ek

2. If 9,9 € By (¥) and {k,}, .y C R are such that k, T k and ¢ — k, =* ¢ for all n € N,
then ¢ — k =" 1);

3. For each ¢, € By (%)
p> = ="

4. For each k,h € R and for each ¢ € B, (%)

k>h = o+k>"p+h

5. For each ¢, 1, £ € By (X) and for each A € (0,1)

pr"Cand Y =" = Ap+ (1—-AN)p =" ¢
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Lemma 8 If 7—* is an unbounded dominance relation, then there exists an onto affine function
u: X — R such that
vty = u(r) Zu(y) (29)

Proof Since ~—* is a non-trivial preorder on F that satisfies c-completeness, continuity and
weak c-independence, it is immediate to conclude that ~—* restricted to X satisfies weak order,
continuity and risk independence.?® By Herstein and Milnor (1953), it follows that there exists
an affine function u : X — R that satisfies (29). Since 7* is a non-trivial c-complete preorder
on F that satisfies monotonicity, we have that 7—* is non-trivial on X. By Lemma 59 of Cerreia-
Vioglio et al. (2011b) and since 7* is non-trivial on X and satisfies unboundedness, we can

conclude that u is onto. [ ]

Since u is affine and onto, note that {u (f) : f € F} = By (X). In light of this observation,

we can define a binary relation =* on By (X) by
p =" = [ 2" g where u(f) = and u(g) =1 (30)

Lemma 9 If Z* is an unbounded dominance relation, then =*, defined as in (30), is a well
defined convex niveloidal binary relation. Moreover, if 2~* is objectively QQ-coherent, then ¢ g P

implies @ ~* ).

We confine the routine proof to the Online Appendix. The next three results (Lemmas 10
and 11 as well as Proposition 10) will help us representing >=*. This paired with Lemma 8 and

Proposition 11 will yield the proof of Lemma 7.

Lemma 10 Let =* be a convex niveloidal binary relation. If v € By (X), then U (¢) =
{p € By(X) : ¢ =" ¢} is a non-empty convex set such that:

1.4 eU(y);

2. if p € By (X) and {kn}, oy € R are such that k, Tk and ¢ — k, € U (¢) for all n € N,
then ¢ — k € U (¢);

8. if k>0, then ) —k & U (¥);

4. if o1 > 2 and @y € U (v), then o1 € U (),

33To prove that =* satisfies risk independence, it suffices to deploy the same technique of Lemma 28 of
Maccheroni et al. (2006) and observe that 7Z* is a complete preorder on X. This yields that

1 1 1 1
x~ty = §x+§z~* F¥t+ 32 Vze X

By Theorem 2 of Herstein and Milnor (1953) and since 7-* satisfies continuity, we can conclude that -* satisfies
risk independence.
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5. if k>0 and oy € U (V), then ps +k € U (¢).

Proof Since »=* is reflexive, we have that ¢ € U (¢), proving that U (1) is non-empty and
point 1. Consider ¢1,p2 € U (¢)) and A € (0,1). By definition, we have that ¢; =* ¢ and
w2 =* 7). Since =* satisfies convexity, we have that Ag; + (1 — A\) o =* 1), proving convexity
of U (¢)). Consider ¢ € By (3) and {k,}, oy € R such that &k, T k and ¢ — k, € U () for all
n € N. It follows that ¢ — k, =* ¢ for all n € N, then ¢ — k =* ¢, that is, p — k € U (v),
proving point 2. If £ > 0, then 0 > —k and ¢ =) +0 =" ¢ — k, that is, v — k € U (¢), proving
point 3. Consider ¢; > ¢y such that ¢y € U (1), then @1 =* ¢y and ¢y =* 9, yielding that
1 =* ¢ and, in particular, ¢ € U (¢)), proving point 4. Finally, to prove point 5, it is enough
to set ¢ = o + k in point 4. ]

Before stating the next result, we define few properties that will turn out to be useful later
on. A functional I : By (X) — R is:

1. a niveloid if I (¢) — I (V) < sup,eg (¢ (s) — ¢ (s)) for all p,9 € By (X);
2. normalized if I (k) = k for all k € R;**

3. monotone if for each ¢, 9 € By (X)
p> = I(p) 2 1(¥)
4. »* consistent if for each ¢, € By (%)
e = I(p) > 1(y)
5. concave if for each p,1) € By (X) and A € (0,1)
I+ (1 =XNY) =M (p)+ (1= 1)
6. translation invariant if for each ¢ € By (X)) and k € R

I{o+k)=1(p)+k

Lemma 11 Let =* be a convex niveloidal binary relation. If 1 € By (X), then the functional
I, : By (2) — R, defined by

Iy () =max{keR:p—keU(¥)} Vo € By (%)

34With the usual abuse of notation, we denote by k both the real number and the constant function taking
value k.
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is a concave niveloid which is >=* consistent and such that I, (¢) = 0. Moreover, we have that:
1. The functional I, = I, — I, (0) is a normalized concave niveloid which is =* consistent.

2. If =* satisfies
e A

then
77/)277/)/ — ]¢:I¢' andj¢:j¢/

We confine the routine proof of the previous lemma to the Online Appendix.

Proposition 10 Let =* be a binary relation on By (X). The following statements are equiva-

lent:
(i) =* is convex niveloidal;

(ii) there exists a family of concave niveloids {1,},. 4 on By (X) such that

o= Y = I,(p) > 1, (V) VaecA (31)

(111) there exists a family of normalized concave niveloids {I_a}aeA on By (X) such that

o= = I,(p) >1(¢y) VaecA (32)

Proof (iii) implies (i). It is trivial.

(i) implies (ii). Let A = By (X). We next show that

01 =" pr = Iy (1) > Iy (p2) Y € By (%)

where [, is defined as in Lemma 11 for all ¢ € By (X). By Lemma 11, we have that [, is >*
consistent for all ¢ € By (X). This implies that

017" 02 = Iy (1) > Iy (p2) Yo € By ()

Vice versa, consider o1, 9y € By (X). Assume that Iy, (¢1) > Iy (¢2) for all ¢ € By (X). Let
1) = ¢9. By Lemma 11, we have that I, (¢1) > I, (¢2) = 0, yielding that ¢1 > @1 —1I,, (1) €
U (p2). By point 4 of Lemma 10, this implies that ¢; € U (p9), that is, ¢1 =* ps.

(i) implies (iii). Given a family of concave niveloids {I.},. 4, define I, =1I,—1I,(0) for all
a € A. It is immediate to verify that I, is a normalized concave niveloid for all o € A. It is

also immediate to observe that

Ia (gOl) > Ia (QOQ) Va € A — Ia (@1) > ja (QOQ) Va e A
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proving the implication. [ |

Remark 1 Given a convex niveloidal binary relation =* on By (X), we call canonical (resp.,
canonical normalized) the representation {I;}, 5 < (resp., {1,} e BO(E)) obtained from Lemma
11 and the proof of Proposition 10. By the previous proof, clearly, {I,} PeBo(®) and {Iw} e Bo(E)
satisfy (31) and (32) respectively.

The next result clarifies what the relation is between any representation of >* and the
canonical ones. This will be useful in establishing an extra property of {Iw } VeBo(D) in Corollary
1.

