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Abstract

This paper studies treatment effect estimation in a novel two-stage model of
experimentation. In the first stage, using baseline covariates, the researcher selects
units to participate in the experiment from a sample of eligible units. Next, they
assign each selected unit to one of two treatment arms. We relate estimator efficiency
to representative selection of participants and balanced assignment of treatments.
We define a new family of local randomization procedures, which can be used for
both selection and assignment. This family nests stratified block randomization
and matched pairs, the most commonly used designs in practice in development
economics, but also produces many useful new designs, embedding them in a unified
framework. When used to select representative units into the experiment, local
randomization boosts effective sample size, making estimators behave as if they were
estimated using a larger experiment. When used for treatment assignment, local
randomization does model-free non-parametric regression adjustment by design. We
give novel asymptotically exact inference methods for locally randomized selection
and assignment, allowing experimenters to report smaller confidence intervals if
they designed a representative experiment. We apply our methods to the setting of
two-wave design, where the researcher has access to a pilot study when designing
the main experiment. We use local randomization methods to give the first fully
efficient solution to this problem.
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Demirer, and Suhas Vijaykumar.
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1 Introduction

Randomized controlled trials (RCTs) are increasingly common in economics research.
The AEA RCT registry currently lists over 5000 active experiments, spanning a range
of different fields. Experimental design attempts to reduce the variance of causal ef-
fect estimates, increasing precision for a fixed experiment size. In the literature, design
methodology often focuses on how researchers should assign treatments. For example,
stratified block randomization tries to assign treatments so that covariates are balanced
between the different treatment arms. This paper studies a new dimension of experi-
mental design: selection of the experimental participants. We show that it is possible to
increase efficiency by selecting units that are representative of the broader population.

To implement representative selection, we propose a new family of local randomization
procedures, which use baseline covariates to randomly select a representative subsample
from a larger population of eligible units. Local randomization can also be used for treat-
ment assignment, where it improves upon existing methods by randomizing within fine,
data-adaptive strata that are optimally chosen to produce covariate balance. Applied re-
searchers can use these tools to design a representative and balanced experiment, making
the most efficient use of scarce experimental resources.

We study estimation of the average treatment effect (ATE) in a two-stage design model,
where the researcher first selects units to participate in the experiment from among a
random sample of eligible units,! then assigns each selected unit to one of two treat-
ment arms. We propose a new family of local randomization methods to implement both
stages of the design. Locally randomized selection makes experimental participants more
representative of the broader population, while locally randomized assignment finely bal-
ances covariates between treatment arms. We give novel asymptotically exact inference
methods for locally randomized selection and assignment, allowing experimenters to re-
port smaller confidence intervals if they designed a representative experiment. We also
apply our methods to the setting where the researcher has access to a pilot study when
designing the main experiment, obtaining the first fully efficient solution to this problem.

In practice, selection of participants is often an unavoidable part of designing an exper-
iment. For example, in a recent paper Abaluck et al. (2021) consider the effect of mask
promotion on village-level covid infection rates in Bangladesh. From a sample of 1000
villages, they first randomly select 600 to be included in the experiment. Next, the se-
lected villages are randomly assigned to various interventions that promote mask usage.
Similarly, Breza et al. (2021) run video ads on Facebook discouraging holiday travel, esti-
mating the effect of low versus high intensity of ads on county-level covid infection rates.
Since experimental resouces are finite, they first select a small set of counties in which
to run ads and collect outcome data. The selected counties are then randomly assigned
to either low or high intensity of treatment.? Can we do better than completely random
selection in these examples?

'We also allow the case where the researcher can select any unit in the entire population, which is
known. See Remark 3.5 for discussion.

2 Alternatively, suppose 5000 job-seekers apply to a employment assistance program, as in Caria et al.
(2021), but the budget only allows for 1000 participants. Who should we let into the program?



The selection step is most applicable when the researcher has a sample of “eligible” units,
any of which can be included in the experiment. As seen in the examples above, resource
or logistical constraints, common in real life, may make it impossible to select all of
them. In some settings, however, the selection step may be irrelevant or impossible. For
instance, if there are no resource constraints, the researcher should just run the largest
experiment possible, selecting all the eligible units. If the research question is such that
one treatment arm is “do nothing” (control), and outcome data is always observed for the
control units, then the selection problem is trivial (select everyone).

Representative selection can significantly reduce estimator variance, while preserving
finite-sample unbiasedness. To see why, consider estimating the effect of distributing
surgical masks versus cloth masks on covid infection rates, as in Abaluck et al. (2021).
Suppose average resident age predicts vulnerability to covid, so that older villages have
larger treatment effects from switching to surgical masks from cloth masks. If selection
is completely random, the selected villages may be older or younger than the full sample
of eligible villages, just by random chance. If we randomly select mostly old villages, our
treatment effect estimate will be biased up (ex-post), and conversely it will be biased
down if we select villages with only healthy young residents. This illustrates how chance
covariate imbalances created during selection can increase estimator variance (ex-ante)
when treatment effects are heterogeneous. Representative selection avoids this problem,
dampening this source of variance.

This paper implements both representative selection and finely balanced treatment as-
signment using a new family of local randomization algorithms. We introduce the basic
principle of local randomization using the example above. Suppose the researcher has a
sample of 1000 eligible villages, but logistical constraints only allow selection of 300 to
participate in the experiment. Choose a set of baseline village-level covariates expected to
be predictive of both outcomes (covid infection rates) and treatment effect heterogeneity.
Partition the 1000 eligible villages into groups of 10 that are mazimally homogeneous®
in the predictive covariates. For instance, the villages in each group of 10 may be very
similar in terms of age, housing density, and baseline infection rates. Randomly select
exactly 3 of 10 villages from each group into the experiment, leaving 300 villages. Sup-
pose welfare considerations or logistical constraints require assigning 2/3 of the villages
to surgical masks and 1/3 to cloth, as in Abaluck et al. (2021). Then during treat-
ment assignment, again partition the 300 selected villages into homogeneous groups of
3. Within each group, randomly assign exactly 2 villages to surgical masks and 1 to cloth.

We give novel algorithms and rate analysis for the combinatorial problem of constructing
maximally homogeneous groups of units. Enforcing group homogeneity allows us to think
of each group as consisting of units of a certain “covariate type.” Selecting exactly 3 out
of 10 units from each group ensures that each type of unit in the larger eligible sample is
well-represented in the experiment. Under completely random selection, by contrast, we
may not select any units from certain groups, while other groups may be over-represented
in the experiment by random chance. Such fluctuations increase estimator variance.

Summarizing the two-stage procedure, during selection we solve an optimization problem
to match eligible units into homogeneous groups, randomly selecting a fixed proportion of

3Defined formally in Section 2.3 below.



the units in each group to participate in the experiment. During treatment assignment,
we repeat the process among the selected units, again forming homogeneous groups of
selected units and randomly assigning a fixed proportion from each group to one of two
treatment arms. By introducing and studying this two-stage procedure, we make several
contributions to the literature on experimental design.

Our first contribution is to extend the principle of matched-pairs randomization to ar-
bitrary propensity scores p(z) # 1/2, producing a large family of novel designs. For
example, consider an experiment where, due to welfare considerations, the researcher
wants to assign older villages to surgical masks with probability 2/3, while younger vil-
lages receive surgical masks with lower probability 1/3. Local randomization provides a
“matched triples” design with varying treatment proportions, implementing this design
constraint while enforcing strong covariate balance. Other novel designs are given in the
many examples throughout the paper.

This paper’s second contribution is the selection model. To the best of our knowledge,
we give a novel formalization of the principle of covariate-adaptive selection. We show
that efficient selection requires finely balancing the covariates that are most predictive
of treatment effect heterogeneity. Effectively, researchers should ensure that the different
“types” of treatment response are well-represented among the selected units. Local ran-
domization methods give an efficient and practical implementation of this idea.

For our third contribution, we give a new central limit theorem for inverse propensity
weighting (IPW) estimators of the ATE? in experiments with locally-randomized selec-
tion and treatment assignment. We show that local randomization does non-parametric
regression adjustment by design, reducing estimator variance without the need to actually
specify or estimate a regression model ex-post. Similarly, locally randomized selection
reduces the variance due to treatment effect heterogeneity (non-parametrically), to the
extent that the covariates used to form homogeneous groups explain this heterogene-
ity. For selection, the optimal design locally randomizes with respect to the conditional
average treatment effect (CATE). For treatment assignment, the optimal design locally
randomizes with respect to the balance function, a weighted sum of conditional expecta-
tions defined below. The oracle design that locally randomizes with respect to the pair
(CATE, balance function) in both stages of the design achieves full efficiency.

While matched pairs dates back at least to Fisher (1926), its asymptotic analysis is re-
cent (Bai et al. (2021)), likely due to the complicated statistical dependencies created by
solving a global optimization problem to form the pairs. Our analysis extends this work,
proving a general CLT for randomization within fine, data-adaptive strata. This result
can also be applied to obtain a new CLT for classical stratified block randomization with
large, fixed strata, recently studied using entirely different methods in Bugni et al. (2018).

Our fourth contribution gives new methods for asymptotically ezact inference on the ATE
under locally randomized selection and assignment. In particular, we allow researchers to
report smaller confidence intervals if they use the methods in this paper to design a rep-
resentative experiment. Our construction allows plug-in asymptotically exact inference
over the entire class of locally randomized designs defined below. As a consequence, we

4We consider both the ATE and finite-population fixed-regressor estimands, as in Abadie et al. (2014).
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get new asymptotically exact variance estimators for matched pairs and classical stratified
block randomization. We also explore an interesting connection between our matching-
based variance estimators and randomization inference.

We apply our methods to the problem of experimental design when the researcher has
data from a pilot study, obtaining the first fully efficient design in this setting. To
achieve full efficiency, we use pilot data to estimate the optimal propensity score® for
the experiment, which assigns units to each treatment arm in proportion to that arm’s
conditional variance.® Intuitively, one can think of this as taking more measurements of
the quantity that is harder to measure. We construct a balanced implementation of this
propensity score by double stratification, first stratifying units by our pilot estimate of the
optimal propensity score, then locally randomizing treatments within these propensity
strata. Our analysis shows that this minimizes the estimator variance due to selection
and assignment, as well as the residual variance, independently, while existing methods
make compromises between these different sources of variance.

We also propose a second method that uses the pilot to “estimate what to balance” dur-
ing both selection and assignment. We show that locally randomizing with respect to
a consistent pilot estimate of (CATE, balance function), the optimal design mentioned
above, is also asymptotically fully efficient. However, we argue that such consistency
assumptions gives poor guidance for practice in experimental design. Instead, we advo-
cate a “robustified” approach that balances some key predictive covariates outright, in
addition to balancing the pilot regressions. Finally, for settings where a pilot experiment
is infeasible, we discuss matching on prozy regressions, estimated in a related experiment
or observational data set. In clinical trials, our results allow exact inference for designs
that balance a vector of “risk scores” from previous studies. We also compare our results
with the recent approaches of Tabord-Meehan (2020) and Bai (2020) in this setting.

1.1 Related Literature

There is a large literature on experimental design, see e.g. Athey and Imbens (2017) or
Rosenberger and Lachin (2016) for surveys. See Bruhn and McKenzie (2009) for evidence
on experimental design as used in practice in development economics. The literature may
be divided by assumptions about the timing of the experiment. Our first set of results
assumes the classical timing: (1) all baseline covariates are observed (2) units are selected
into the trial and assigned to interventions and (3) all outcomes are observed. We also
allow additional covariates to be observed after selection (Example 3.3). Alternatively,
some papers assume sequential timing, with units arriving one-by-one and treatment de-
cisions made “on the spot”, as in Efron (1971) or Kapelner and Krieger (2014). Our
results on design with a pilot fit into the adaptive design literature, with some outcomes
observed during the treatment process. See Hu and Rosenberger (2006) for an overview.

With respect to solution concept, some papers emphasize “robustness”’, searching for
minimax designs over a class of DGP’s satisfying certain smoothness assumptions. For
example, see Kallus (2017) or the discussion and references in Harshaw et al. (2021).

5For complete randomization, optimal constant treatment proportions are known as the Neyman
allocation. We give a local randomization implementation of the conditional Neyman allocation.
5One can think of this as a design analogue of (optimal) feasible weighted least squares.



Alternatively, one may use a decision theoretic framework to characterize the optimal
design, as in Kasy (2016). By contrast, this paper defines a new family of randomization
procedures, studying their asymptotic efficiency pointwise in (design, DGP), over a class
of DGP’s satisfying certain regularity conditions.

Our selection model is related to the literature on survey sampling, see e.g. Cochran
(1977). The designs in this paper are examples of blocking, as in Fisher (1926), Higgins
et al. (2015), Fogarty (2018), and Bai (2020). The family we study contains classical
stratified block randomization (SBR) with fixed strata and matched pairs, as analyzed in
Bugni et al. (2018) and Bai et al. (2021). Rerandomization, studied in Morgan and Rubin
(2012) and Li et al. (2018), is not contained in this family. Follow up work in Cytrynbaum
(2021) studies rerandomizing local designs, e.g. giving results for rerandomized SBR and
matched pairs, as well as rerandomized versions of all the other designs studied in this
paper. The main result shows that local randomization generically dominates rerandom-
ization, giving smaller asymptotic variance.

Related to our result that local randomization does non-parametric regression adjust-
ment “by design”, Li et al. (2018) show that rerandomization does (slightly worse than)
linear regression by design. Similarly, Harshaw et al. (2021) bound the MSE of their
“Grahm-Schmidt Walk” design by a quantity related to ridge regression. Cytrynbaum
(2021) shows that rerandomized local designs do semiparametric regression by design.