Lemma 12 Let =* be a convex niveloidal binary relation. If B is an index set and {Jg}ﬁeB 18

a family of normalized concave niveloids such that

=" = Js(p) > Js(y) VBEB

then for each 1) € By (X)

Ly (p) = inf (J5(0) = Js (¥)) Ve € Bo(X) (33)
and
Iy () = Inf (J5(9) = J5 () + sup Js (¥) - Ve € By (T) (34)

Proof Fix ¢ € By (X) and ¢ € By (X). By definition, we have that
Iy(p) =max{keR: 9 —kecU (W)}

Since {J3} sep Tepresents =" and each Jp is translation invariant, note that for each k£ € R

p—kecUW) <= ¢o—k="V < Jg(p—k)>Js()) VBeB
= Jslp)—k>Js() VBEDB <= Jsg(p)—Js() >k VBEB
— ;gé(Ja(so)—Jﬁ(w))zk

Since ¢ — I, (¢) € U (¢), this implies that I, (¢) = infgep (Js(¢) — J5 (¢)). Since ¢ and
) were arbitrarily chosen, (33) follows. Since I, = I, — I, (0), we only need to compute
—1I,(0). Since each Jz is normalized, we have that —I, (0) = —infgep (Js(0) — J5(¢)) =
—infgep (—Jp (¢)) = supgep Jp (¥), proving (34). [ |

Corollary 1 If =* is a convex niveloidal binary relation, then Iy < I, for all ¢ € By ().
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Proof By Lemma 12 and Remark 1 and since each [ is a normalized concave niveloid, we
have that

I = inf (Iy (@) — Iy Iy (0) = inf Iy <1, By (T
o (¥) w,elgo(x)(w(so) MO)HWSEEE) w ()= Jof Ly(p) <Iy(p) Vo€ B (¥)

for all ¢ € By (), proving the statement. [ |

The next result will be instrumental in providing a niveloidal multi-representation of ~—*
when |@| > 2. In order to discuss it, we need a piece of terminology. We denote by V' the
quotient space By (X) /M where M is the vector subspace {gp EB(X):p £ 0}. Recall that
the elements of V' are equivalence classes [¢] with ¢ € By (X) where ¢/, 9" € [¢] if and only if
) Q )’ Q ", Recall that @ is convex.

Proposition 11 If (S,X) is a standard Borel space and |Q| > 2, then there ezists a bijection
f:V—-=aqQ.

The routine proof of the previous result is relegated to the Online Appendix. We next prove
our representation result for incomplete variational preferences.
Proof of Lemma 7 (ii) implies (i). It is trivial.

(i) implies (ii). Since ZZ* is a dominance relation, if |Q| = 1, that is @ = {q}, then Z* is
complete. By Maccheroni et al. (2006) and since /7* is unbounded, it follows that there exists

an onto and affine v : X — R and a grounded, lower semicontinuous and convex ¢; : A — [0, 00|
such that V' : F — R defined by

vin—unf [undran)  ver
represents 2-*. If we define ¢ : A x @ — [0, 00] by ¢(p,q) = ¢g (p) for all (p,q) € A x @, then
we have that c¢ is variational. By Lemma 6 and since 7=* is objectively Q-coherent, it follows
that dome (-, q) C A< (Q) for all ¢ € @, proving the implication. Assume || > 1. By Lemma
8, there exists an onto affine function u : X — R which represents ~* on X. By Lemma 9, this
implies that we can consider the convex niveloidal binary relation >=* defined as in (30). By
definition of »* and Proposition 10 (and Remark 1), we have that

fzrg = ulf) = ulg) < L (u(f) 21 (ulg) Y€ By (%)

where each I is a normalized concave niveloid. As before, consider V = By (X) /M where M
is the vector subspace {(p €EBy(X):p Q 0}. For each equivalence class [1], select exactly one
Y’ € By (X) such that ¢’ € [¢]. In particular, let /' = 0 when [¢)] = [0]. We denote this subset
of By (X) by V. Clearly, we have that

Ly (u(f) 2 Iy (u(g9) Yo €By(2) = Ly (ulf) 21y (ulg) YVoeV
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Vice versa, assume that I, (u (f)) > I, (u(g)) for all ¢» € V. Consider ) € By (). It follows
that there exists [¢)] in V such that RS [¢]. Similarly, consider ¢’ € V such that ¢/ € [¢]. Tt
follows that 1& Q /. By Lemmas 9 and 11 and since =* is objectively Q-coherent, then I, = fd,/,
yielding that I;; (u(f)) > I;; (u(g)). Since ¢ was arbitrarily chosen I, (u (f)) > I (u(g)) for all
1 € By (X). By construction, observe that there exists a bijection f : V — V. By Proposition
11, we have that there exists a bijection f : V — Q. Define f = f o f . By Corollary 1, if we
define fq = I:f_l(q) for all ¢ € @), then we have that ff(o) < fq for all ¢ € @ and

fzrg = L)) z1(ulg) YoeB (D) <= Iu(f) 21 (ulg) VeV
= 1, () 21 (ulg) Ye€Q

Since each fq is a normalized concave niveloid, we have that for each ¢ € () there exists a
function ¢, : A — [0, oo] which is grounded, lower semicontinuous, convex and such that

A

Lo =min{ [etrtam)  veen(E)

peEA
Define ¢ : A x Q — [0,00] by ¢(p,q) = ¢, (p) for all (p,q) € A x Q. Clearly, the g-sections of
¢ are grounded, lower semicontinuous and convex and (28) holds. By Lemma 6 and (28) and
since 7Z* is objectively @Q-coherent, it follows that domc (-, q) C A< (Q) for all ¢ € Q. Finally,
recall that

c(p,q) = sup {fq(w)—/sodp} VpeAVgeQ

wEBo(X)

Since .ff(o) < fq for all ¢ € @), we have that for each ¢ € Q)

~

¢(p, f(0)) = sup {jf(o) (90)—/90dp} < sup {Iq (@)—/sodp} =c(p,q) YpeA

pEBY(D) PEBo(T)

Since ¢ (-, f (0)) is grounded, lower semicontinuous and convex and f (0) € @, this implies that
co () =mingegc(-,q) =c¢ (‘, f (0)) is well defined and shares the same properties, proving that

¢ 1s variational. [ |

A.1.2 Proof of Theorem 1

(i) implies (ii). We proceed by steps. Before starting, we make one observation. By Lemma
7 and since 7Z* is an unbounded dominance relation which is objectively (-coherent there
exist an onto affine function v : X — R and a variational ¢ : A x @ — [0,00] such that
dome (-, q) € AS(Q) for all ¢ € @ (in particular, domcg () € Ugegdome (-, q) € AS(Q))
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and

rzg = min{ [udp e} znin{ [u@drcoaf weo

peEA

We are left to show that c¢g : A — [0, 00] is such that

rroemnf [unirao) zm{ [vwpree) o)
PEA pEA

and cél (0) = Q. To prove this we consider ¢ as in the proof of (i) implies (ii) of Lemma 7. This

covers both cases |Q| = 1 and |Q| > 1. In particular, for each ¢ € Q define I, : By (£) — R by

I, (¢) Zmin{/wde(p,q)} Vo € By (%)

pEA

A

and recall that there exists (= f (0) € Q when |Q| > 1) such that ¢ (-, §) < ¢(-,q), thus I; < I,
for all ¢ € Q.

Step 1. 77 agrees with =* on X. In particular, u: X — R represents 72* and 7.

Proof of the Step Note that —* and - restricted to X are continuous weak orders that satisfy
risk independence. Moreover, by the observation above, 7=* is represented by u. By Herstein
and Milnor (1953) and since 77 is non-trivial, it follows that there exists a non-constant and
affine function v : X — R that represents 7~ on X. Since (2Z*, 7) jointly satisfy consistency, it
follows that for each x,y € X

u(z) >u(y) = v() >v(y)

By Corollary B.3 of Ghirardato et al. (2004), u and v are equal up to an affine and positive

transformation, hence the statement. We can set v = u. Il

Step 2. There exists a normalized, monotone and continuous functional I : By (¥) — R such
that

fZge=1(u(f) =1(ulg)

Proof of the Step By Cerreia-Vioglio et al. (2011a) and since 7 is a rational preference relation,
the statement follows. O
Step 3. I () < infyeq I, () for all ¢ € By (%).