Our first set of results is most related to Bai (2020), which we build on. Relative to this
paper, we study two-stage designs, with both covariate-adaptive selection and treatment
assignment. For treatment assignment alone, the designs in Bai (2020) are a special case
of our method with (1) dim(¢)) = 1 for the local function defined below (function of
covariates we match on) and (2) constant propensity p = a/k. Allowing dim(¢)) > 1
is necessary to implement the oracle design for joint selection and assignment, as well
as its empirical analogue estimated using pilot data. More generally, our method allows
balancing with respect to more than just a single covariate.

For dim(¢)) > 1, the algorithm used in Bai that constructs groups of units by sorting
their 1(X;) values is no longer feasible. We study combinatorial optimization procedures
(graph-partitioning) to form groups in higher dimensions, and give new analysis of their
statistical rates. Our designs allow propensity p(x) non-constant. This innovation is re-
quired for a fully efficient solution to the two-wave design problem, which uses the pilot
to estimate, and “locally” implement, an optimally varying propensity score (Neyman al-
location). Finally, Bai (2020) allows inference only for the case p = 1/2, using the results
of Bai et al. (2021) on matched pairs. Our work gives novel, generic inference methods
that cover the full family of locally randomized designs, including joint covariate-adaptive
selection and assignment.

Our solution to the problem of design with a pilot experiment follows work in Hahn et al.
(2011), Tabord-Meehan (2020), and Bai (2020). More broadly, the two-wave setting is an
example of response-adaptive design, as in Russo (2016) and Kasy and Sautmann (2021).
A detailed comparison with Tabord-Meehan (2020) is given in Section 4.1.1 below. A
comparison with the large pilot results of Bai (2020) is given in Section 4.2.



The rest of this paper is organized as follows. In Section 2 we formally describe our
method and preview some of our main results. Section 3 gives our main asymptotic
results, describes several useful new designs produced by our framework, and gives the
optimal design. Section 4 gives our results on optimal design with a pilot experiment.
Section 5 gives our inference methods. Section 6 gives our empirical results. Section 8
collects technical results on algorithms for constructing the local groups, including their
asymptotic balancing rates. All proofs are given in the appendix.

2 Motivation and Description of Method

We start with some basic notation. Let X; denote baseline covariates, observed by the
experimenter before” choosing the experimental design. Let Y;(0),Y;(1) be potential
outcomes under interventions d € {0,1}. The data on eligible units (X;, ¥;(0), Y;(1))™,
is assumed to be drawn iid. Given all observed covariates (X;)i,, the experimenter
chooses which units to select into the experiment and how to assign treatments among
the selected units. Define the selection variable T; € {0,1} with T; = 1 if the unit is
selected into the experiment, and 7; = 0 otherwise. Let D; € {0,1} denote treatment
assignment. Since a unit’s outcome is observed if and only if it is selected, we may write

Y; = T,[D;Yi(1) + (1 — D;)Y;(0)]
Define the conditional average treatment effect (CATE)
co(Xi) = E[Yi(1) = Yi(0)[Xi]
We are interested in the average treatment effect (ATE)

ATE = E[Y;(1) - Yi(0)] = E[e(X;)]

2.1 Motivating Example

The first stage of the experimental design requires choosing selection variables (7)1,
using the observed covariates (X;)";. We begin by examining how selection affects the
precision of our estimate of the ATE. To do this, we briefly consider a toy model of
an experiment, in which ¢(X;) is directly observed for each selected unit 7; = 1. Since
E[c(X;)] = ATE, we can use a sample-mean estimator

7] _ 2 Lie(X5)
0=FE,cX)|T, =1 = ==——- 2.1
[e(X3)] ] ST (2.1)
In the example from Abaluck et al. (2021) discussed above, the experimental design re-
quired selecting which Bangladeshi villages would participate in the experiment (7; = 1).
The selected villages then receive one of two interventions: distribution of cloth or sur-
gical masks (D; = 0,1). Among the n eligible villages, suppose we select exactly gn
to participate,® with selection proportion ¢ € (0,1). For instance, if there are n = 500
villages, but we only have the resources to include 100 in the experiment, then we would

"We also allow additional covariates to be observed after selection but before treatment assignment,
see Example 3.3.
8For brevity, assume this is an integer for now. We explicitly deal with edge effects in Section 3.
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Figure 1: Selecting villages to participate in the experiment using complete randomization
versus representative selection using the local randomization design defined below.

set ¢ = 1/5.

Complete Randomization - One natural way to draw the selection variables is by complete
randomization: picking exactly gn out of n units uniformly” at random. We denote this
by T1., ~ CR(g). Under complete randomization, the estimator # is unbiased for the
ATE. However, if treatment effects are heterogeneous, so that ¢(X) varies with X, the
estimator may still have large variance.

2.1.1 Variance due to Selection

Using simulated data, Figure 1 shows one draw T3, ~ CR(q) of the selection variables
for ¢ = 1/5. By chance, many of the highly educated, high infection rate villages were
selected. Suppose, for instance, that these types of villages have larger treatment effect
on average (c(X;) large). Then the estimator § will over-estimate the average treat-
ment effect. The opposite situation is equally likely: we may randomly select many
low-education, low infection rate villages to participate, under-estimating the average
treatment effect. This creates ex-ante estimator variance due to random selection.

Representative Selection - By contrast, in Figure 1 (b) the distribution of village
types X; among the selected villages X; | T; = 1 closely matches the sample of all eligible
villages (X;)"_,. By using representative selection, we force the smaller sample of selected
villages to mimick the larger sample of eligible villages, reducing estimator variance.

Local Groups of Villages - How can we construct a representative selection? Consider
the following procedure, shown in Figure 2.

(1) (Local Groups) Match all eligible villages into homogeneous groups. In particular,
for some baseline features ¥ (x) of each village chosen by the experimenter, the

9Formally, P(T}.,) = (;1)71 for each Ty, with ), T; = gn, and 0 otherwise.
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Figure 2: Representative selection: (a) form homogeneous groups of villages (different
colors) and (b) randomly select proportion ¢ units to represent each group.

groups should be local in 1(x) space. For instance, the units in the lime green
group at the bottom left in Figure 2 are locally clustered in ¢ (z) = (z1,22) =
(education, infections) space. Note that constructing such groups is a hard combi-
natorial optimization problem. We give new algorithms and statistical analysis for
this problem, as discussed in Section 2.3.1 below.

(2) (Selection) Choose exactly proportion ¢ units from each group, completely at ran-
dom, to represent that type of village in the trial. For instance, we have randomly
selected one of the five units to represent the lime green group in the experiment,
since ¢ = 1/5.

By randomizing within local groups instead of globally, Figure 2 shows that we get a
significantly more uniform selection of villages, reducing the estimator variance due to
selection. One can also think of this procedure as data-adaptive fine stratification.

2.1.2 Variance due to Assignment

Leaving the toy experiment behind, consider the classical setting with observed outcomes
Y: = D;Y;(1) + (1 — D,;)Y;(0) and no selection (¢ = 1). Suppose the experimenter wants
proportion p € (0,1) units assigned to the intervention D = 1. The full version of
our method, sketched in Section 2.3.2 below, also allows for non-constant treatment
propensity p(z). For now, assume that p is constant with p = a/k. We may use an
inverse propensity weighting (IPW) estimator of the ATE, which simplifies to difference-
of-means when p = 1/2

- 2] s [022]

j% I—p

If treatment assignments D; are completely randomized, 0 is unbiased ex-ante but may
have large variance. The reason for this is that while E,[D;] = p globally, the realized
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Figure 3: Balanced assignment: for the villages {i : T; = 1} selected into the experiment,
(a) form homogeneous groups (b) assign exactly proportion p of the villages in each group
to treatment.

propensity can significantly deviate from p in large regions of the the covariate space.
For example, by random chance the villages in the highest education decile could all be
assigned to D; = 1. If education level is positively correlated with mask wearing, this
will lead to positive bias ex-post (after the realization of Dy.,).

To formalize this intuition, let my(X) = E[Y (d)|X], with residual ¢ = Y; — mg4(X;) and
define the balance function

106 = m(x) (1) () (L)/ (22)

p L—=p
We abuse notation and write b(z) = b(z;p) when the propensity is clear. With a few
steps of algebra, the IPW estimator can be written as

(Di —p)
VP —p?
If D; = 1 and b(X;) is large, we get a large positive fluctuation away from the ideal
estimator F,[c(X;)] and vice-versa. From this reasoning, we see that b(z) is the exact
function that needs to be balanced between treatment arms. In fact, the middle term is a
sample correlation between D; and b(X;), measuring the confounding between treatments

D; and covariates X; in our finite sample. We would like a balanced assignment procedure
that makes this correlation small (with high probability), reducing estimator variance.

0 = E,[c(X))] + E, b(X;)| + residuals, (2.3)

Balanced Assignment - To draw a balanced assignment of treatments, we use the same
“local group” construction as before. Consider the example in Figure 3 with ¢gn = 100
selected villages and treatment proportion p = 2/3. After selecting units using steps (1)
and (2) above, we use the following procedure for treatment assignment:

10



@ Surgical Masks @ Surgical Masks

. .‘ ] b 4 @ Cloth Masks . d " ° . @ Cloth Masks
e * o - ee o " . *
° [] s ® L] . (I ]
] e o o . . * e ®e -
L ] L [ ] ® [ ]
. L 34 e . * . . S .
S| * 8 °* o . * . § ¢
© o b e °® ® o °®
%] ™ L ] * o9 v) L] . ®
3 e ® E L] . . ®®
w - L] L] w .
I « * o . LA ) I . * ® o e .
S| e e e & o o = LI ] . °
L] hd L] . ° * ° ¢ .
. . ™ . . . . ° .
. . . P . e s o °
« ? . ® . . .
[ ] ®
. Py . P . ° o
e ® L L) L] . o
* . . ° o ce e o « &
X1 = Baseline Infection Rate X1 = Baseline Infection Rate
(a) Locally Randomized (b) Completely Randomized

Figure 4: Comparison of local vs. complete randomization, used jointly for both selection
and treatment assignment.

(3) (Local Groups) Partition the selected villages {i : T; = 1} into groups that are
maximally homogeneous in the baseline features 1(X;).

(4) (Assignment) Assign exactly proportion p units in each group to D; = 1 and (1 —p)
to D; = 0, completely at random.

Figure 3 shows that the realized propensity is close to p = 2/3 in each local region of the
covariate space, producing strong (weighted) covariate balance between treatment arms.
By contrast, Figure 4 shows selection and assignment by complete randomization, which
produces significant imbalances. For instance, almost all of the highly infected villages
with medium education levels are assigned D; = 1.

2.2 Efficient Estimation under Local Randomization

Putting this all together, we propose to use local randomization for both selection into
the experiment and assignment of interventions, using the procedure outlined in steps
(1)-(4) above. A single realization of this design is shown in Figure 4. We use a modified
IPW estimator for treatment effect estimation

2] [

0=E, { (2.4)
Next, we briefly outline the efficiency gains from locally randomized selection and assign-
ment. The claims in this section follow from our asymptotic results, which are discussed
in detail in Section 3 below. Let ¢%(X) = Var(Y(d)|X) denote the heteroskedasticity
function. Observe that the sample size is gn, the number of units selected into the exper-
iment. Under completely randomized selection and assignment ,/qn(0 —ATE) = N(0,V)
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V = Var(c(X)) + Var(b(X)) +E {"1;)( ) 4 "10(_)2} (2.5)

TV TV
Selection Assignment

The variance due to random selection is controlled by the CATE ¢(x), while the variance
from treatment assignment is parameterized by the balance function b(z).

Our first main result (Theorem 3.17) shows that local randomization dampens both of
these sources of variance. In particular, if we use baseline covariate features ¢(x) to form

homogeneous groups, then , /qn(a— ATE) = N(0,V), with smaller asymptotic variance

ai(X) | o5(X)
p +1—p}

V =Var(¢(X))- (1 - (1—q)R2,) + Var(b(X))- (1 - R},) + E {

The increase in precision is controlled by the non-parametric R* coefficients

o Var(E[e(X)[p(X)]) o Var(ED(X)[p(X)])
Rew = = (elx)) By = ar (X)) (2.6)

R?,, € 10,1] gives the proportion of variance in treatment effects explained by 1 (X) (in
a non-parametric sense), while Rl%,zp gives the proportion of variance in b(X), and thus in
experimental outcomes, explained by 1 (X).

Regression Adjustment by Design - By rearranging, the variance due to treatment
assignment may be written

Var(b(X)) - (1 = Ry ) = E[(b(X) = E[b(X)[¢(X)])’] (2.7)

Effectively, b(X) is controlled by the non-parametric regression model E[b(X)[(X)].
This shows that local randomization does non-parametric regression adjustment at the
design stage, without actually estimating a regression.

Boosting Experiment Size - If ¢/(X) = X then RZ,, = 1. Then the asymptotic
variance due to random selection simplifies to

Var(e(X)) - (1= (1 - q)R2,) = q Var(c(X)) (2.8)

In the example above, there were n = 500 eligible villages, and we selected ¢ = 1/5
of them to be in the experiment. By using local randomization to select villages, the
selection component of the variance is dampened from Var(c¢(X)) — (1/5) Var(c(X)), as
if we had run a much larger experiment using all of the eligible villages. More generally,
rearranging gives

Var(c(X)) - (1 = (1 = q)Rz ;) = g Var(E[e(X) [ (X)]) + E[Var(e(X)[¢(X))]  (2.9)
Effectively, we get the large experiment size for the treatment effect heterogeneity pre-
dicted by ¥ (X) (first term above). For the heterogeneity not predicted by (X)), we get

the smaller true experiment size (second term above).

Choosing the Local Function 1(z) - The experimenter has a choice of which baseline
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covariates 1 (x) to use when constructing local groups. From Equation 2.6, estimation is
more precise as (X)) explains a larger proportion of the variability in ¢(X) and b(X).
In the limit ¢(X) = X, we have R* = 1. However, there are statistical tradeoffs when
increasing the dimension of ¢ (z) in finite samples. Including many weakly predictive
or irrelevant covariates in ¥ (z) reduces the within-group match quality on the most
important covariates, degrading finite sample performance. See Remark 4.7 below and
the simulations in Section 6 for more discussion of these issues.

2.3 Formal Definition and Local Group Construction

They key step in the local randomization procedure outlined above was using baseline
covariates to partition the experimental units into homogeneous groups. For locally ran-
domized selection, this ensured that the different “types” of units in the eligible sample
were well-represented by the selected units. For locally randomized treatment assign-
ment, this ensured strong covariate balance between treatment arms. By homogeneity,
we mean that the units in a group have very similar values of ¢; = ¥(X;), a sub-vector or
transformation of the baseline covariates. Because of this, units within the same group
appear to cluster in a local region of ¥ (x) space, as shown in Figure 2.

Group Homogeneity - Formally, let [n] = | | {i € g} be a partition of the experimental
units into disjoint groups g. For example, g; = {1,4,7}, go = {2,13,9} and so on. We
require the following homogeneity condition

nT Y O — yl3 = 0,(1) (2.10)
9 4JEY

Equation 2.10 requires that the average squared Euclidean distance between features 1);
and 1; within a group is going to 0 as n — oco. We refer to ¢(x) as the local function.
These are the covariate features that we use to match units into groups.

To make use of within-group homogeneity, we require that units with similar values of
1; have similar experimental outcomes, on average. In particular, the efficiency results in
the previous section use the following smoothness condition'”

Assumption 2.1 (Smoothness). The map
¥ = EY (d)[¢(X) = 4]

is Lipschitz continuous for d =0, 1.
Next, we define local randomization, formalizing steps (1)-(4) in the discussion above.

Definition 2.2 (Local Randomization). Let ¢ = a/k with ged(a, k) = 1, and consider
the following assumptions

(1) (Local Groups) Assume we have a partition of the eligible units [n] = | | {i € g} into
groups with |g| = k, possibly excepting a single remainder group with 0 < |g| < k.
Assume that the homogeneity condition 2.10 holds, and that the groups only depend
on the data through the function values (¥ (X;))™;.

10This assumption can be significantly weakened at the cost of extra notation. For instance, we can
allow finitely many discontinuities and weaker Holder smoothness conditions, see Definition 8.1.
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(2) (Randomization) Independently over all groups with |g| = k, draw selection vari-
ables (7});e, by setting T; = 1 for exactly a out of k units, completely at random.
For units in the remainder group with |g| < k, draw T} iid with P(T; = 1) = a/k.

If the above conditions are satisfied, we say that the design implements ¢ locally with
respect to ¥(z), denoting
Ty, ~ Loc, (v, q) (2.11)

For treatment assignment, we repeat the procedure above, replacing the eligible units [n]
by the selected units {i : T; = 1} and replacing ¢ by the treatment propensity p. To be
clear that we are assigning treatments only for the selected units, we denote

Dy ~ LOCn(w,p | Tl:n) (2'12)

The groups in Definition 2.2 may be viewed as fine, data-adaptive strata. They are data-
adaptive in the sense that each group g generally depends on all of the values (¢(X;))™,.
Groups formed during treatment assignment will also depend on the full vector of selection
variables Ti.,. By contrast, classical stratified block randomization, as in Bugni et al.
(2018), uses large (stratum size growing =< n) fixed strata. The case ¢ =1 and p = 1/2
gives a matched pairs design.

2.3.1 Group Construction

The key step in Definition 2.2 is the construction of homogeneous groups satisfying Equa-
tion 2.10. Given such groups, the randomization step is easy: we assign binary variables
within each group by complete randomization.

Optimal Groups: Maximally homogeneous groups may be obtained by minimizing Equa-
tion 2.10 over all feasible partitions of the eligible or selected units.

(9%) = argmin » > " |o — 43 (2.13)

(9) g ijeg
1<)

Proposition 8.6 shows that the optimal groups satisfy condition 2.10 with rate Op(n_z/ (d+1))

for dim(¢)) = d. However, computing the optimal groups is a hard combinatorial opti-

mization problem (graph-partitioning).

Block Path Algorithm: The proof of Proposition 8.6 gives a constructive algorithm achiev-
ing the same O, (n~?/(4*1)) rate, extending and sharpening the rates for a construction of
Bai et al. (2021). The procedure partitions the covariate space into blocks of a certain
size, preferentially matching units into groups if they lie in the same block. However, the
time complexity scales poorly with dimension.

Greedy Algorithm: In practice, we find that the following greedy minimization algorithm
works well and is computationally efficient. The algorithm construct groups iteratively.
At each time step, we add a unit j* to the group currently under construction that
minimizes the within-group sum of squares, among the units currently assigned to that
group. This process continues until the group size |g| = k, at which point a new random
group is initialized. In pseudo-code, we have
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Algorithm 2.3 (Greedy). Set I = {1,...,n} and initialize the first group g = {i}
randomly. Update I < I\ {i}. While I # ) repeat the following:

(i) While |g| < k repeat the following:

(a) Find the optimal unit to add to a group

. . 2
J© = argmin E [ — 55
€L ijeg
i<j

(b) Update g +— gU{j*} and I + I\ {j*}

(ii) Randomly initialize a new group g = {i}

2.3.2 Varying Treatment Proportions

In some situations, experimenters may want treatment assignment proportions p(x) to
vary with baseline covariates. As in the introduction, it could be that the experimenter
needs to assign surgical masks p = 2/3 to villages with more elderly residents, while they
can allow p = 1/3 for younger villages. Allowing non-constant p(x) is also required for
full efficiency, as discussed in Sections 3.2 and 4. We use a double stratification approach
to extend the definition above: first stratifying units by distinct propensity levels, then
locally randomizing within these propensity strata.

Definition 2.4 (Local Randomization). Suppose that p(z) € (p;); for some finite collec-
tion of propensities p; = a;/k; and ged(a;, k;) = 1. At the treatment assignment stage,
do the following for each distinct propensity level p;

i) (Local Groups) Form homogeneous local groups of size |g| = k; among the selected
g g 9 J g
units 7; = 1 with this propensity level p(X;) = p,
(ii) (Treatment Assignment) Assign exactly a; out of k; units to treatment in each

group, completely at random.

We denote this generalization by Dy, ~ Loc, (¢, p(x)). See Definition 3.11 for more
formal conditions, allowing approximation of arbitrary propensity scores p(z).

2.4 Efficient Design with a Pilot Study

We apply local randomization methods to the problem of design with a pilot study,
constructing the first fully efficient design in this setting. Recall that under local ran-
domization Dy., ~ Loc, (), p) we had the variance decomposition

ot (X) US(X)}
P I-p

V = Var(c¢(X))- (1-(1- q)R3,¢) + Var(b(X)) - (1 - Rg,w) + B { -

We seek a design that is fully efficient in the sense that RZ, = Rj, = 1, and the final
residual variance term is also minimized. The first two terms are due to selection and as-
signment, respectively. The final term comes from the residuals € = Y;(d) — E[Y;(d)| X,
the part of outcomes not predicted by baseline covariates. Since €? is mean-independent
of baseline covariates X;, using X; to form homogeneous groups and randomize “locally”
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cannot change the residual variance.

To minimize the residual variance, we need to change p € (0,1), the proportion of units
assigned to each treament arm.'! Intuitively, efficiency requires taking more measure-
ments of the “noisier” treatment arm, which is harder to measure. For example, consider
a vaccine trial where vaccine d = 0 always has a small positive effect, but the effect of an
alternative vaccine d = 1 varies widely with unobserved genetic factors. We can reduce
estimator variance by allocating more of our sample size towards the harder statistical
problem of estimating E[Y (1)]. The optimal treatment proportions are given by

* = argmin oi(X) | o5(X) _ Elo?(X)]
"o p§(0,1) E{ p * 1—p} E[02(X)] + /E[o2 (X)] (2.14)

Note that p* is increasing in the conditional variance o3(X) = Var(Y (d)|X) of the d = 1
outcome.

Using Pilot Data - While p* is not known to the researcher, in settings with a pi-
lot study we can form p — p* by estimating the conditional variances above. Locally
randomized assignment D;.,, ~ Loc,(X,p) asymptotically minimizes both the variance
due to treatment assignment and the residual variance (over constant propensity designs).

We can use a pilot study to achieve full efficiency by applying this argument conditionally.
For intuition, note that if o3(z) and o2(x) were known, we could optimize the treatment
proportions at each X; = z, giving a globally optimal propensity score and pilot estimate

p*(x) _ 0'1(.%‘) A( _ al(x)

0'1(515) +0’0<LE> 6'\1(33) +6'\0<SL’)

In Section 4.1, we show that the design D;.,, ~ Loc,(X,p(z)) is asymptotically fully
efficient if p(x) is consistent for p*(z). In Section 4.2, we give an alternative approach
that uses the pilot to “estimate what to balance.” This method is also asymptotically fully
efficient, and may have better finite sample performance in settings with high-dimensional
baseline covariates.

3 Asymptotics and Optimal Designs

This section gives our main asymptotic results. We show a central limit theorem for
the IPW estimator in Equation 2.4 above under locally randomized selection and as-
signment. We show that our framework produces several useful new designs, described
in the examples below. Next, we characterize various optimal designs that achieve the
asymptotic variance bound. These results give new insights about what experimenters
should attempt to balance at the design stage. We begin with the case of constant,
rational treatment proportions p = a/k. Local randomization with varying treatment
proportions p(x), required for full efficiency, is discussed in Section 3.3 below.

"Changing p also affects the variance due to assignment, since b = b(z;p) If R} ,, = 1, these effects
are lower order.
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For concision, in what follows we denote the balance function b = b(X;p), as defined
in Equation 2.2, and similarly ¢ = ¢(X) for the CATE, when the context is clear. Let
Wl:n = (X’M Y;(O)a Y;(l)):bzl

3.1 Constant Treatment Proportions

We begin with a central limit theorem, justifying the efficiency claims in Section 2 above.
The technical assumptions 9.3 and 9.6 comprise various moment bounds, as well as the
Lipschitz condition in Assumption 2.1 above.

Theorem 3.1 (CLT). Suppose that conditions 9.3 and 9.6 hold. Assume that the propen-
sity p = a/k is constant with ged(a, k) = 1. Suppose that selection and assignment are
locally randomized:

(Z) Tl:n ~ LOCn(¢7 q) or Tl:n =1
(ZZ) Dl:n ~ LOCH(@b,p | Tl:n)

Then \/gn(0 — ATE) = N(0,V (¥, (¢,p))
V (¢, (g,p)) = ¢ Var(c) + (1 — ) E[(c — Elc[v])*]

+E[(b— Ebl¢])*]| + E {01 GO 010(_)2}

From the second term in the asymptotic variance, we see that locally randomized treat-
ment assignment does non-parametric regression adjustment by design, leaving only the
residual variance E[(b — E[b|¢])?] = E[Var(b|s))]. Similarly, locally randomized selection
gives non-parametric control over the variance due to treatment effect heterogeneity. In
particular, the first term above “looks like” we ran a larger experiment with sample size
n > gn, up to an additive factor of E[(c — E[c|y])?] = E[Var(c|w)]. This extra term is
due to the residual treatment effect heterogeneity not explained by v (z).

Intuition for key elements of the proof is given in Remark 3.22 below. For the full proof,
see Section 9.2 of the appendix.

Example 3.2 (Matched k-tuples). We can interpret the homogeneous groups of Defi-
nition 2.2 as a generalization of matched pairs. In particular, the local randomization
algorithms in this paper implement “matched k-tuples” that are tightly matched in the
sense of homogeneity Condition 2.10. We use these algorithms to produce homogeneous
groups during both the selection and treatment assignment stages of the design.

For example, consider a situation with n = 700 units willing to participate, but there are
only resources for gn = 300 to ultimately be included in the experiment. The researcher
must randomly select proportion ¢ = 3/7 of the eligible units to participate. Suppose
that intervention D = 1 is more expensive, so that only p = 1/3 of the selected units may
be assigned to D = 1. Following the steps in Definition 2.2, we use local randomization
to design an efficient experiment satisfying these constraints. First, Algorithm 2.3 can
be used to divide the sample into groups of 7 units that are homogeneous in the baseline
covariates ¥ (z). From each group, we select exactly 3 units to participate in the trial,
leaving (3/7) - 700 = 300 selected units. Next, we again use our algorithm to divide the
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selected units into homogeneous groups of 3 units, assigning exactly 1 out of 3 in each
group to intervention D = 1. In notation, for the case ¥ (z) = = we have

(1) T ~ Locy(X,3/7)
(i) Dy, ~ Locy(X,1/3|T1.0)

Then by Theorem 3.1 /gn(d — ATE) = N(0,V)

V = (3/7) Var(e(X)) + E [";}3{ ) 4 "i(g )]

Because of the tight matching into 7-tuples, the selection component of the asymptotic
variance behaves as if we had run the trial with all n = 700 units. Because of the “matched
triples” design during treatment assignment, the assignment variance component is lower
order, and doesn’t appear at all in the asymptotic variance. Exact inference for this
design is given by plugging ¢ = 3/7 and p = 1/3 into the variance estimators in Theorem
5.3.