Proof of the Step Consider ¢ € By (X). Since each fq is normalized and monotone and u is
onto, we have that I, (¢) € [infyes ¢ (s),sup,cs @ (s)] € Imu for all ¢ € Q. Since p € By (2), it
follows that there exists f € F such that ¢ = u(f) and = € X such that u (z ) — infyeq 1, ((p)
For each ¢ > 0 there exists z. € X such that u (z.) = u (z) + €. Since inf,cq I, (¢) = u(x), i
follows that for each & > 0 there exists ¢ € Q such that I, (u (f)) = I, (¢) < u(z.) = I, (u (z )),
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yielding that f 7* x.. Since (=Z*, ) jointly satisfy caution, we have that x. 7~ f for all ¢ > 0.
By Step 2, this implies that

u(e) +e=u(re) =1I(u(ze)) = I(u(f)) =1(p) Ve>0

that is, inf,eq I, () = u (x) > I (), proving the step. O

Step 4. I(p) > infyeq I, () for all ¢ € By (%).
Proof of the Step Consider ¢ € By (X). We use the same objects and notation of Step 3. Note
that for each ¢’ € Q

Iy () = Iy () 2 L I, (9) = (@) = Iy (u @)

that is, f 72" x. Since (2%, ) jointly satisfy consistency, we have that f >~ x. By Step 2, this

~ )~

implies that
I(p) =T (u(f)) = I (u(x)) =u(z)=inf ()

proving the step. Il

Step 5. 1 (¢) = minyea { [ @dp + co (p)} for all ¢ € By (2).
Proof of the Step By Steps 3 and 4 and since fq < fq for all ¢ € @), we have that

I(g) =minl, (¢) = [(¢) Y9 € Bo(D)

Since ¢ (-, §) = cg (-), it follows that for each ¢ € By (¥)

I(p) = I3 () Zmin{/sodp+c(p,d)} Zggg{/wdpﬂ@(p)}

pEA

proving the step. O

Step 6. cél 0) = Q.
Proof of the Step By Steps 2 and 5, we have that V' : 7 — R defined by

pPEA

v =mig [utr)dp+co )

represents 2. By Lemma 5 and since 77 is subjectively ()-coherent and cg is well defined,
grounded, lower semicontinuous and convex, we can conclude that cél 0) = Q. 4

Thus, (35) follows from Steps 2 and 5 while, by Step 6, cél (0) = Q. This completes the
proof.

(ii) implies (i). It is routine.
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Next, assume that c¢ is uniquely null. Define the correspondence I' : ) = () by

I'(q)={peA:c(p,q) =0} =argming,

Since ¢ < ¢, for all ¢ € Q and cél (0) = @, we have that I is well defined. Since ¢, is grounded,
it follows that I' (¢) # () for all ¢ € Q. Since ¢ is uniquely null and ¢, is grounded, we have that

;" (0) is a singleton, that is,

cpg)=c(p,q)=0=p=yp

This implies that I" (¢) is a singleton, therefore I is a function. Since cél (0) = @, observe that

Ugeol (¢) = Ugeg argmin ¢, = argmincg = @

that is, I' is surjective. Since c is uniquely null, we have that ¢, 1(0) is at most a singleton, that
is,

cp,q)=c(p,d)=0 = q¢=¢
yielding that I" is injective. To sum up, I' is a bijection. Define ¢ : A x @ — [0,00] by
¢(p,q) = c(p, Tt (q)) for all (p,q) € AxQ. Note that ¢ (-, q) is grounded, lower semicontinuous,

convex and dom¢é (-, q) € A<(Q) for all ¢ € @ and dom ég () € A< (Q). Next, we show that
Cg = cq. Since cq is well defined, for each p € A there exists ¢, € @) such that

¢(p, I (gp) =c(p,ap) = géigc(p, q) <cp.qd)=¢mT(d) YidecQ

Since I is a bijection, we have that ¢ (p,I'(g,)) < ¢(p,q) for all ¢ € Q). Since p was arbitrarily

chosen, it follows that

cq(p) =minc(p,q) =¢(p,T'(g)) =minc(p,q) =co(p) VpeA
To sum up, ¢g = c¢g and Eél (0) = cél (0) = Q. In turn, since ¢q is grounded, lower semicon-
tinuous and convex, this implies that ¢g is grounded, lower semicontinuous and convex. Since
I is a bijection, we can conclude that (12) holds with ¢ in place of ¢ and (13) holds with ¢g in
place of cq.

We are left to show that ¢ (p, ¢) = 0 if and only if p = ¢. Since ¢;* (0) is a singleton for all
q € Q and T is a bijection, if ¢ (p,q) = 0, then ¢ (p,'" (¢)) = 0, yielding that p = T'(I'"! (¢)) =
q. On the other hand, ¢(q,q) = ¢(¢,T' (q)) = 0. We can conclude that ¢ (p, ¢) = 0 if and only
if p = ¢, proving that ¢ is a statistical distance for Q). |
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A.1.3 Proof of Theorem 2 and Proposition 7

Proof of Theorem 2 We only prove (i) implies (ii), the converse being routine.?> We proceed
by steps.

Step 1. g, agrees with g, on X for all Q,Q' € Q. In particular, there exists an affine and
onto function u: X — R representing ¢, for all Q € Q.

Proof of the Step Let Q,Q" € Q be such that @) 2 @'. Note that 7 and Zg,, restricted to
X, satisfy weak order, continuity and risk independence. By Herstein and Milnor (1953) and
since ¢, and 7, are non-trivial, there exist two non-constant affine functions ug, ug : X — R
which represent ¢, and ¢, respectively. Since {EJ*Q} 0co is monotone in model ambiguity,

we have that
uq (v) > ug (y) = uq (z) > ug (y)

By Corollary B.3 of Ghirardato et al. (2004), ug and ug are equal up to an affine and positive
transformation. Next, fix § € A?. Set u = ug. Given any other ¢ € A%, consider @ € Q such
that Q D {q, q}. By the previous part, it follows that ug, ug and ug are equal up to an affine
and positive transformation. Given that ¢ was arbitrarily chosen, we can set u = u, for all
g € Q. Similarly, given a generic @ € Q, select ¢ € Q. Since @ O {q¢}, it follows that we can
set u = ug. Since each 7, is unbounded for all @ € Q, we have that u is onto. O

Step 2. For each q € A there exists a normalized, monotone, translation invariant and concave
functional 1, : By (¥) — R such that

fZe9= 1y (u(f)) = Iy (u(g)) (36)

Moreover, there exists a unique grounded, lower semicontinuous and convex function c,: A —
[0, 00] such that

Lo =nig{ [eite,}  voem) @

Proof of the Step Fix ¢ € A°. Since Z; is an unbounded dominance relation which is complete,
we have that 77 is a variational preference. By the proof of Theorem 3 and Proposition 6 of
Maccheroni et al. (2006) and Step 1, there exists an onto and affine function u, : X — R,
which can be set to be equal to u, and, given u, a unique grounded, lower semicontinuous and

convex function ¢, : A — [0, 0] such that (37) and (36) hold. O

Define ¢ : A x A? — [0, 00| by ¢(p,q) = ¢, (p) for all (p,q) € A x A”.
Step 3. For each Q) € Q we have that f ¢ g if and only if f 2, g for all q € Q. In particular,

35The only exception is the proof that the representation implies subjective Q-coherence. This is a consequence
of Theorem 2.4.18 in Zalinescu (2002) paired with Lemma 32 of Maccheroni et al. (2006).
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we have that

ris = ] fudrceofzunf [updrcva) wee oy

peEA

Proof of the Step Fix ) € Q. Since { is monotone in model ambiguity, we have that

NQ}QQ
fZo9 = fz,9 Vg € Q

Since {NQ} geo is @-separable, we can conclude that f ¢, g if and only if f =7 g for all ¢ € Q.
By Step 2 and the definition of ¢, (38) follows. O

Step 4. =5 agrees with Zq on X for all Q € Q. Moreover, Zq is represented by the function
u of Step 1.