Example 3.3 (Selection on Preliminary Covariates). In practice, experimenters may
learn additional covariate information between the selection and treatment assignment
stages of the design, after committing to select certain units into the experiment. Suppose
that X; = (XP™*, XP**"), with only X" available at selection time. Consider the design

(i) Tl:n ~ LOCH(XPT€> Q)
(11) Dlm ~ LOCH(va ’ Tl:n)

Then ,/gn(6 — ATE) = N(0,V)

2(X (X
V = g Var(E[e(X)|X?")) + E[Var(c(X)|X?")] + E [‘Tl( )| 010( )}
p -p
We achieve full efficiency (relative to X)) if and only if ¢(X) = ¢(X?™). Intuitively, if
¢(X) only varies with X7 we can use these preliminary covariates to select units into
the trial that are “fully representative” of the variation in treatment effects over X.

Example 3.4 (Complete Randomization). Consider the local function ¢(x) = 1 for all z.
Note that this ¢)(z) provides no information at all about experimental units. In particular,
perfect homogeneity in the sense of Condition 2.10 holds for any group, since ¥; = ¢; =1
for all 4,j. By Proposition 9.15 in the appendix, Loc,(1,p) = CR(p) in distribution,
showing formally that “randomly matching” units into groups of k, then treating exactly
a out of k in each group is equivalent to complete randomization CR(a/k). From the
theorem, if T1.,, ~ Loc, (1, q) and Dy, ~ Locy,(1,p|T1.,). Then \/q_n(@\—ATE) = N(0,V)

V = Var(¢(X)) + Var(b(X)) + E {"%(X) + "g(Xq

p L—=p
Remark 3.5 (Finite Population Estimand). If the eligible units [n] are equal to the full
population, then the thought experiment where these units are randomly sampled from

a larger super-population is invalid. For instance, in the Abaluck et al. (2021) example,
it may be that all the villages of interest in Bangladesh are eligible to be included in the
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experiment. In this case, we may consider a finite-population estimand such as E,[¢(X;)],
as in Abadie et al. (2014) or Kolesar and Armstrong (2021). The proof of Theorem 3.1
shows that

~

V(@ - Bule(X)]) = N(o, V(b (7)) - anr<c<X>>>

Thus, we get the same asymptotic variance as before, minus the extra variability due to
sampling eligible units from a larger super-population. Valid inference for this estimand
is given by Theorem 5.3 below, exact for the case ¢(x) = .

Remark 3.6 (Design as Regression Adjustment). Theorem 3.1 shows that local random-
ization does mon-parametric regression at the design stage, without actually specifying
or estimating a regression model ex-post. Similarly, Li et al. (2018) show that rerandom-
ization does linear regression by design, up to a small extra variance term. Recent work
in Harshaw et al. (2021) gives a novel “Grahm-Schmidt walk” design with MSE bounded
by a quantity related to linear ridge regression.

Follow-up work in Cytrynbaum (2021) studies rerandomizing local designs by redrawing
the complete randomizations within each local group until some global measure of bal-
ance is achieved. That paper shows that the variance of rerandomized local designs is
controlled by the residuals of a semi-parametric regression, with the linear component
due to rerandomization. For a fixed regressor ¢(X), non-parametric regression residuals
are smaller than OLS residuals. Because of this, locally balanced designs are asymptoti-
cally more efficient than globally balanced designs such as rerandomization, or stratified
designs with non data-adaptive strata, as in Example 3.18 below.

3.2 The Optimal Design

The following corollary of Theorem 3.1 characterizes the optimal design for estimating
the ATE in a given population, with fixed propensity p. The fully optimal design requires
implementing varying propensity

KON o1(z)
pi(z) = o1(z) + op(x)

We give this result in Theorem 3.19 below, after discussing how to implement local
randomization with non-constant propensity scores p(x) in Section 3.3.

Theorem 3.7 (Optimal Design). Suppose that conditions 9.3 and 9.6 hold. Let the
function ¥(x) used to form local groups be one of the following

(i) ¢*(x) = (b(x;p
(ir) ¥*(x) = (mo(z), ml(fﬂ))
(iii) Vv*(x) =

Suppose that the design is locally randomized:

(Z) Tl:n ~ Locn(w*a Q) or Tl:n =1
(”) Dl:n ~ LOCH(¢*ap | Tl:n)

(
)=
)=
) =
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Then \/gn( — ATE) = N(0, V)

(3.1)

V* = ¢ Var(c(X)) + E [“%(X) + Ug(X)}

P I—p

Under the optimal design, the selection and assignment terms are independently opti-
mized. Note that the term ¢ Var(c(X)) is irreducible.

Remark 3.8 (What Experimenters Should Balance). Consider (i) ¢*(x) = (b(z;p), c¢(x)).
Recall that the balance function b(x) describes how outcomes vary with covariates, while
c(x) describes how treatment effects vary. This shows that the optimal design reduces
both the selection and assignment sources of variance by balancing along two distinct
dimensions

(i) (Selection) By forming local groups that are homogeneous in ¢(X;), then selecting
exactly proportion ¢ units into the experiment (7; = 1), the conditional average
treatment effect level ¢(z) in this group is “well-represented” in the experiment.

(ii) (Assignment) By forming local groups homogeneous in b(x;p), the conditional av-
erage outcome level b(x;p) is “well-represented” among the units assigned to each
treatment arm.

Since (b(x; p), c(z)) are each weighted combinations of (mg(z), m1(x)), matching on both
conditional expectations in (ii) is also sufficient.

Remark 3.9 (Role of Covariate Dimension). Note that (i) and (ii) are both infeasible,
since none of these objects are observed. By contrast, (iii) ¢(x) = z is feasible, and the
theorem shows that this fully attenuates selection and assignment variance, asymptoti-
cally. If x is low-dimensional, experimenters should use the designs above with ¢ (z) = x.
However, rates in Section 8 guaranteeing the local balancing condition 3.2 scale poorly
with dimension. Intuitively, matching on ¢(x) = x in high dimensions, with many irrel-
evant components, will likely give poor finite sample performance. In this case, a small
subset of the baseline covariates x expected to be most predictive of variation in both
treatment effects and outcomes should be selected. See remark 4.7 and section 4.2 for
more discussion of this issue.

Example 3.10 (Matching on Risk Scores). In view of the optimal designs in Theorem 3.7,
consider letting 1 (x) = (mo(x), m1(x)) be regressions of proxy outcomes and treatments
Y(d) on X in a previous study (with some shared basline covariates between studies).
For example, if D; is an educational intervention, X; are student characteristics, and the
outcome of interest Y; is mathematics test scores, the proxy outcome Y may be reading
or overall test scores of different students in a previous study, under a related intervention
d. Such approaches are commonly used in clinical trials, where m,4(x) may be regarded
as patient risk scores. If we use the design

(i) T1.n ~ Loc,((mo,m1),q)
(11) Dl:n ~ LOCH((mo, ’I’hl),p | Tl:n)
Then ,/gn(6 — ATE) = N(0,V)
V = qVar(c) + (1 — q) E[(c — Ele|g, m])?] + E[(b — E[bling, m1])?]

o[
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This variance will be small if the risk scores (19(x), m(z)) explain variance in treatment
effects and outcomes (through b(z)) well. Theorem 4.8 below shows that, in the case
where the proxy study is actually a pilot with the same outcomes and treatments, and
mg = my are well-specified, consistent regressions, the efficiency bound of Theorem 3.7
is achieved.

3.3 Varying Treatment Proportions

This section describes the full version of the method, giving local randomization designs
for arbitrarily varying treatment proportions p(x). We also formally give conditional
asymptotics for the situation where ¢ (z) and p(z) are random, for instance estimated
using data from a pilot or proxy study. As outlined in Definition 2.4, we take a double
stratification approach:

(1) Discretize p(x) to a coarser, rational-valued propensity p, ()
(2) Stratify units by their discretized propensity values p,(X;)
(3) Locally randomize with respect to ¢ (z) in each propensity stratum {p, (X;) = a/k}.

For example, we may have p,(z) € {2/5,2/3}. In the stratum {i : p,(X;) = 2/5}, we
form homogeneous groups |g| = 5, randomly assigning D; = 1 to 2 out of 5 units. The
reader comfortable with this informal definition may choose to skip to Section 3.4 below,
discussing the fully efficient design. Formally, we require the following conditions

Definition 3.11 (Local Randomization). Assume the following

(a) Discretized propensities (p,), with approximation rate ||p, — p|lec = O(r2) = o(1)
and p,(z) € L, for all z, with rational propensity level set L, = {p, = ¢u/ks : a =
1,...,|Ly|}, written with ged(q,, ko) = 1.

ocal groups) Assume we have formed groups (g,s)7_; for each propensity leve
b) (Local A have f d )y f h ity level
Pa € Ly, noting that there can be at most n groups. Assume that the groups satisfy
the following conditions
(i) Feasible partition: [n] = |_|LL:"1‘ LI"_, ga,s (disjoint), with propensity level p, (X;) =
po for all i € g, , full group size |g, 5| = k, for 1 < s <n — 1, and remainder
group 0 < |ga,n| < ko
ii) Restricted adaptivity: e groups (gq.s)as only depend on the data throug
ii) Restricted adaptivity: Th s)a,s only d d on the data th h
(V(X;), pa(X;)), and external randomness &,. In notation, for some &, 1L
Wl:n we have (ga,s)a,s € U(¢1:n7p1:n,n7§n)‘
(iii) Homogeneity: For v; = ¢(X;)

|Ln| n
nIION R Y (=) = 0,07 = 0,(1) (3.2)
a=1 s=1 1,J€Ya,s

i#]

(c¢) (Randomization) Complete randomization of treatment assignments within each
local group (D;)icg,, ~ CR(pa), independently over groups 1 < s < n — 1. Also,

D; ii‘}Bel"Iloulli(]z)a) for all units ¢ in the remainder group s = n.
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We say that such a design implements p(x) locally with respect to ¥ (x), denoting Dy, ~
Locy (¢, p(x)). For treatment post-selection, we will denote Dy, ~ Loc, (¢, p(z) | T1.,),
replacing the set of eligible units [n] in the above definition with the set of selected units
{i:T, =1}

Example 3.12 (Targeted Matched Triples). Suppose the experimenter expects inter-
vention D = 1 to be highly beneficial for units of type A, but less so for type B. In a
medical trial, these could be old vs. young patients. Suppose that X; is a vector that
contains unit type, but also other known characteristics of the unit. Welfare or political
constraints may require, for example, p(A) = 2/3 > 1/3 = p(B). Concretely, we can
let the propensity p(z) vary with unity type, with p(A) = 2/3 and p(B) = 1/3. For
Dy, ~ Locy(X,p = {1/3,2/3}), the procedure in Definition 2.2 does the following

1) Group type A units into triples |g| = 3, matched on the full covariate vector X;.

(1)
(2) Assign D =1 to exactly 2 out of 3 units in each group
(3)

3) Repeat the procedure for the type B units in the pro {i : p,(X;) = 1/3}, with 1
out of 3 treated.

This procedure (i) satisfies the experimenter’s constraint and (ii) gives the efficiency
of a “matched-pairs” like design, using the design to control for all of the (potentially
continuous) features X;. Exact inference procedures for this design follow from the general
formula in Section 5, allowing the experimenter to fully take advantage of this efficiency.

Remark 3.13 (Group Construction Algorithms). Equation 3.2 is the general version of
the group homogeneity Condition 2.10 for the case of non-constant propensity scores.
We analyze group-construction algorithms in Section 8 below that achieve the rate r¥ =
O(n=%(1) with dim(¢)) = d. In practice, we find that the greedy heuristic outlined in
Algorithm 2.3 performs well and is fast.

Remark 3.14 (Propensity Approximation). Our asymptotic framework allows the set
of propensity levels L, to grow with n, accommodating asymptotic approximation of
arbitrary propensity scores. With k,, = max,,cr, k, the maximal group size, we impose
the technical condition

kn V |La| = O(v/n/ log(n)) (3:3)

requiring that the maximal group size and number of distinct propensity levels | L,,| don’t
grow too fast.

Remark 3.15 (Balancing Estimated Functions). In Section 4, we study a setting where
the local function 1 (z) is estimated using a pilot data set, asking if we can “estimate what
to balance.” To formalize this setting, we write ¢ = ¢(+, () with ¢ 1L (X;, ¥;(0), Y;(1))™,
a random element. In our applications, ¢ includes objects estimated out-of-sample, e.g.
in a pilot or proxy data set. We also allow p(-) = p(+, (), for instance allowing local ran-
domization using an independent estimate of the optimal propensity score, as in Theorem
4.3. Theorem 3.17 and the inference methods in Section 5 are conditionally valid given
the realized value of (. See the proof of Theorem 9.5 in the appendix for more details.

Example 3.16 (Pilot Study). Let { = (m4)a=0.1 be estimates of my(z) = E[Y (d)|X = z],
from a pilot experiment. Consider setting

Wz, C) = (ﬁll(x) — mo(x), M4 (x) (ﬂ)l/z T o(a) (L)W)
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Notice that this ¢ is a (random) pilot estimate of the optimal design ¥*(x) = (c¢(x), b(x))
from Theorem 3.19. The results below give consistent inference conditional on ¢, without
requiring consistency of the regression estimates. If the regressions mg4(x) are consistent,
Theorem 4.8 in the next section shows selection and assignment that are locally random-
ized with respect to ¢(x, () gives asymptotic efficiency.

Abusing notation, for local randomization with varying propensity score p(x), discretized
to pn(x) as above, we use the IPW estimator

(3.4)

ngn[TiDm}_ n{m—Dim}

qpn(X;) q(1 — pa(X3))

We also extend our definition of the balance function

b () = (2) (1‘—”))/ +molo) (22 " (35)

p(z) 1—p(
The following theorem gives the most general version of our asymptotic results, extending
Theorem 3.1 above.