Proof of the Step Fix Q € Q. Note that 7 and Zq, restricted to X, satisfy weak order,
continuity and risk independence. By Herstein and Milnor (1953) and since >Q is non-trivial,
there exists a non-constant affine function vg which represents Zq. By Step 1, ¢, is represented

by w. Since (NQ, NQ) jointly satisfy consistency, it follows that for each z,y € X

u(z) 2 u(y) = vq () = vq (y)

By Corollary B.3 of Ghirardato et al. (2004), v and u are equal up to an affine and positive

transformation. So we can set vy = u, proving the statement. O

Step 5. For each QQ € Q we have that
o . . S .
fZaeg = ;gg{/U(f)der;gCEC(p,q)} _;gg{/u(g)dﬁ;gcff(p,q)} (39)

Proof of the Step Fix () € Q. By Cerreia-Vioglio et al. (2011a) and since ¢ is a rational pref-
erence relation, there exists a normalized, monotone and continuous functional I : By (¥) — R
such that

fZeg = Io(u(f)) = Ig (u(g)) (40)

By the same arguments in Steps 3 and 4 of Theorem 1, we have that Ig = inf,cq I, yielding
that

Ig () Z;ggrlgg{/wdww(p?q)} = ;ggggg{/soderC(p,q)}
= inf inf {/(pdp—i—c(p,q)} = inf {/cpdp—i— infc(p,q)} Vo € By (%)
PEA qeQ

PEA geQ

By (40), this implies that (39) holds. O
Step 6. c¢(p,q) =0 if and only if p = q.
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Proof of the Step By Steps 2 and 5, we have that 77 coincides with 27, on F for all ¢ € A?. By

Lemma 5 and since 7, is subjectively {q}-coherent, we have that argminc (-, q) = argminc, =

{q}. O
Step 7. domce (-, q) C A< (q) C AS(Q) for all ¢ € Q and for all Q € Q.

Proof of the Step By the previous part of the proof, we have that 77} coincides with =, on F
for all ¢ € A?. By Lemma 6 and since 7} is objectively {q}-coherent, we can conclude that

dome (-, q) C A< (q) CAS(Q) for all ¢ € @ and for all Q € Q. O

Step 8. c is jointly lower semicontinuous.
Proof of the Step Define the map J : By (X) x A — R by J(p,q) = I,(p) for all ¢ € Q.
Observe that, for each (p,q) € A x A,

¢(p,q) =cq(p) = S {Iq () — / wdp} = s {J (p,q) — / wdp} (41)

We begin by observing that J is lower semicontinuous in the second argument. Note that for
each ¢ € By (X) and for each g € A

J(p,q) =1,(p) =u(zysy) where f € Fisst. o =u(f)

Fix ¢ € By (X) and t € R. By the axiom of lower semicontinuity, the set
{ee A" J(pq) <t} ={g€ A7 ru(2) 2 u(eg)} = {q € A7 1o ] wpy}

is closed where z € X and f € F are such that u (x) =t as well as u (f) = ¢. Since ¢ and t were
arbitrarily chosen, this yields that J is lower semicontinuous in the second argument. Since
J is lower semicontinuous in the second argument, the map (p,q) — J (¢, q) — [ ¢dp, defined
over A x A’ is jointly lower semicontinuous for all ¢ € By (X). By (41) and the definition of

¢, we conclude that c is jointly lower semicontinuous. O

Step 1 proves that u is affine and onto. Steps 2, 6, 7 and 8 prove that c is a jointly lower
semicontinuous divergence. Steps 1, 3, 5 and 8 yield the representation of 27, and ¢ for all
Q) € Q. As for uniqueness, assume that the function ¢ : A x A7 — [0, 0o] is a divergence which
is jointly lower semicontinuous and that represents ¢, and Zq for all Q € Q. By Proposition
6 of Maccheroni et al. (2006) and since Imu = R and 2} is a variational preference for all
q € A%, it follows that ¢ (-,q) = ¢ (-, q) for all ¢ € A7, yielding that ¢ = ¢. [ |
Proof of Proposition 7 We only prove (i) implies (ii), the converse being routine. We keep
the notation of the previous proof. Compared to Theorem 2, we only need to prove that c is

jointly convex. By Lemma 2, this will yield that ¢ is variational. Fix ¢ € By (%), q,¢' € A°

40



and A € (0,1). By model hybridization aversion and since u is affine, we have that

J ((,D, /\q + (1 - )\) q’) =u (If,Aq—i-(l—)\)q’) <u ()\ZL’ﬁq + (1 - )\) [L’ﬁq/)
= () + (L= AN ulzrg) =M (p,9) + (1=A) T (¢,¢)

where f € F is such that u (f) = ¢. Since ¢, ¢, ¢' and \ were arbitrarily chosen, this yields
that J is convex in the second argument. Since J is convex in the second argument, the map
(p,q) — J(p,q) — [ @dp, defined over A x A7, is jointly convex for all ¢ € By (X). By (41)

and the definition of ¢, we conclude that ¢ is convex, proving the implication. |

A.2 Other proofs

Proof of Proposition 3 Note that c(-,q) = ADy (+||¢) is Shur convex (with respect to ¢) for
all ¢ € Q. Consider A, B € ¥. Assume that ¢ (A) > ¢(B) for all ¢ € Q. Let ¢ € Q. Consider
x,y € X such that x > y. It follows that

[rtweando= [t i

for each v : R — R increasing and concave. By Theorem 2 of Cerreia-Vioglio et al. (2012) and

since ¢ was arbitrarily chosen, it follows that

win { [ wteay) do+ 3D Gl ) 2 min{ [ waBy) p+ 20 G0} e

peEA

yielding that x Ay 72* By and, in particular, zAy =~ xBy. [ |
Proof of Proposition 4 We prove the “only if’, the converse being obvious. Define >*
by f 2* g if and only if [ (f)dg > [wu(g)dq for all ¢ € Q. By hypothesis, the pair (Z*, )
satisfies consistency. Let f Z* x. Then, there exists ¢ € @ such that u(z%) = [u (f)dg < u ().
Hence, = » m?c. Since cél (0) = @, by Lemma 5 we have that x > f. So, the pair (=*,7)

satisfies default to certainty. By Theorem 4 of Gilboa et al. (2010), this pair admits the

representation
fZ2rg= /U(f)dqz /U(g)dq Vg€ Q

and

fzg@%/uu)dqzmm/u(gmq

qeQ
Note that, in the notation of Gilboa et al. (2010), we have C' = @) because C' is unique up to

closure and convexity and () is closed and convex. |
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Proof of Proposition 5 For each ¢ € ) define [, : By (£) — R by

L =mip{ [edr e} voe B

pEA

Recall that f »* ¢ if and only if for each h,l € F there exists € > 0 such that
(1—=0)f+dh>="(1—-0)g+dl  ¥Yoe€][0,¢] (42)

Moreover, given h € F, define kj, = infsesu (h(s)) and k" = sup,cqu (h (s)).

“Only if.” Assume that f »* g. Let £ > 0. Consider u (z) = k; — € and u (y) = k9 +£. By
definition, there exists ¢ > 0 such that (1 —9) f + 0z >* (1 —0) g+ dy for all § € [0,¢]. Note
that for each ¢ € @ and for each ¢ € [0, 1]

I, (u (L= 8) £ +62)) = I, (1 = 6)u (/) + 6u (@) = I, (u () = Su(f) + du (x))
< 1, (u(f) — Sky + 8 (ky —£)) = I, (u(f)) — 62

and

I (u((1=06)g+6y)) = I, (1 = 6)u(g) +du(y)) = I, (u(g) — du(g) + ou(y))
> Iy (u(g) — 0k + 6 (kY +€)) = I, (u(g)) + 0¢

g (u(f)) =1y (u(g)) =206 > Iy (u((1 = 6) f + 6x)) — Iy (u((1 = 6) g +dy)) = 0

If we set § =¢ > 0, then I, (u(f)) > I, (u(g)) + 2¢¢ for all ¢ € @, proving the statement.