Theorem 3.17 (CLT). Suppose that conditions 9.3 and 9.7 hold. Suppose that local
functions ' = Y'(-,¢) and ¥ = Y(-,() are increasing in granularity, in the sense that
V' € o). Suppose that treatment proportions p = p(-, () with random element ¢ 1L W1.,,.
Assume that selection and assignment are locally randomized

(7;) Tl:n ~ LOCH(@b” q) or len =1
(ii) D1., ~ Locy (1, p(x) | T1.0)

Then \/qn(0 — ATE)|¢ = N (0, V((¥',¢), (,p))

V((',%), (¢,p)) = qVar(c) + (1 = q) E[(c — Elc|¢',¢])*|(]

+E[(0— E[Dly,p, ¢+ E {;3(()2) 1 —U(;o(())? ¢) M

Under the same conditions
V(0 - BJCODIC = 70,1 (0, 0), 00p) = g V() )

Example 3.18 (Jointly Stratified Selection and Assignment). In this example, we show
that local randomization subsumes stratified block randomization (SBR) with fized strata
(not data-adaptive). For the case without selection, this design was recently studied us-
ing alternative methods in Bugni et al. (2018). Our work gives asymptotics and exact
inference for a more general class of designs with jointly stratified selection and assign-
ment. Consider a fixed stratification ¢ (z) = S(x) € {1,..., K}. For example, if X are
village-level infection rates, S(X) € {1,...,5} could be a discretized “infection-quintile.”
By Proposition 9.15 in the appendix, Loc, (S, p(S)) is equivalent'? to SBR(S, p(S)). Con-
sider a design with both stratified selection and assignment

12Dy, ~ Locy (S, p(S)) may differ from other implementations of SBR due to our explicit handling of
remainder groups, when p(s) - [{i : S; = s}| is not an integer. The theorem shows that these differences
are higher order.
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(i) Ti.n ~ Loc,(S(x),q)
(H> Dl:n ~ LOCH(S(LU),]?<S<$>> | Tl:n)

Then by Theorem 3.17, \/qn(6 — ATE) = N(0,V)

2(X)  o3(X)
p(S) 1= p(9)

The variance due to treatment assignment is reduced from Var(b(X')) under complete ran-
domization to E[(b — E[b|S])?] = E[Var(b(X)|S)] under SBR. Thus, b(X) is effectively
“controlled” by a non-parametric regression with regressor S(X), and similarly for the
selection variance term E[(c — E[c|S])?]. Exact inference for this design may be obtained
by plugging ¢ and p(s) into the variance estimators in Section 5.

V = qVar(c) + (1 — q)El(c — Elc|S])*] + E[(b— E[o|S])*] + E

Connection to OLS: We can relate the increase in precision from stratified selection
and assignment to linear regression adjustment as follows. Let 15 be a full set of strata
indicator functions. Consider the population OLS equations

0
0

b(X) = F;,]ls -+ vy E[]lsl)b]
o(X)=T1sg+v. E[lsv]

Then the variance expression above can be rewritten in terms of the population OLS
residuals

oi(X) | _o3(X)
p(S)  1—=p(S)

This shows that stratified selection and assignment, with large, fixed strata, does linear
regression adjustment by design.

V = qVar(c) + (1 — q) Var(v.) + Var(v,) + E

3.4 Fully Optimal Designs

In Section 3.2, we gave restricted optimal designs implementing the constant treat-
ment proportions p = a/k. In this section, we use the double stratification methods
from the previous section to give fully optimal designs, which generically require im-
plementing a non-constant optimal propensity score p*(x). To state the result, recall

o2(x) = Var(Y(d)|X = z) and define

O'1(£C)

pi(z) = o1(z) + op(x)

The propensity p*(z) is known as the Neyman allocation. Intuitively, p*(x) assigns the
noisier treatment arm more often (at each X; = x), making optimal use of sample size.
Such effects are discussed in detail in section 4, where we use local randomization to
implement a pilot estimate of p*(x). Let p,(z) be a discretization of p*(z), satisfying the
conditions in Definition 3.11. We also require a generalization of Equation 3.5, giving a
balance function with the implemented (discretized) propensity weights p,,(x)

bola) = (o) () P @ (1245) " (36)

pn(T) 1 — pn(
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Note that b, (x) = b(x; p,(z)). The next result improves on the restricted optimal designs
of Theorem 3.7.

Theorem 3.19 (Optimal Design). Suppose that conditions 9.3 and 9.7 hold. Let the
function ¥(x) used to form local groups be one of the following

(1) ¥ (x) = (bn(), c())
(i) ¥*(x) = (mo(x), ma(x))
(iii) v (2) = @
Suppose that the design is locally randomized:
(Z) Tl:n ~ LOCn(w*a Q) or Tl:n =1
(i) D1 ~ Locy(¥*, p*(2) | T1n)

Then \/gn(f — ATE) = N(0,V*)

03 (X) o2(X)
V*=¢gVar(c(X))+ min E |- 0
q Var(e(X)) PEL(X) p(X)  1-p(X)
p

(3.7)
Under the fully optimal design, the selection, assignment, and residual components of the
asymptotic variance are all independently optimized.

3.5 Theory Discussion

This section collects various discussions that may be of interest to researchers working on
statistical theory for experimental design. In particular, we give intuition for some key
elements of the proof of our asymptotic results in Remark 3.22.

Remark 3.20 (Efficient IPW Estimation). Suppose there is no selection (¢ = 1) and

consider simple random sampling, which draws treatments D; w Bernoulli(p), as in Hahn
et al. (2011). The results of Hirano et al. (2003) show that in this setting IPW estima-
tion using the true propensity weights p(X;) is inefficient, while weighting with a non-
parametric estimate p(X;) of the known propensity achieves the semi-parametric variance

bound 2(X) 2(X)
o o
V* = Var(e(X)) + E | = 0
CCDHEL) T
By contrast, if Dy, ~ Loc, (X, p(x)), then by Theorem 3.17 /n(6—ATE) = N(0,V*). In
particular, the IPW estimator with true propensity weights achieves the semi-parametric
variance bound, removing the need for an extra step where we non-parametrically “re-
estimate” a known quantity.

To understand this improvement, note that under independent treatment assignment,
for any “nice” local region A C X we have \/nE,[(D; — p(X;))1(X; € A)] = Q,(1),
reflecting order n~'/? dispersion of the sample treatment proportions away from the
target proportions p(z). Unless we update the propensity weights p(X;) — p(X;) to
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reflect the realized, in-sample treatment proportions, this dispersion increases the first-
order asymptotic variance. By contrast, Lemma 9.4 in the appendix shows that under
local randomization

VIE,[(Di = po(X)1(X; € A)] = O, (n~/@+D)

with d = dim(X). Local randomization forces the sample treatment proportions in each
fixed region of the covariate space to be equal to the target proportions, up to lower order.
Also see Figure 4, which shows an example where in-sample propensity widely diverges
from the population propensity under complete randomization.

Remark 3.21 (Robustness vs. Efficiency). By Theorem 3.17, the assignment variance
under Dy., ~ Loc, (¢, p) is, using the law of total variance

E[(b— E[ble, p])’] = Var(b(X)) — Var(E[bl¢), p]) < Var(b(X))

This shows that, at least asymptotically, balancing any function of the covariates weakly
dominates complete randomization, which achieves the maximal variance Var(b(X)). The
proof of Theorem 9.5 shows that, in finite samples, this variance ordering still holds ex-
ante, but may fail conditionally on X}.,, e.g. if 1»(X) predicts outcomes poorly, echoing a
similar observation in Imbens (2011) for matched pair designs. The conditional variance
calculations in Theorem 9.5 show that such problematic variance components vanish
asymptotically at rate O,p(nfl/ 2). For details, see the discussion in Remark 3.22 below.

Remark 3.22 (Proof Intuition). In this remark, we give intuition for the proof of our
CLT in Theorem 3.1. Consider the special case Ty, = 1 and Dy, ~ Loc,(¢,p) with
p = a/k. By the fundamental decomposition of the IPW estimator

(Di —a/k)
Va/k — (a/k)?

We highlight two key elements of the proof of Theorem 9.5 (from which Theorem 3.17
above is derived), focusing on our conditional CLT for the middle term above

0 = E,[c(X))] + En b(X;)| + residuals,

(1) We show that within-group randomization non-parametrically “partials out” the
projection E[b|y)], leaving only the variation not predicted by ¥(X) (to first order).
This gives the coupling below

VIE[(Di = a/k)b(X:)] = VnE[(D; — a/k)(b — E[b[])(X:)] + Oy ((r)?)
(2) We show that the leftover residuals u; = b; — E|[bli);] behave “as if” randomly

assigned to groups, so the effect of data-adaptive group construction and correlated
assignment decays asymptotically (for the residuals)

For (1), observe that b; = E[bl¢;] + (b; — E[b|1y]). If ©» — E[b|¢] is Lipschitz, by Lemma
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9.20 the local-group correlation structure of the treatment assignments gives

Var (ViE,[(Di — a/k)Eb|i]| X, ) < kY Y (EBle] — B[bliy])* + Oy(log(n) /n)

9 ijEg
i#]

Sp K Z Z(% - ¢j)2 = Op(rg) = 0p(1)

g i,jEg
1#]
using the balancing rate guarantees for groups constructed in section 8. External ran-
domness 7, 1l Wi., is needed to break potential ties during group construction.

For (2), since the algorithms in section 8 use all values 1., = (¥(X;)), to globally
optimize the balance criterion, each group ¢ has stochastic dependence g = g(¥1.,, 7).
Then one argues that E|wu;|i,j € g] = E[E[wu;|t1m, m]|i,j € g] = 0, showing the
residuals behave “as if” randomly assigned to groups. The proof of Theorem 9.5 shows
that

Var (\/HEH[(DI - a’/k>ui’X1:n> 7Tn) = E[( [b|¢]) ] Z Z U U g + Op
g ijeg
i#]
By this “anti-selection” result for the residuals, the middle term can be shown to be
O,(n~1/2). For more details, see Lemmas 9.20, 9.22, and the proof of Theorem 9.5 in the
appendix. For concrete rate guarantees on r¥ under weaker smoothness assumptions, see
section 8.

4 Efficient Design with a Pilot Experiment

This section proposes new methods that use data from a pilot'? study in order to design
a more efficient main experiment. In particular, we give the first asymptotically fully
efficient designs in this setting.

Local randomization methods can be used to minimize the variance due to selection and
treatment assignment. However, since the residuals ¢! = Y;(d) — E[Yi(d)|X;] are mean-
independent of the baseline covariates X; used to form local groups, randomizing within
local groups cannot affect the residual variance. To further minimize the residual vari-
ance, we need to change the design’s treatment proportions, assigning more units to the
“noisier” treatment arm. Intuitively, one can think of this as taking more measurements of
the quantity that is harder to measure. Full efficiency requires implementing the optimal
treatment proportions conditionally, in proportion to the conditional standard deviation
o4(x) = Var(Y (d)| X = z)1/2 for d = 0, 1. While 04(x) is unknown, it may be consistently
estimated using pilot data.

Thus, we propose to use the pilot experiment to construct a feasible version of the fully
optimal design in two steps, using the double stratification approach of Section 3.3. First,

I3The results from this section also apply with access to observational data from the population of
interest, as long as the relevant causal quantites are identified and estimable.
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we stratify units on a pilot estimate of the optimal treatment proportions

o1(x)
o1(z) + oo(z)

p() = — 2D (41)

plr) = o1(z) + oo(x)

Next, we implement these treatment proportions by local randomization within each
propensity stratum.

For example, suppose the pilot estimate of the optimal treatment proportions takes values
p(z) € {1/2,3/5}. In the propensity stratum {i : p(X;) = 3/5} we partition the units
into homogeneous groups of 5, assigning exactly 3 in each group to D = 1, and similarly
for the stratum with p(X;) = 1/2. By implementing p(x) by randomization within
local groups, we strongly control the variance due to treatment assignment, while also
minimizing the residual variance. In particular, our strategy independently minimizes
the selection, assignment, and residual components of the asymptotic variance (Theorem
4.8), giving the first fully efficient design in this setting.

Remark 4.1 (High Dimensional Covariates). Section 4.1 proposes a robust method that
does not require correct specification or estimation of outcome regression models How-
ever, the finite sample performance of this approach may be poor in high-dimensional
settings with many weakly predictive covariates. Therefore, in Section 4.2 we provide an
alternative method that uses the pilot study to “estimate what to balance.” In particular,
we show that locally randomizing with respect to a pilot estimate ¢ (z) = (b,(x),c(x))
of the optimal design ¥*(x) = (b,(z), c(x)) given by Theorem 3.19 is also asymptotically
fully efficient if the pilot regressions are estimated consistently. However, we argue that
strong consistency assumptions may be inappropriate for experimental design, leading
us to prefer a “robustified” version of the second method with ¢ (x) = (b, (), &(x), Tpred),

also balancing some predictive covariates outright. See the discussion in Remark 4.12.
Advice for Practice - The theory developed in this section suggests

(1) For low-dimensional baseline covariates X;, let selection variables and treatment
assignments be drawn by T3., ~ Loc, (X, q) and Dy.,, ~ Loc, (X, p(x) | T1.,), where
p(z) is a “working model” of the Neyman allocation estimated using pilot data. For
considerations involved in choosing the estimate p(x), see the practical discussion
in Remark 4.5 below.