“If.” Let f,g € F. Assume there exists ¢ > 0 such that I, (u(f)) > I, (u(g)) + ¢ for all
q € Q. Consider h,l € F. Note that for each g € Q) and for each ¢ € [0, 1]

I, (u (1= 8) f +6h)) = I, ((1— ) (f) + du (b)) = I, (u(f) — 6 (f) + du ()
() + 6 (u(h) = u(f)

> I, (w(f)+6 (ko — k) =1, (w(f) + 6 (kn — k)

and
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It follows that for each g € @ and for each ¢ € [0, 1]

Iy (u((1=08) f 4+ 6h)) — Iy (u((1 = 6) g+ 1)) > I, (u(f)) + 6 (kn — k') — I, (u(g)) — 0 (K" — ky)
> e+ 0¢

where é =k, — kT — k!l + k4. We have two cases:

1. £ >0. In this case, I, (u ((1 = 0) f +h)) — I, (u((1 — &) g+ 1)) > 0 for all 6 € [0,1] and
all ¢ € Q, proving (42).

2. € <0. In this case, I, (u ((1 = 98) f +h))—1, (u((1 —5) g+ dl)) > 0 for all 6 € [0, —¢/2¢]
and all ¢ € Q, proving (42).

This completes the proof of the result. ]

Proof of Lemma 4 “If.” Given ¢ € Q, if ¢(p,q) = oo for all p ¢ @, then c¢g (p) = oo for all
p ¢ Q. Since cg (p) = 0 for all p € @), we conclude that cg (p) = dg (p) for all p € A. “Only
if.” Conversely, for each ¢ € @ we have that ¢ (p, q) > cg (p) = 0¢ (p) = oo for all p ¢ Q. [ |
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B Online Appendix

B.1 Statistical distances and divergences

We begin by proving Lemma 1. We then move to Lemma 2.

Proof of Lemma 1 Let ¢ be a variational statistical distance for Q). If ¢ € @, then 0 <
co(q) <c(g,q) =0andsoqe cél (0), proving that @ C cél (0). As to the converse inclusion,
let p € cél (0), so that ming,eq c(p,q) = cg (p) = 0. It follows that there exists ¢, € @ such
that ¢ (p, ¢,) = mingeq ¢ (p,q) = 0. Since ¢ is a statistical distance for @), p = ¢, and so p € Q.
We conclude that ¢! (0) = Q. [ |

In order to prove Lemma 2, we substantially need to prove that the function cg : A —
[0, 00], defined by cg (p) = mingeq c(p, ¢), is well defined, grounded, lower semicontinuous and
convex. This fact follows from the following version of a well known result (see, e.g., Fiacco
and Kyparisis, 1986).

Lemma 13 Let () be a compact and convex subset of A?. If ¢ : A x @ — [0,00] is a lower
semicontinuous and convez function such that there exist p € A and § € Q such that ¢ (p,q) =0,
then cg : A — [0,00] defined by

co (p) = minc(p,q) Vp € A
q€Q

1s well defined, grounded, lower semicontinuous and convez.

Proof Since c is lower semicontinuous and () is non-empty and compact, cq is well defined.
Moreover, we have that 0 > ¢ (p,q) > cg (p) > 0, proving that cg is grounded. Even though
¢ (p, q) might be oo for some (p,q) € A x @, by the same proof of the Maximum Theorem (see,
e.g., Lemma 17.30 in Aliprantis and Border, 2006), it follows that c¢ is lower semicontinuous.
If p1,pe € A, then define ¢;, g2 € @ to be such that

c(p1,q1) =mine(p1,q) = cg (p1) and ¢ (p2,¢2) = minc(ps, q) = cg (p2)
qeQ q€Q

Consider A € (0,1). Define py = Ap1 + (1 —A)p2 and ¢x = As + (1 — X\) 2 € Q. Since c is
jointly convex, it follows that
cq (px) = rflréicrglc(px,q) <c(pr ) < Ac(pr, @) + (1= A) e (p2, ¢2)

= Acq (p1) + (1 = A) cq (p2)

proving convexity. |

Proof of Lemma 2 We first prove the “If” part. Since c¢(q,q) = 0 for all ¢ € @ and ¢ is

lower semicontinuous and convex, we have that ¢, = ¢ (-, ¢) is grounded, lower semicontinuous
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and convex for all ¢ € ). By assumption ¢ (p,q) = 0 if and only if p = ¢, it follows that c is
a statistical distance for (). By Lemma 13 and since () is compact and convex and c is jointly
lower semicontinuous and convex and such that ¢ (¢, q) = 0forall ¢ € @, then cg : A — [0, 00] is
well defined, grounded, lower semicontinuous and convex, proving c is a variational statistical
distance for ). As for the “Only if” part, it is trivial since a statistical distance for @, by
definition, satisfies (6). |

We next prove a more complete version of Lemma 3.3 A piece of notation: we write p ~ Q

if there exists a control measure ¢ € () such that p ~ ¢.37

Lemma 14 Let (Q be a compact and conver subset of A”. A restricted ¢-divergence Dy :

A X Q — [0,00] is a variational divergence for Q). Moreover,
(i) if ¢ € Q, then Dy (+||q) : A — [0, 00] is strictly convex;
(it) if pe A% and p ~ Q, then Dy (p||-) : Q — [0, 00] is strictly conver.

Proof It is well known that on A x A? the function D, is jointly lower semicontinuous and

convex and satisfies the property

Dy (pllg) =0 <= p=g¢q

The same properties are preserved by D, restricted to A x (). By Lemma 2, it follows that
Dy : A xQ — [0,00] is a variational statistical distance for ¢). Finally, by definition, we have
that Dy (p||q) = oo whenever p € A? (¢), yielding that it is a variational divergence for (). We
next prove points (i) and (ii).

(i). Consider ¢ € Q. Let p/,p” € A and a € (0,1) be such that p’ # p” and Dy(ap’ +
(1 —a)p"|lqg) < oco. If either Dy (p'||q) or Dy (p”||q) are not finite, we trivially conclude that
Dy(ap’ + (1 —a) p"|lg) < 0o = aDy (p'||lg) + (1 — &) Dy (p"]|q). Let us then assume that both
Dy (P'||q) and Dy (p"||q) are finite. By definition of Dy and since A? (¢) is convex, this implies
that p/,p" € A7 (q) as well as ap’ + (1 — a) p” € A% (¢q). Since p’ and p” are distinct, we have
that dp’/dq and dp”/dq take different values on a set of strictly positive g-measure: call it S,

Since ¢ is strictly convex, it follows that

o (L @+1-0% ) <ao(L9) +1-a)0 (% () wes

36Though a routine result, for the sake of completeness, we provide a proof since we did not find one allowing
for S being infinite (see Topsoe, 2001, p. 178 for the finite case).

3T A probability ¢ € Q is a control measure of Q if ¢ < ¢ for all ¢ € Q. When @ is a compact and convex
subset of A%, @ has a control measure (see, e.g., Maccheroni and Marinacci, 2001). Such a measure might
not be unique, yet any two control measures of () are equivalent. So, the notion p ~ @ is well defined and
independent of the chosen control measure.

47



By definition of Dy, this implies that

Dy (o' + (1 — ) p"lg) = / s

We conclude that Dy (+||q) : A — [0, 00] is strictly convex.
(ii). Before starting, we make three observations.
a. Since () is a non-empty, compact and convex subset of A, note that there exists ¢ € @

such that ¢ < ¢ for all ¢ € ). Since p ~ @), we have that p ~ g. This implies also that ¢ < p
for all ¢ € Q.

b. If ¢ ~ p, then (dp/ dq)_1 is well defined almost everywhere (with respect to either p or q)
and can be chosen (after defining arbitrarily the function over a set of zero measure) to be the
Radon-Nikodym derivative dq/dp.

c. Since ¢ is strictly convex, if we define ¢* : (0,00) — [0,00) by ¢* (z) = z¢ (1/x) for all
x > 0, then also ¢* is strictly convex. By point b, if p € A and ¢ € @ are such that p ~ ¢ and
we define p = dp/dq, then p({p =0}) =0=¢q({p =0}) and

Dy (pllg) = /S¢ <Z_§) dg = /{p:o} ¢ (3—5) dq + /{M} ¢ (%) dq
1 _(dq)\ d
- /{p>0} ® (%)_1 ta = /{p>0} ¢ (d_;])) d_]q)dq

q
d
L)
{p>0} D

We can now prove the statement. Let ¢',¢” € @ and a € (0,1) be such that ¢ # ¢’
and Dy (p||ag’ + (1 — «) ¢") < oco. If either Dy (p||¢’) or Dy (p||¢”) are not finite, we trivially
conclude that Dy (pllag + (1 —a)q") < oo = aDy(p|l¢') + (1 —«) Dy (p||l¢”). Let us then
assume that both D, (p||¢’) and D, (p||¢”) are finite. By definition of D,, we can conclude that
p < ¢ and p < ¢”. By point a, this yields that ¢ ~ p ~ ¢” and p ~ a¢’' + (1 — a) ¢”. Since
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¢ and ¢" are distinct, we have that dq’/dp and dq” /dp take different values on a set of strictly

positive p-measure. By point ¢, we have that

(frrstiman o) (2 -o]) o (o) -

Thus, by point ¢ and since dq’/dp and dq”/dp take different values on a set of strictly positive

p-measure and ¢* is strictly convex, there exists a p-measure 1 set S such that
dlagd + (1 —a)q”
Dy pllad + (1= )g’) = [ (HLEE=T) g

cofr () fo ()

= aDy (pllg') + (1~ a) D, (pla")

proving point (ii).