(2) For high-dimensional baseline covariates X;, let ¥ (z) = (bn(z), (), Tpred), includ-
ing a pilot estimate of the balance function and CATE, and also including outright
a few of the covariates thought to be most predictive of outcomes. Then, let se-
lections and treatment assignments be drawn by T3, ~ Loc,(v¢,q) and Dy, ~

Locn(w7 ]/)\(LU) | Tl!n)‘

4.1 Robust Solution

This section presents our robust solution. First, we discuss implementation of the Neyman
allocation estimate in Equation 4.1 in more detail. Consider a simple implementation of
the propensity p(x) using independent sampling

D; ™! Bernoulli(p(X;))
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Unfortunately, under this strategy the realized treatment proportions may significantly
differ from the pilot estimate p(x) that we wish to implement, due to the O(n~'/?) dis-
persion created by independent sampling. This dispersion creates covariate imbalances
that need to be removed ex-post in the analysis stage. For instance, this may require
well-specified regression adjustment, as in Robinson (1988), or ex-post, non-parametric
re-estimation of the (known) propensity score, as in Hirano et al. (2003).

Double Stratification - Alternatively, consider assignments D;., ~ Loc, (X, p(z)), us-
ing the double stratification approach defined in Section 3.3 above. This gives a fast
implementation of p(x), forcing the realized treatment proportions to be exactly p(z), up
to lower order dispersion.'* Using this method, we can implement the estimated optimal
treatment proportions p(x), while also strongly controlling the selection and assignment
components of the asymptotic variance.

Remark 4.2 (Large Pilot Asymptotics). In the following theorem, we assume that the
pilot sample size ny;,+ < n, working in large pilot asymptotics as in Hahn et al. (2011).
This formally allows for consistent estimation (|64 — 04/l2.x = 0,(1) using the pilot data.

While consistency is required for the asymptotic optimality result below, in practice we
advocate treating o4(x) as a “working model” of the variance function. Using the pilot
data to implement an estimate of the optimal treatment proportions p*(z) will generally
improve upon an arbitrary propensity score, such as p = 1/2, even if the estimator o,(x)
is misspecified or formed using a small pilot.

Theorem 4.3. Suppose |04 — 04|22 = 0p(1) and impose assumptions 9.3 and 9.9. With
p(z) the pilot Neyman allocation estimate in Equation j.1, suppose that

(i) Th., ~ Locy(X, q)
(7'7/) Dl:n ~ LOCn(X,]/?\(l') ‘ Tl:n)

Then \/gn(0 — ATE) = N(0,V*)

V* = ¢ Var(c(X)) "‘perg&)E (;1(()()()) * 1T;i<)l)

0<p<1

Theorem 4.3 shows that the selection, assignment, and residual components of the asymp-
totic variance are independently minimized. In particular, the variance due to treatment
assignment is lower order. For the proof of this theorem, see section 9.3 of the appendix.

Remark 4.4 (Double Stratification). For more intuition, consider the treatment assign-
ment step in detail. The notation D;., ~ Loc, (X, p(x)|T1.,) does the following:

(1) Stratify the selected units on p,(X;), values of a discretized'® version of the es-
timated optimal treatment proportions p(z). This partitions units based on the
relative noisiness of potential outcomes Y;(1) vs. Y;(0) at X;, forming strata of
units with similar optimal treatment probabilities.

YFormally, for A C X a fixed “nice” region of the covariate space, E,[(D; — p,(X;))1(X; € A)] =
O, ((r¥/n)'/?). See Lemma 9.4 for details
151f the discretization has |L,,| propensity levels with k,, = maxg, /k,cL, Ka, the local balancing results

in section 8 require |L, |k, = o(n). For the standard discretization {1/k,,...k, — 1/k,}, let 1/k, =<

log(n)/ /.
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(2) Within each propensity stratum {i : p,(X;) = a/k}, match units on baseline co-
variates X; into homogeneous groups of size |g| = k, assigning D; = 1 to exactly a
out of k of them, uniformly at random.

By doing this, we simultaneously (1) implement treatment proportions that optimize the
residual variance and (2) do “matched k-tuples” (Example 3.12) within each propensity
stratum, producing asymptotically lower order assignment variance.

Remark 4.5 (Variance Models in Practice). While the asymptotic full efficiency of
Theorem 4.3 requires well-specified, consistent %(x), the asymptotics and inference re-
sults in Theorem 3.17 and Theorem 5.3 hold for any, potentially inconsistent, estimate
p(z) 1L data of the optimal treatment proportions, including the following:

U'l

= %= constant with o2 estimated from a previous experiment with different,
t conceptually related, treatments and outcomes

(a) p
bu

(b) p= 5% an educated guess of the relative variability of outcomes for d = 0,1

(c) plz) = W@%(I) with 02(z) estimated inconsistently from confounded observa-
tional data

In each case, assigning D;.,, ~ Loc, (X, p(z) | T1.,) attempts to reduce estimator variance

by (1) taking more samples of the treatment arm with noisier outcomes and (2) imple-

menting these treatment proportions using local randomization methods. Asymptotically

exact inference, with no assumptions on the consistency or well-specification of p(x), is

given by Theorem 5.3 in the next section.

In the remainder of this subsection, we compare our method with the recent “optimal
stratification tree” approach of Tabord-Meehan (2020).

4.1.1 Comparison with Optimal Stratification Trees

Recall that classical stratified block randomization (SBR) assigns exactly proportion p(s)
units to treatment, completely at random, within the stratum {S(X;) = s}, for some fixed
stratification of the covariate space S € {1,..., K}. Tabord-Mechan (2020), henceforth
TM, uses pilot data to estimate an efficient stratification and propensity score (g, p(s))
over a set of tree partitions of the covariate space, denoted T .

Theorem 3.1 of TM' shows that if Dy, ~ SBR(§, p(s)) then an IPW estimator 0 has
Vn(0 — ATE) = N(0,V) with asymptotic variance

V = Var(c(X)) + min (E[(b(X; S) = EB(X; S)IS(X))) + B {pf&gé) 1 —Uzg*((?; S)D

The within-stratum optimal propensity p*(X : S) and balance function are given by

Var(Y (1)|5)"/?

P S) = Var(Y'(1)|S)'/2 4 Var(Y (0)|5)1/2

6For a formal transformation of the SBR variance of Bugni et al. (2018) (cited in TM) into “balance
function adjustment” form, see section 9.3 of the appendix
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From the minimization problem in the first display, we see that the optimal tree stratifi-
cation chooses a compromise between:

(1) In the first term, minimizing variance due to treatment assignment by choosing
strata that predict outcomes well (parameterized by the balance function b(X;.S))

(2) In the second term, minimizing residual variance by sampling treatment arms
proportionally to their relative residual variance, through the induced propensity

pH(X;S)

By contrast, for the case with no selection into the experiment (¢ = 1), the local ran-
domization approach of Theorem 4.3 achieves asymptotic variance

* = Var(c min ot (X) 75(X)
V=V <(X>)+p§£;(X)E p(X) T 1-p(X)

<1

Both terms are independently optimized, and the variance due to assignment is asymptot-
ically vanishing due to local matching within propensity strata. In particular, V* < V.

Remark 4.6 (Discussion). Our strategy exploits the fact that we have stronger control
over the variance due to treatment assignment than the residual variance. Note that

(1) The variance due to treatment assignment can be made asymptotically lower order
by locally randomizing on ¢ (z) = =.

(2) The variance due to residuals €/ = Yi(d) — E[Yi(d)|X;] cannot be affected by
matching-like methods, including classical stratification, since the baseline covari-
ates X; used for stratification are mean-independent of €/. The only parameter we
can use to affect the residual variance is the propensity score p(z), through which
the proportion of residuals € drawn from each arm d = 0,1 may be optimized.

The assignment variance is the easier term: we can ensure that it is lower order by
implementing a consistent estimate of the optimal propensity p*(x) with local random-
ization methods. By contrast, optimal stratification trees force us to choose a compromise
between the easier assignment component and the residual component of the variance,
leading to asymptotic sub-optimality.

Remark 4.7 (Role of Covariate Dimension). If Dy, ~ Loc,(X,p(z) | Ti.,), our results
show that the variance due to treatment assignment is asymptotically lower order. In
particular, the covariate imbalance term in the IPW expansion has

VRE[(Di = pu(Xi))bu(X)] = Op(n™ VD) d = dim(X)

See Lemma 9.4 in the appendix for details. If X is high-dimensional, the assignment vari-
ance may be non-negligible in finite samples due to the slow convergence rate above. For
instance, if many components of X are irrelevant for predicting outcomes, the “signal” of
the relevant covariates may be lost by matching on all components of the high-dimensional
vector X. Motivated by this, Section 4.2 considers using pilot data to “estimate what to
balance,” rather than balancing the whole vector X. Section 6 gives empirical evidence
showing the deterioration of finite sample performance in high dimensions.
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4.2 Using a Pilot Study to “Estimate what to Balance”

This section considers an alternative method that uses the pilot study to “estimate what
to balance,” motivated by concerns about poor finite-sample performance of the robust
method in high-dimensions (Remark 4.7). In Section 3.4, we showed that a design that
locally randomizes with respect to ¥*(z) = (b,(z),c(x)) during both selection and as-
signment is fully efficient.!” Since the optimal design 1*(z) is unknown, we consider es-
timating it using data from a pilot study, extending Bai (2020). Under well-specification
and consistency of the pilot regressions, Theorem 4.8 shows that this feasible design is
asymptotically fully efficient.

In spite of this result, we argue that such formal assumptions are too strong for design
theory, giving poor guidance for practice. In particular, Proposition 4.11 shows a sense
in which, under such assumptions, all designs are asymptotically equivalent. This leads
us to prefer a “robustified” version of the method, discussed in Remark 4.13.

Advice for Practice - For high-dimensional settings with many weakly predictive covari-
ates, experimenters can draw selection and assignment variables by local randomization
with respect to ¢¥(z) = (b, (), (), Tprea), including pilot estimates of the balance func-
tion and CATE. They should also include, outright, a small vector of covariates Zp eq
thought to be good predictors of treatment efffect heterogeneity and variation in poten-
tial outcomes, if available. Theorem 5.3 in the next section gives asymptotically exact

inference, conditional on the pilot data, for the designs in this section.

Theorem 4.8 (Balancing Pilot Regressions). Consider pilot regression estimators (M) a—o.1
consistent with rate ||mg — mqlla.p = Op(n™"™) and ||Mqllec <M < 00 a.s. ford =0,1.
Require assumption 9.9, and let p(x) be a consistent estimate of the Neyman allocation as
in Theorem 4.3, with discretization p,(x) satisfying assumption 9.1. Define the estimators

bo() = i (2) (%;gx)) ) (%) ) = () — o)

Suppose one of the following

(a) $(x) = (b, ) (x)
(b) () = (Mo, ) ()
Suppose that the design is given by

~

(1) Tz ~ Loca(¢, q)

-~

(2) Dy.,, ~ Locy (¢, p(x) | T1.)
Then \/n(6 — ATE) = N(0,V*), with V* the optimal variance of Theorem 3.19.

Theorem 4.8 achieves full efficiency by embedding the pilot regression estimators into the
design, as we discuss in the following remark. Note that this result extends Bai (2020).
See Remark 4.14 below for a discussion.

17See Remark 3.8 above for an intuitive discussion of this result.
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Remark 4.9 (Embedding Regressions). Assigning Di., ~ Loca (1, p(x) | Tin) gives full
efficiency by embedding the regression estimators above into the demgn. Formally, con-
sider Dy, ~ Locy(b,1/2). The proof of Theorem 4.8 shows that the variance due to
treatment assignment comes from the following term

assignment, o< E,[(D; — 1/2)b(X;)] = En[(D; — 1/2)(b — b)(X,)] + En[(D; — 1/2)b(X;)]
= E,[(D; — 1/2)(b = b)(X,)] + Op(n™")

The final equality follows by matching on E(x) in the design. Up to lower order, we are left
with the bias term for a regression-augmented (AIPW) estimator, as in the doubly robust
analysis of observational studies (Chernozhukov et al. (2017)). Thus, locally balancing
a regression g(sc), makes the IPW estimator behave like a doubly-robust estimator using
the pilot regression /5(513) for regression-augmentation.

Design Irrelevance: Motivated by the previous result, we study regression-augmented
IPW estimation for locally randomized designs. The next result shows that under (1)
regression-augmented estimation (AIPW) and (2) assuming consistent pilot estimation
of my(x) = E[Y (d)|X = z], all designs are equivalent in first-order asymptotics. Before
continuing, we formally define the cross-fit AIPW estimator, as in Chernozhukov et al.
(2017)

Definition 4.10 (Cross-fit AIPW). Let [n] = UE_| I} be a random partition. Define the
out-of k™ fold regression estimate g = Ma((Wi)icze). For each k define the within "
fold estimator

1 i(Y; — m1 k(X)) (1= D) (Vi — Mogk(X5))
0, =n" ch )+n Z( X)) = (X)) )

i€l i€l

Define the cross-fit AIPW estimator § = 37, 6.

Proposition 4.11 (Design Irrelevance). Suppose (Ma)ia—o1 have ||mga — mall2.p = 0,(1).
Suppose that one of the following holds

(1) (D;)ier, ~ Locy (v, p(x)|I}) for (Ix)E_, a random partition of [n].
(2) D™ p(X;)

Let 0 be a cross-fit AIPW estimator as in Definition 4.10, with weights p, = p in case
(2). Then /n(0 — ATE) = N(0,V)

oi(X)  05(X)
p(X)  1-p(X)

Remark 4.12 (Consistency vs. Robustness). Regression consistency is necessary for
point estimation of treatment effects in observational settings, but unnecessary with
experimental data. If we impose this assumption anyway in an experimental context,
Proposition 4.11 shows that all designs in the class Loc, (¢, p(x)) are first-order equiv-
alent to simple random sampling (iid treatments). Then, as a tool for studying design
theory, this assumption is self-defeating: by imposing asymptotic regression consistency,
first-order asymptotics lose all power to differentiate between designs. Considering this,

V =Var(c¢(X))+ E
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we argue that such consistency assumptions are too strong to provide guidance for prac-
tice in experimental design.