B.2 Non-convex set of structured models

Let us consider two decision makers who adopt criterion (16), the first one posits a, possibly
non-convex, set of structured models () and the second one posits its closed convex hull o Q).
So, the second decision maker considers also all the mixtures of structured models posited by
the first decision maker. Next we show that their preferences over acts actually agree. It is
thus without loss of generality to assume that the set of posited structured models is convex,
as it was assumed in mostly of the main text. Before doing so we prove formula (17). Observe

that given a compact subset () C A%, be that convex or not, we have

min{/ﬂ(f)dprMqréigR(pIIQ)} =minmin{/U(f)dp+AR(pIIQ)}

pEA PEA ¢€Q

= minmin{/u(f) dp+AR(pIIQ)}

qeQ peA

- (o)

where ¢, (t) = —e 3" for all t € R where A > 0.

Proposition 12 If Q) C A% is compact, then for each f € F

min{/u(f)dpjt)\lg‘éiél}%(qu)} —Iprgg{/u<f)dp+Aqrexg%R(qu)}

pEA
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Proof First observe that co@ C A?. Indeed, since () is a compact subset of A, the set
function v : ¥ — [0, 1], defined by v (£) = ming,qq(E) for all £ € ¥ is an exact capacity
which is continuous at S. This implies that () C corerv C A?, yielding that co () C corev C A°.

Given what we have shown before we can conclude that

gg{/uuww+A%ngmﬁ=mmwf(/¢uuu»@)
o' (aiy ([ or 0 an))
— (Je% (/ @ ))

= rergg%% (/@ (U(f))dq)

:ggg{/u(f)derAqrenciorbR(qu)}

proving the statement. |

B.3 Main theorems: ancillary results

We begin by proving the two ancillary variational lemmas.

Proof of Lemma 5 We actually prove that (i)==(ii)<=-(iii), with equivalence when - is
unbounded.

(i) implies (ii). Let f € F. It is enough to observe that ¢ (p) = 0 implies

V) =u (o) = [undpew)zmipd [unaprem}=vin

yielding that x = f.

(ii) implies (iii). Assume that ZL'Z; = ffor all f € F. Since 7 is complete and transitive, it
follows that if x > x?, then z > f.

(iii) implies (ii). By contradiction, suppose that there exists f € F such that f >~ xfc. Let
xy € X be such that zy ~ f. This implies that z; > x’]’c and so xy > f, a contradiction.

(ii) implies (i). Let 7 be unbounded. Assume that x‘fc = fforall feF ie, V(f) <
Ju(f)dp for all f € F. So, p corresponds to a SEU preference that is less ambiguity averse
than 2Z. By Lemma 32 of Maccheroni et al. (2006), we can conclude that ¢ (p) = 0. [ |
Proof of Lemma 6 We begin by observing that in proving the two implications, () being

either compact or convex plays no role.

(i) implies (ii). Let p € A\A<(Q). It follows that there exists A € ¥ such that ¢(A4) =0
for all ¢ € Q as well as p (A) > 0. Define I : By (X) — R by I (¢) = minyea { [ ¢dp + ¢ (p)} for
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all ¢ € By (X). Since u is unbounded, for each A € R there exists ) € X such that u (x)) = A.
Similarly, there exists y € X such that u(y) = 0. For each A € R define f, = z),Ay. By
construction, we have that f, Q y for all A € R. This implies that I (Al4) =V (f\) =V (y) =
I(0) =0 for all A € R. By Maccheroni et al. (2006) and since u is unbounded, we have that

cp)= sup ){f (9) = [ o} = sup {7 (01 = M ()} = o

pEB(XZ AER

Since p was arbitrarily chosen, it follows that dom ¢ C A< (Q).
(ii) implies (i). Assume that domc¢ C A< (Q). If f e g, then u (f) £ u(g). This implies
that u (f) £ u (g) for all p € A<(Q) and, in particular,

vin—mpd [unipcw}= min e

peEA PEAS(Q
peglg(lQ){/U(g) p+0(p)} Iprgg{/U(g) p+0(p)} (9)
proving that f ~ g. ]

Proof of Lemma 9 We begin by showing that >* is well defined and does not depend on the
representing elements of 1) and ¢. Assume that f1, f2, g1,92 € F are such that u (f;) = ¢ and
u(g;) = for all ¢ € {1,2}. It follows that u (f1 (s)) = u(f2(s)) and u (g1 (s)) = u (g2 (s)) for
all s € S. By Lemma 8, this implies that fi (s) ~* f2(s) and g1 (s) ~* g2 (s) for all s € S. Since
~* is a preorder that satisfies monotonicity, this implies that f; ~* fs and g; ~* g5. Since Z=*

is a preorder, if fi =* g1, then
LT hZ gl g = foZ g

that is, f1 =" g1 implies fo =* go. Similarly, we can prove that fo =* g implies f1 =* ¢1.
In other words, f; 7* ¢1 if and only if fy =* go, proving that =* is well defined and does not
depend on the representing elements of ¢/ and . It is immediate to prove that >* is a preorder.

We next prove properties 1-5.

1. Consider ¢, € By (X) and k € R. Assume that ¢ =* ¢. Let f,g € F and z,y € X be
such that u (f) = 2p, u(g) = 2¢, u(x) = 0 and u (y) = 2k. Since u is affine, it follows
that

u(%f+%m) :%u(f)jL%u(a:):sOi*fﬂ

— 5000+ gu) = 30+ 3]

1

proving that % f+ %x Zr 59+ %x Since 7~* satisfies weak c-independence and wu is affine,
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we have that 1f + 1y =* 19 + 1y, yielding that

1 1 1. 1Y\ . /1 1
g0+k:§u(f)+§u(y):u<§f+§y> = u<§g+§y>
1

= Jule) + quly) =+ k

2. Consider ¢, € By (X) and {k,}

We have two cases:

C R such that k, T k and ¢ — k,, =* ¢ for all n € N.

neN

(a) k> 0. Consider f,g,h € F such that

u(f)=p,u(g) =¢—kandu(h)="1

Since k > 0 and k, T k, there exists n € N such that k, > 0 for all n > n. Define
A =1 —k,/k for all n € N. It follows that A, € [0,1] for all n > 7. Since u is

affine, for each n > n
UM f + (1 =A)g) = Au(f) + (1= A)u(g) =9 —kn =" ¢ =u(h)

yielding that A, f 4+ (1 — A,) g Z* h for all n > n. Since 7Z* satisfies continuity and
An — 0, we have that g =—* h, that is,

p—k=u(g) =" u(h) =1

(b) k£ < 0. Since {ky}, .y is convergent, {k,}, .y is bounded. Thus, there exists h > 0
such that k, + h > 0 for all n € N. Moreover, k, +h T k+ h > 0. By point 1, we
also have that ¢ — (k, +h) = (¢ — k,) — h =* ¢ — h for all n € N. By subpoint a,
we can conclude that (p — k) —h = ¢ — (k+ h) =* ¢» — h. By point 1, we obtain
that ¢ — k =" 1.