In particular, Proposition 4.11 shows that the naive design D; it p(X;) is asymptotically
equivalent to the significantly more balanced designs in the class Loc, (¢, p(z)) under this
assumption. Independent sampling amounts to creating covariate imbalances'® between
treatment arms by design, but promising to correct them later with regression adjustment.
This is an absurd recommendation for practice. For instance, consider that by Theorem
3.19 assigning Dy.,, ~ Loc, (X, p(X)) gives asymptotic full efficiency by design, without
the need for ex-post correction of imbalances by regression estimation.

Remark 4.13 (Robust Design with a Pilot). The full efficiency statement of Theorem
4.8 required assuming pilot regression consistency, which we just argued is too strong for
experimental design theory. Alternatively, note that Theorem 3.17 gives the asymptotic
variance of local randomization with ¢ (x) = (mq(x), mg(x)) considered to be a fixed (not
changing with n) random function. Using this result, we can remain agnostic about the
specification of the outcome model. If we also include some predictive covariates zp,eq
outright, setting ¢ (z) = (M1 (x), Mo(x), Tprea), then Theorem 3.17 gives the asymptotic
variance components

selection = ¢ Var(c(X)) + (1 — q)E[(c(X) — Ele(X)|m1(X), Mig(X), Xpred))?]
assignment = E[(b(X) — E[b(X)|m1(X), Mo(X), Xpred])?]

By additionally including x,,.q4, researchers can robustify the design against both (1)
misspecification of pilot regressions and (2) pilot estimation error. See also the discussion
of matching on regressions estimated in proxy studies in Example 3.10.

Remark 4.14 (Comparison with Bai (2020)). As mentioned above, Theorem 4.8 extends
the large pilot CLT of Bai (2020). In our notation, Theorem 5.1 of Bai gives the case
Ti., = 1 (no selection) and Dy, ~ Locn(/b\, a/k). See section 5.3 of Bai for an alterna-
tive approach to robustness motivated by optimality in a Bayesian framework under the

assumption of linear conditional expectations my(z) = Sx.

5 Inference Methods

This section gives procedures for valid inference on average treatment effects under local
randomization. Theorem 5.3 gives asymptotically exact inference for the ATE and fixed
regressor estimand F,[c(X;)] under a two-stage design where both selection into the ex-
periment and treatment assignment are done by covariate-adaptive local randomization.
In particular, we give novel methods allowing experimenters to report smaller uncertainty
about treatment effects when selection into the experiment is representative of the het-
erogeneity in treatment effects. We also illustrate an interesting connection between the
matching estimators defined below and classical permutation inference. See Remark 5.4
for a discussion.

18Such imbalances are mean-zero (at the known propensity weights), creating variance but not asymp-
totic bias. For Di., ~ SRS(p), the assignment variance is E[b(X)?]. Compare this to E[(b — E[b|¢)])?]
achieved by local randomization.
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Group Replicates - As noted in Fisher (1926), exact inference requires replicates of each
treatment arm under similar experimental conditions. For D;., ~ Loc, (¥, p), ideal data
would contain exact replicates of the outcomes (Y;);e, in each local group under identical
observed experimental conditions (identical (1;,p;) values). To approximate this ideal
situation, we match each group ¢ to a neighboring group in (z), giving approzimate
replicates of the outcomes in g under similar experimental conditions.

Matching Construction - Our approach to finding approximate replicates is based on
computing a pairwise matches between the centroids of each group in ¢ (z) space. In
particular, we do the following

(1) Form the group centroids v, = ﬁ Zieg Wy

(2) For each distinct propensity level p,, compute a pairwise matching of groups g — g
within this propensity level by treating each centroid v, as an experimental unit
and using one of the algorithms in Section 8.

(3) For matched groups (g, ¢’), choose a random matching of treated to treated units,
and control to control units. In notation, randomly choose a bijective matching

7{2697D2:1}—>{ZEQI7DZ:1}

Proposition 8.8 in the technical material shows that if the local groups g satisfy our
strong homogeneity condition (Equation 3.2), the centroid construction above produces
a one-to-one matching v satisfying the following approximate replicate condition. This
is a key condition for the proof of Theorem 5.3 below, and the construction of exact
variance estimators.

Definition 5.1 (Approximate Replicates). The matching function v : [n] — [n] gives
approximate replicates if

(i) Di = D,y and v : U, Gas = U, Ga,s
(ii) 7* =1d, (i) # i, and v € 0((Ja,s)a,s» D1:ns &n)
(iii> En[(% - wW(i))Q | T = 1] = Op(ﬂf)

Part (i) requires that matched units are assigned to the same treatment arm and have the
same propensity score p,(X;) = p,. By (ii), 7 is a well-defined bijective matching, only
depending on the groups, treatment values, and external randomness &,. Condition (iii)
is the approximate replicate condition, requiring that matched units have approximately
the same experimental conditions (on average).

Next, we use this matching to construct variance estimators For intuition about the
form of these matching estimators and a connection to permutation inference, see the
discussion in Remark 5.4 below.

Definition 5.2 (Variance Estimators). Let G be a bounded, Lipschitz function. Let v
be a matching satisfying the conditions of Definition 5.1. With p;,, = p,(X;), define the
matching estimators

|Gl = E,
1[ ] qPin Q(l _pi,n)
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Also define the cross-moment estimator and IPW sample moment

5 LT 1(g(i) = g(y)) Di(1 — D;)Y;Y; E,

Vo = 2n~ Vo =
q 9] Pin(l = Djn)

T ((Di - Pi,n)Yi)Q

q \ Pin—Di,

1<i<j<n

The following theorem shows exact or valid (but conservative) inference for various causal
estimands and designs by varying the weights G(p) in the estimators above. The degree of
conservativeness in the non-exact cases is also given. We summarize the results provided
by Theorem 5.3 as follows:

1. Exact Inference
(a) 0 = ATE, Ty., ~ Loc, (v, q) and Dy, ~ Loc, (¥, p(x) |T1.,), with p(x) = p(¢))
(b) 8 = ATE, Ty, = 1 and Dy.,, ~ Loc, (¢, p(x))
(c) 6 = E,[c(X})], T1.n ~ Locy (X, q) and Dy.,, ~ Loc, (X, p(z)|T1.n)
2. Valid Inference
(a) 0 = ATE, general case T1., ~ Loc, (¢, q) and Dy.,, ~ Loc, (¢, p(2)|T1.,)
(b) 0 = Ey[c(X3)], Thin ~ Loca (¥, q) and Diy, ~ Locy (v, p(2) [Ti), p = p(¥)
(C) 0= En[C(Xz)]y Tl:n =1 and Dl:n ~ LOCn(%UaP(x))

Theorem 5.3 (Inference). Suppose that assumptions 9.1, 9.3, and 9.11 are satisfied.

1. Suppose that T1., ~ Loc,(v',q) and Dy, ~ Locy(¢,p(x)|Ti,). If ' = ¢ and
p(x) = p(¥, () then

1= (1—q(1— N
Vio2 — U1 |: pqp:| — Vg |:]_Q(fpp):| - 2qle - qé? - v(w7 (qvp)) + Op(l)

For the fixed regressor case

Ve — Uy [p } — [(1 p)” 1}
=V (¥, (¢, p)) — ¢ Var(c(X)) + ¢E[Var(c(Xi) [, €)[¢] + 0,p(1)
> V(i, (q,p)) — g Var(c(X)) + 0p(1)

2. Suppose that T1., = 1 and Dy., ~ Loc, (¢, p(x)) then with Var, the sample variance
(Di—pin)Vi\ ~ [1=p] [ p -
Var, (Pt} 5 12T P) 20 = V(1 p
" ( e 2y Bl I Bl e e

For the fixed regressor case

Urp =01 [p7] =0 [(1=p)7'] 2 V(¥ p) = Var(c(X)) + 0,(1)
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3. Suppose that Ty., ~ Loc, (v, q) and Dy, ~ Locy (v, p(z)|T1.)

D; — p;n)Y 1—
Varn(< i pm;) z)_61|: p}_%{ p ]
Pin — Din p I—p

= V((¥",4), (¢, p)) + (1 = q) Var(E[e(X;) ¢}, (]I¢) + 0,(1)
> V((',9), (¢,p)) + 0p(1)

See section 9.4 of the appendix for the proof.

Remark 5.4 (Randomization Inference). In this remark, we argue that the inference
strategy in Theorem 5.3 can be interpreted as an estimation version of classical random-
ization inference. Consider case (2) above with T, = 1 and Dy, ~ Loc, (¢, p(x)). The
appendix shows that, for treatment assignments D;., ~ Loc, (1, p(x)), the first term is
consistent for the asymptotic variance of the least balanced design: D; i p(X;), also
known as simple random sampling (SRS)

o (B252) 5 ) (5] e

Our inference method effectively starts with an estimate of the variance under the least
efficient design, then reduces it by subtracting off the correction v; + vy. Thus, our es-
timate of uncertainty about the average treatment effect is small when the correction
terms v; and vy are large.

Measuring Homogeneity: To see when v; will be large, consider the matched products
(Y;Y,(;)); in the definition. By the Hardy-Littlewood inequality, 0; is maximized'? when
matched outcomes are maximally homogeneous: large outcomes Y; multiplied by large
outcomes Y, ;) and vice-versa. Then we can regard v, as a measure of the average homo-
geneity of potential outcomes Y;(1) within local groups.

Permuting Treatments: The more homogeneous Y;(1) and Y;(0) are within local groups,
the smaller the variance due to treatment assignment. To see this, imagine rerandomizing
by permuting the treatment assignment variables (D;);e, in each group g. If the potential
outcome Y;(1) is approximately constant over i € ¢ (and the same for Y;(0)), permuting
treatments in this way will have almost no effect on the IPW estimator, since the weighted
difference of observed outcomes Y; will be approximately unchanged within each group,
and thus globally. Summarizing this discussion, on average over the local groups the
following are equivalent

(1) Correction terms vy + v are large
(2) Potential outcomes (Y;(1),Y;(0));e, are homogeneous
(3) Estimator variance due to permuting treatments (D;);e, is small

Remark 5.5 (Inference Methods for Covariate-Adaptive Selection). Note that the first
result requires selection and assignment to be locally randomized using the same function

9Formally, for the case with weights G = 1, the optimum is achieved by matching adjacent order
statistics within treatment class, Y(1)Y(2) + Y(3)Y(4) + - -
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Y'(z) = ¢¥(x). By enforcing this condition, we make the selection and assignment variance
components comparable

El(c— Elcl¢'])*]  E[(b— Ebl])?]

In particular, they are both weighted combinations of the residuals mg(z)—E[mq(x)|¢(z)],
d = 0,1. This allows us to give exact inference for the two-step process of covariate-
adaptive selection and assignment, even though the variance corrections vy, vy, U9 are
only defined using local groups formed during the treatment assignment stage of the de-
sign. Effectively, we require that the “level of covariate balance” during the selection and
assignment steps is the same.

This requirement may be undesirable when, as in Example 3.3, extra covariates are
gathered about each unit after committing enrollment it in the study (7; = 1), with
X C X;. For this case, conservative inference is given by the third result. It may be
possible to use ex-post matching methods, as in Abadie and Imbens (2012), to give exact
inference for this case. We leave such extensions to future work.

Remark 5.6 (Model-free Conditional Inference). Recall that the assignment variance de-
pends on the non-parametric regression residuals E[(b— E[b|¢)])?]. However, the variance
corrections above only use local group structure of the design and realized outcomes Y;,
without explicitly estimating a regression. In particular, these corrections are agnostic
to the form of the CATE and balance function, as well as to the true non-parametric
regression models E|c|¢)], E[b|y] for these objects. For Dy., ~ Locy (¢, p) and ¢ = (-, ()
a function estimated on proxy data (, the proof of Theorem 5.3 shows that

Bl =c B, +eato(l)  RAw,() = Var(E[ﬂgj(%%,) 0),¢Io)

with constants ¢;, ¢, independent® of the design. R?(1, () measures the non-parametric
predictive power of ¥(-,() for mi(X) at the realized value of (. Thus, conditionally
valid inference is achieved by measuring how well ¥ (-, () (non-parametrically) controls
for variation in b(X), ¢(X) ex-post, without actually specifying or estimating a regression
model.

Example 5.7 (Complete Randomization). Consider inference for # = ATE in a com-
pletely randomized experiment D, ~ CR(1/2). The sample variance 16 Var, ((D; — 1/2)Y;),
while exact if D; are iid, is conservative under complete randomization due correlation

of the treatment assignments. Proposition 9.15 shows that CR(1/2) = Locy(1,1/2), giv-
ing a “random matched pairs” representation of CR(1/2). Then, consider the following
inference strategy: let v, ¢ : [n] — [n] random, bijective matchings with D; = D,; and
D;i =1 — Dy, respectively. In this case, the variance corrections of Theorem 5.3 have

01[1] 4+ Do[1] = 2B, [(D; + (1 — Dy))Y;Y,)| = 2B, [YiYy0))

20Tn particular, ¢; = Var(m1(X)) and ¢y = E[Y (1)]?
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Then by?! Theorem 5.3, the following variance estimator is exact

V =16 Var,((D; — 1/2)Y;) — 2B, [YiYs0)] — 2B, [YiVa@)]

6 Empirical Results

This section examines the finite sample properties of the estimation and inference methods
studied above through a series of monte carlo simulation studies.