3. Consider p,9 € By (X) such that ¢ > 1. Let f,g € F be such that u(f) = ¢ and
u(g) = 1. It follows that u (f (s)) > u(g(s)) for all s € S. By Lemma 8, this implies
that f(s) zZ* g (s) for all s € S. Since ~—* satisfies monotonicity, this implies that f 7* g,

yielding that ¢ = u (f) =* u(g) = ¥.

4. Consider k,h € R and ¢ € By (X). We first assume that £ > h and £ = 0. By point
3, we have that ¢ = ¢ +k =* ¢ + h. By contradiction, assume that ¢ #* ¢ + h. It
follows that ¢ ~* p+h, yielding that I = {w € R : ¢ ~* ¢ + w} is a non-empty set which
contains 0 and h. We next prove that [ is an unbounded interval, that is, I = R. First,

consider wy,ws € I. Without loss of generality, assume that w; > ws. By point 3 and
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since wy, we € I, we have that for each A € (0,1)
e p4+w = o+ Awr+ (1 =Nw) =" p+w, =" ¢

proving that ¢ ~* ¢ + (Awy + (1 — A\) we), that is, Aw; + (1 — AN we € I. Next, we
observe that I N (—00,0) # 0 # I N (0,00). Since h € I and h < 0, we have that
I'N(—00,0) # 0. Since I is an interval and 0,k € I, we have that h/2 € I. By point 1
and since ¢ ~* ¢+ h/2, we have that ¢ — h/2 ~* (¢ + h/2) — h/2 = ¢, proving that 0 <
—h/2 € IN(0,00). By definition of I, note that if w € I\ {0}, then ¢ +w ~* ¢. By point
1 and since w/2 € I and =* is a preorder, we have that (¢ +w) +w/2 ~* o +w/2 ~* ¢,
that is, %w, %w € I. Since [ is an interval, we have that either [%w, %w} Clifw<0
or [%w, gw] C I if w > 0. This will help us in proving that I is unbounded from below
and above. By contradiction, assume that I is bounded from below and define m = inf I.
Since I N (—00,0) # 0, we have that m < 0. Consider {w,}, .y € I N (—00,0) such that
w, | m. Since [%wn,%wn] C I for all n € N, it follows that m < %wn for all n € N.
By passing to the limit, we obtain that m < %m < 0, a contradiction. By contradiction,
assume that I is bounded from above and define M = sup I. Since IN(0, 00) # 0, we have
that M > 0. Consider {wy,}, .y € 1N (0,00) such that w, 1 M. Since [Lw,, 2w,| C I for
all n € N, it follows that M > %wn for all n € N. By passing to the limit, we obtain that
M > %M > (, a contradiction. To sum up, / is a non-empty unbounded interval, that is,
I = R. This implies that ¢ ~* ¢ + w for all w € R. In particular, select wy = ||¢||_ + 1
and wy = — |||, — 1. Since >* is a preorder, we have that ¢ +w; ~* ¢+ w,. Moreover,
p+w; >1>—12> ¢+ we. By point 3, this implies that ¢ +w; >* 1 >=* —1 =" ¢ 4 ws.
Since »* is a preorder and ¢ + wy ~* ¢ + wsy, we can conclude that 1 ~* —1. Note also
that there exist x,y € X such that u (z) = 1 and u (y) = —1. By Lemma 8, this implies
that = >=* y. By definition of =* and since u () = 1 ~* —1 = u (y), we also have that
y 7=* x, a contradiction. Thus, we proved that if £ > h and k = 0, then ¢ + k >* ¢ + h.
Assume simply that k£ > h. This implies that 0 > h — k and ¢ >* ¢ + (h — k). By point

1, we can conclude that ¢ + k =* o+ (h — k) +k = p + h.

5. Consider ¢, 1,& € By (X) and A € (0,1). Assume that ¢ =* £ and ¢ =* €. Let f,g,h € F
be such that u (f) = ¢, u(g) = ¥ and u(h) = . By assumption and definition of >=*,
we have that f =" h and ¢ Z* h. Since 72* satisfies convexity and v is affine, this
implies that Af + (1 — \) g Z=* h, yielding that Ao + (1 = A) ¢ = Au(f) + (1 =N u(g) =
WM+ (1= N)g) =" u(h) =&

Points 1-5 prove the first part of the statement. Finally, consider ¢, 1) € By (2). Note that
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there exist a partition {4;};_, of S and {a;};_, and {3;}_, in R such that

Y = ZO@lAi and Q,U = ZBZlAz
i=1 =1

,,,,,

all ¢ € @ and for all i € {1,...,n} such that o; # ;. Since u is unbounded, define {z;}! , C X
to be such that u (z;) = «o; for all i € {1,...,n}. Since u is unbounded, define {y;}; ; € X to
be such that y; = x; for all i € {1,...,n} such that o; = ; and wu (y;) = f; otherwise. Define
fig: S — Xbyf(s)=wxand g(s) =y; forall s € A; and for all i € {1,...,n}. It is immediate
to see that f Q g as well as u (f) = ¢ and u (g) = 1. Since ZZ* is objectively @)-coherent, we

have that f ~* g, yielding that ¢ ~* ¢ and proving the second part of the statement. |
Proof of Lemma 11 Consider ¢ € By (X). Define C, = {k€R:9o—-keU(¢)}. Note
that C, is non-empty. Indeed, if we set k = —||¢||, — ||[¥]|,, then we obtain that p — k =

o+ el + 1]l =0+ Y], > ¢ € U(y). By property 4 of Lemma 10, we can conclude
that ¢ — k € U (¢), that is, k € C,. Since U (¢) is convex, it follows that C,, is an interval.
Since ¢ € By (X), note that there exists k € R such that ¢ > ¢ — k. It follows that 1 =* ¢ — k.
In particular, we can conclude that ¢ >=* ¢ — <IA€ + 5) for all ¢ > 0. This yields that C, is
bounded from above. Finally, assume that {k,}, . C C, and k,, T k. By property 2 of Lemma
10, we can conclude that k € C,. To sum up, C,, is a non-empty bounded from above interval

of R that satisfies the property
{kn}pen € Cpand ky, Th = ke C, (43)

The first part yields that sup{k € R: ¢ — k € U (¢)} = sup C,, € R is well defined. By (43), we
also have that sup C,, € C,, that is, sup C, = max C,,, proving that I, is well defined. Next, we
prove that [, is a concave niveloid. We first show that I, is monotone and translation invariant.
By Proposition 2 of Cerreia-Vioglio et al. (2014), this implies that I is a niveloid. Rather than
proving monotonicity, we prove that I, is =* consistent.*® Consider o1, s € By (X) such that

1 = 3. By the properties of =* and definition of I, we have that

01— Iy (p2) =" 2 — I, (02) and py — I (02) € U (¢)

and, in particular, ps— Iy (2) =* 1. Since >* is a preorder, this implies that p; — 1y, (¢2) =* ¥,
that is, o1 — Iy (¢2) € U (¢) and I, (¢2) € C,,, proving that I (¢1) > I (¢2). We next prove
translation invariance. Consider ¢ € By () and k£ € R. By definition of I, we can conclude
that

(p+ k)= Uy(p)+k)=¢p—1IL,(p) €U (V)

38Gince if 1 > g, then @1 =* @9, it follows that =* consistency implies monotonicity.
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This implies that I, (¢) + k € Cyyx and, in particular, I, (¢ + k) > I, (¢) + k. Since k and ¢

were arbitrarily chosen, we have that
Li(g+k)>1,(p)+k Vo€ By(X),VkeR

This yields that I, (¢ + k) = Iy () + k for all p € By (X) and for all k € R.%
We move to prove that I, is concave. Consider ¢, v € By (X) and A € (0, 1). By definition
of I;, we have that

1 — Iy (p1) € U (¥) and @g — Iy (p2) € U ()

Since U (¢) is convex, we have that

(A1 + (1 = A) p2) — (MLy (1) + (1 = A) Iy (02))
= A(p1 — Ly (1)) + (1 = A) (2 — Iy (p2)) € U (¥)

yielding that ALy, (p1)+(1 — X) Iy (¢2) € Crpy+1-1)e, and, in particular, Iy, (A1 + (1 — ) 2) >
ALy (1) + (1= A) Ly (p2)-

Finally, since ¢ € U (¢), note that 0 € Cy, and I, () > 0. By definition of 1, if I, (¢) > 0,
then ¢ — I, (¢) € U (¢), a contradiction with property 3 of Lemma 10.

1. It is routine to check that fw is a normalized concave niveloid which is >* consistent.

2. Clearly, we have that if ¢ ~* ¢/, then U (¢) = U (¢), yielding that I, = I, and, in
particular, I, (0) = I (0) as well as I, = I». The point trivially follows. [ |
Proof of Proposition 11 We begin by observing that:

|ca (X)] <eay () x cay (B)] = [cay (X)] = [(0,00) x A7 = [A7]

The first inequality holds because the map ¢ : ca (X) — cay (X) x cay (2), defined by p —
(ut, u™), is injective. By Theorem 1.4.5 of Srivastava (1998) and since ¥ is non-trivial, we have
that ca, (X) is infinite, yielding that a bijection justifying the first equality exists. As to the
second equality, the map g : cay (X)\ {0} — (0,00) x A%, defined by p — (1 (S), pu/p(9)),
is a bijection and so |cay (X)\ {0} = [(0,00) x A?|. By Theorem 1.3.1 of Srivastava (1998),
we can conclude that |cay (3)| = |cay (X)\ {0} = [(0,00) x A7|. As to the last equality, by
Theorem 1.4.5 and Exercise 1.5.1 of Srivastava (1998), being |(0, 00)| = |(0,1)| < |A?|, we have
A7) < [(0,00) x A7 =1(0,1) x A7 < |A7 x A7 = |A7], yielding that |(0,00) x A7| = |A].
We conclude that |ca (X)] < |A?|, that is, there exists an injective map ¢ : ca (X) — A”.
Since () is a compact and convex subset of A%, there exists § € () such that ¢ < ¢ for all ¢ € Q.

39Observe that if ¢ € By (X) and k € R, then —k € R and

Iy (o) =1y ((p+ k) —k) > Iy (p+ k) — k

yielding that Iy (¢ + k) < Iy (@) + k.
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We define h : V' — ca (X) by
B () = [vdg vAes

Note that h is well defined. For, if ¢’ € [¢], that is, ¢ e ', then 1 < ¢/, yielding that
J vdg = [,'dg for all A € ¥. Similarly, h([¢)]) = h([¢']) implies that v L 4. Since
q < q for all ¢ € @, this implies that Q Y’ and [¢)] = [¢)], proving h is injective. This
implies that f = g o & is a well defined injective function from V to A?. Clearly, we have that
|A| > ’f(V)) > 1[0, 1]|. Since (5, %) is a standard Borel space and @ is convex and |Q| > 2,

we also have that [[0,1]] > |A7| > [Q| > |[0,1]|. This implies that |V| = ‘f(V)‘ — |Q|, proving
the statement. [}

B.4 Analysis of the decision criterion: missing proofs

The proof of Proposition 1 follows from the following lemma. Here, as usual, ¢ is extended to

R by setting ¢ (t) = +oo if t ¢ [0,00). In particular, ¢* is non-decreasing,.

Lemma 15 For each Q C A% and each \ > 0,

;gg{/U(f)dp+AqiggD¢(plch)}—Mnffilelﬂg{ /¢( o )dq}

forallu: X — R and all f: S — X such that uwo f is bounded and measurable.

Proof By Theorem 4.2 of Ben-Tal and Teboulle (2007), for each ¢ € A7 it holds

3?2{/€dp+D¢(pllq)} = sup {n—/cb* (n—¢€) dq}

for all £ € L*° (q). Then, if uo f is bounded and measurable, from uo f € L* (¢) for all ¢ € A7,
it follows that

nt { [uOrae vl f =int { [Py Ds00l0)}

pe e [ (50 o)

for all A > 0, as desired. By taking the inf over ) on both sides of the equation, the statement
follows. u
Proof of Proposition 1 In view of the last lemma, it is enough to observe that, if f: S — X
is simple and measurable, then v o f is simple and measurable for all u : X — R and the infima

are achieved. [ ]
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Proof of Proposition 2 First, note that mingco R (p||¢) = 0 if and only if p € Q. Indeed, we
have that

aneiélR(qu):O <~ Jge@st. R(p||g) =0 <= Jg€Qst. p=q

Define A\, = n for all n € N. For each n € N, we have )\, min,cg R (p||q) = 0 if and only if
p € Q. So, for each p € A,

0 ifpeq@

lim A\, min R =
i g B (Pl {+oo ity ¢ Q

Since A\, mingeq R (pl|q) = 0 for each n € Nif and only if p € @), by Proposition 12 of Maccheroni
et al. (2006) we have

n peA

limmin{/u(f)dp—i—)\nrqréiélR(qu)} :Iqréicrgl/u(f)dq VfeF

Finally, by (18), we have that for each f € F

q€Q n  peA

mip [ 07 dy < iy { [0 7)dy iy R k)

AToo peEA

< limmin{/u(f)dp—i—)\rqréiélR(qu)} Sgéiél/u(f)dq

yielding the statement. [ ]
Proof of Proposition 6 (i) implies (ii). By Proposition 2 of Cerreia-Vioglio (2016) and since
~* is unbounded, there exists a compact and convex set C' C A and an affine and onto map
u : X — R such that

fz*g:»/umdqz/u(g)dq VgeC (44)
and
frg = ggg/wf)dngg/wg)dq (45)

By Lemma 5 and since 7~ is subjectively ()-coherent and 7—* and 7~ coincide on X, we can
conclude that C' = Q. If we set ¢ : A X Q — [0, 00] to be ¢ (p, q) = ;g3 (p) for all (p,q) € AxQ,
then it is immediate to see that c¢ is a variational statistical distance for ). By (44) and (45)
and since C' = @, (12) and (13) follow.

(ii) implies (i). It is trivial. [ |
Proof of Proposition 8 (i) Let f € F be optimal. By (23), if there is ¢ € F such that
g9 >0 f , then g >¢ f , a contradiction with f being optimal. We conclude that f is weakly
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admissible. A similar argument proves that there is no g € F' such that g >, f when (24)
holds.

(ii) Suppose f € F is the unique optimal act, that is, f = fforall f e F\ {f} Ifge Fis

such that g -7, f, then ¢ # fand ¢ s f. In turn, this implies g 0 f >~ ¢, a contradiction.
We conclude that f is admissible. [ |

Proof of Proposition 9 Since () C ', it follows that min,eq ¢ (p, ¢) > mingeq ¢ (p, ¢) for all
p € A. We thus have

win{ [unar+miyeno} 2 mn{ [ua+myewa}  vier

pEA peE

yielding that v (Q) > v (Q’). Next, fix ) and assume that the sup in (26) is achieved. Let
f € F be such that

pe

mig{/u(f) dp+gréiélc(p,Q)} =v(Q)

By contradiction, assume that f € F/ F§. By Proposition 5 and since fé F§ and f € F, there
exists g € F' such that g »- f, that is, there exists ¢ > 0 such that

min{/ﬂ(g)derC(p,Q)} Zggg{/u(f)derC(p,Q)}Jrs Vg€ Q

PEA

Since ¢ is finitely valued, this implies that v (@) < co and

v (Q) > Iprgg{/U(g)derrqrggdp,Q)} Zminmin{/U(Q)dp+C(p,Q)}

pEA gEQ
Zgggrpréig{/U(g)dvaC(p,Q)} Z;ggggg{/uu\) dp+6(p,Q)}+€
Z;Iéiglrc]réiél{/u(f)dp+c(p,q)}+€:12%i£{/u(f)dp+{lréigc(p,q)}+5
—0(Q)+2
a contradiction. ]
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