6.1 Simulations

Our first set of simulations focuses on the efficiency gain and inference properties of locally
randomized selection into the experiment. Let X; € R? and consider quadratic potential
outcome models of the form

Yi(0) = X;3(0) + 07 (Xi)e;(0) Yi(1) = X;B(1) + X]AX; + 0§(Xi)ei(1)
We sample from the following DGP’s
Model 1: 5(0) = (1,1), B(1) = (2,2), A = Ay = 1/2, Ay = Ago = 0, with

residual variance o7 = of = 0.1

Model 2: As in (1) but with 5(0)
Model 3: As in (1) but with 8(0)

(1,1), (1) = (2,2), A=0
B(1)=(1,1), A=0

We let X,; 7S 2(Beta(2,2) — 1/2) and e;(d) ~ N(0,1).

Designs - In Table 1 we vary n, the number of units eligible for selection, fixing the
experiment size gn = ), 7; = 100. To highlight the marginal efficiency gains from
representative selection, while also using locally randomized treatment assignment, we
fix the assignment procedure to be “matched triples” on ¢ (z) = (z1, x2) with p = 2/3, as
in example 3.12. In our notation, we let selections 77., and treatment assignments D;.,
be given by

(1) Ty, ~ Locy (¢, q) (selection) with n = 100/q
(2) Dy ~ Locy(1),2/3) (treatment assignment)

Evaluation Criteria - Table 1 presents metrics evaluating both the efficiency gains from
locally-randomized selection, as well as the power and validity of our inference procedure.
Note that n = 100 is the usual case of random selection. We evaluate each metric rel-
ative to this least efficient benchmark design using 1000 monte carlo replications drawn
from the DGP’s above. %ASD is the change in estimator standard deviation relative to
random selection. ESS is the effective sample size. This is the size of an experiment with
units selected completely at random needed to achieve the same variance as representa-
tive selection. Algebraically, ESS = —1% _ For inference, %ALength is the reduction

1+%AVar.
in confidence interval (CI) length, relative to the CI length under random selection.

21Since the matched pairs in Loc, () = 1,1/2) are formed randomly, it suffices to use the random
matchings v, ¢ to define local groups ex-post.
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Results - The variance reduction increases as the number of eligible units n = 100/¢
is larger (¢ is smaller). This is expected from Theorem 3.17, which gives a reduction
asymptotic variance of —(1 — ¢) Var(c¢(X)) from local randomization. The boost in effec-
tive sample size (ESS) is significant relative to completely random selection. Note that
this comes essentially “for free” by being slightly more careful about choosing which units
to enroll in the experiment. In Model 3, ¢(z) = 0 identically, so the theory predicts no
efficiency gain due to selection. The small variance reduction seen in practice is likely a
finite sample effect where balanced first-stage selection facilitates better matches during
the second-stage assignment process.

Efficiency Inference

Model n %ASD  ESS Coverage %ALength

100 0.0 100 95 0.0
, 200  -174 147 97 -10.3
300 -228 168 97 13.6
400  -264 185 97 -15.9
100 0.0 100 94 0.0
) 200  -17.7 148 96 9.5
300 -251 178 98 124
400 -286 196 97 145
100 0.0 100 96 0.0
200 04 101 95 4.2
3 300 55 112 96 4.9
400  -106 125 97 5.6

Table 1: Effect of Representative Selection

Table 1 suggests our inference procedure is generally slightly conservative in finite sam-
ples. This is likely due to the between-group matching used for inference in Section 5
giving slightly worse matches than the groups produced by the design itself. The ar-
gument in Remark 5.4 shows that worse matches lead to smaller correction terms, and
thus larger confidence intervals. For CI length, finite-sample exact inference would have
%ALength = %ASD. In finite samples, our inference procedure gives a significant reduc-
tion in CI length, reflecting the increase in estimator precision due to selection.

Our second set of simulations focuses on the choice of 1 (x). Asymptotically, includ-
ing more baseline covariates always weakly improves estimator efficiency. However, as
discussed in Remark 4.7, the within-group matching discrepancies converge slowly in
high dimensions, giving balancing rate r¥ = O(n~2/(?*1)), This suggests preferentially
including covariates that are predictive of outcomes and treatment effect heterogeneity
(predict functions b,(z) and c(x)), excluding “noise covariates” that contain little addi-
tional information. Consider the quadratic model and variable distributions above, but
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with X; € R1% and
B(0) = (1,1,1, 4, .4,.4,0,0,0,0)  B(1)=26(1) A= (1/20)(11" — diag(1))

The first three covariates are important. The next three are less important. The last four
provide no information about outcomes. We also include nonlinear interaction terms. For
each ¢ (x) considered below, we select ¢ = 1/2 of the eligible units n by matched pairs,
then use matched triples for treatment assignment. Formally, we have

(1) Ty., ~ Locy(9,1/2) (selection)
(2) Dy., ~ Locy(1),2/3) (treatment assignment)

In Table 2 below, ¢*(x) = (b,(x), c(z)), the optimal design for joint selection and assign-
ment given in Section 3.2. The evaluation criteria are the same as above, comparing to
the least efficient design with selection and assignment done by complete randomization

(CR).

Efficiency Inference
(n,qn) P(x) %ASD  ESS Coverage %ALength
CR 0.0 100 95 0.0
1, To -28.7 197 96 -23.5
T1...24 -37.4 256 97 -28.2
(200, 100) T1...%g -36.0 244 97 -23.5
T1...Tg -33.9 229 98 -19.6
b () 571 543 95 -53.0
CR 0.0 100 95 0.0
1, T -27.2 188 96 -24.6
T1...04 -40.4 282 98 -32.0
(400, 200) T1...Tg -36.5 248 98 -28.0
T1...T8 -33.2 224 98 -22.8
v (2) 56.7 534 97 541

Table 2: Varying ¢(x)

Results - There are significant precision gains from locally randomized selection and
assignment, as predicted by Theorem 3.17. Theorem 5.3 shows that our inference proce-
dures are asymptotically exact, but we get slight conservativeness in finite samples, likely
due to between-group match quality during inference being worse than the within-group
matches. Note that, contrary to the asymptotic theory, including x;...x¢ is slightly
worse than z; ...z, in finite samples. Recall have the largest weight in the outcome
model. Additionally including x4 ... xg, which are less predictive of outcomes, degrades
match quality for the important covariates x; ... x3, reducing efficiency in finite samples.
Including noise covariates x7, xg performs still worse. As in Theorem 3.19, the optimal
design ¢*(z) = (by(x), c(x)) gives the largest efficiency gains.
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7 Conclusion

This paper proposes a flexible new family of designs that randomize within maximally ho-
mogeneous local groups. We show that experimenting on a representative sample of units
increases estimator precision, providing a practical implementation by locally randomized
selection. We give novel asymptotically exact inference methods for covariate-adaptive
selection and assignment, allowing researchers to shrink their confidence intervals if they
use our methods to design a representative experiment. We also applied our methods to
the setting of design with a pilot experiment. By using pilot data to estimate the optimal
treatment proportions, then locally randomizing within estimated propensity strata, we
construct the first asymptotically fully efficient design in this setting.

This line of research can be extended in several interesting directions. It is clear how to
extend our methods to £ > 2 treatments, though this case is not included in our analysis.
Accommodating continuous treatments is more difficult, given the discrete nature of the
assignment process. Doing so would enable more efficient estimation of marginal effects
and dose-response curves. We implicitly allow cluster-randomized trials by treating each
cluster as a separate experimental unit. It could be helpful to practitioners to study this
example more formally, explicitly accounting for heterogeneous cluster size. The design
ordering we propose may not be optimal. For instance, we could reverse the process, first
matching units into assignment pairs, then selecting a representative sample of pairs into
the experiment. The current ordering emphasizes representativeness at the cost of match
quality during treatment assignment. We suspect these variations to be asymptotically
equivalent, though they may differ in finite samples.

A more conceptual extension could study targeted selection. For instance, we could
acknowledge that the participants that sign up for a trial differ systematically from the
target population (site selection bias). It would be interesting to try to use non-constant
selection proportions g(z) to “unwind” this bias at the design stage. For instance, we could
imagine that the designer is given covariate data or moments from the target population.
Can we give practical and statistically efficient designs that reverse the site selection bias?
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8 Local Balancing Rates

This section collects technical results guaranteeing the local balancing rate r¥ = o(1).

Definition 8.1 (Uniformly Piecewise Holder). Let dim(¢)) = 1. Let ¢, be a random
variable and (h,,),>1 a sequence of deterministic functions. (hy,)n>1 is uniformly piecewise
Hoélder with bounded breaks if there exists 0 < o <'1

(a) There exists break sets By,(a,(,) € R and C,({,) such that ¥p, € L,

|1 (¥, Pas Gn) = T (¥, Pas Ga)| < Cultd = ¢* Vb, "2 10,91 N Bn(a, G) = 0

with max,, ¢y, Card(B,(a,(,)) < B < 0o and Cy,(¢,) < C < 00, (y-a.8.
(b> |hn(¢,Pan) - hn(¢lypaygn)| S M < o0 fOI' au wvw/7p(l7 Cn_a's'

Note that a =1, {, = 1 corresponds to a piecewise Lipschitz assumption.

Example 8.2 (Stratified Block Randomization). Recall that by Proposition 9.15, SBR
with discrete strata S(X) € {1,...,T} is equivalent to Dy., ~ Loc, (S, p). Let F(s,p) be
a piecewise constant version?? of E[b(X)|S(X) = s, p(S(X)) =p] on [1,T] x (0,1). Then
F,, = F satisfies the conditions of definition 8.1 with C;, = 0, break sets B, ,, = {1,...,T},
and M, = max,, F(s,p) — min,, F(s,p), and a = 1.

Consider a simple rank-statistic based approach for forming the local groups (ga.s)a.s

Algorithm 8.3 (Rank-Ordering). Require dim(¢)) = 1. Set I, = {i : po(X;i, () = pat
for each p, € Ly; set s =1 and form index groups (g,.s)"_, as follows:

(i) Sort the indices in I, by increasing i; value, producing I3 = (i1, is,. .., im(a))-
Ties are broken with data-independent randomness ,,.
(ii) Define gos = {i1,.- ., %%, }
(iii) Increment s — s+ 1 and I, — [, \ ¢as and return to step (i)

Under the piecewise Holder assumption and dim(¢)) = 1, rank ordering is a simple way
to guarantee strong-balancing, as the next proposition shows

Proposition 8.4 (Balancing I). Let dim(y)) = 1 and ¥(X,(,) € [a,b] compact (,-a.s.
Let (gas)as be constructed as in Algorithm 8.3. Let h;p = hy(V(Xi, Co), Pn(Xi, Go)s Cn)
and suppose that (hy,)n>1 is uniformly piecewise Holder as in Definition 8.1 with oo > 1/2.
Then groups (ga.s)a,s satisfy

ILn| n
! Z Z k! Z (hi — hjn)? = O(r¥) = o(1) (8.1)
a=1 s=1 4,J€Ja,s

i#]
In particular, Equation 3.2 holds with rate r¥ = ky|L,|n~"!

For dim(%)) > 1, Algorithm 8.3 is no longer feasible, and we take an explicit optimization
approach. We impose a slightly stronger assumption.

22Since S(X) € {1,...,T} w.p.1, we may define E[b(X)|S(X) = s, p(S(X)) = p] arbitrarily on R\ [T7],
and still get a version of the conditional expectation. Then take F(s,p) = F(|s],p) Vs € [1,T].
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Definition 8.5 (Uniformly Lipschitz). Let dim(t)) > 1. Let (, be a random variable
and (h,),>1 a sequence of deterministic functions. We say (hy,)n>1 is uniformly Lipschitz
if Vp, € L,

|hn(”¢7pa, <n> - hn(i//,pa, Cn>’ < Cn(Cn)W} - ¢'|

with C,, < C' < 00, (,-a.s.
Proposition 8.6 (Balancing II). Let dim(v)) = dy. Let h;,, = hy(V(Xi, 6o, Pn(Xi, Ga)s Cn)

and suppose that (hy)n>1 s uniformly Lipschitz as in Definition 8.5. With ¢, =
(X, Cn), consider groups (ga.s)as formed by solving the program

|[Ln| n
min 0> Y Tk D i — Yl (8.2)
(9a.5)as a=1 s=1 1,7€9a,s
i)
site pu(Xiy o) =pa Vi€ ges Ys=1,....n (8.3)
Then the balancing rate
‘Ln‘ n
_ _ - —2/(dy+1)
NN kS (B - hya)? =0 ((n/(kn|Ln\)) v )
a=1 s=1 1,7€Ga,s
i#]

Alternatively, if (ga.s)a,s Solve the modified problem

|Ln| n

min  nt Z Z k! Z Vi — Vjnl2 (8.4)

(9a,5)a.s a=1 s—=1 7€ a.s
i#]
site pu(Xiy o) =pa Vi€ ges Ys=1,....n (8.5)
Then the slower rate is achieved
Ln] n — —1/d
nSSST RS (i —hy)? =0 ((n/(kn|Ln|)) ¢)

a=1 s=1 %,J€Ga,s

i#]
In particular, if k,|L,n™" = o(1) then (gus)a.s satisfy Equation 3.2.

Remark 8.7 (Matched Pair Designs). As above, the case Dy, ~ Loc, (¥, 1/2) for ¢(X) =
X is equivalent to classical pairwise matching, as recently analyzed by Bai et al. (2021). In
this case, k, = |L,| = 2 for all n > 1. Plugging in to the slow rate in the proposition, we
get n~Y/9 recovering the rate of that paper. The (new) fast rate in this case is n=2/(¢+1),
which requires instead minimizing the sum of squares above.

The following additional result on finding a well-balanced between-group matching is
needed for variance estimation in Theorem 5.3 below.

Proposition 8.8 (Balancing III). Let dim(¢)) = dy and consider groups (ga.s)as with
balancing rate v}, = o(1). Define the group representative 1o, = k' ;. . For each
a =1,...,|L,|, form between-group matching v, : [n] — [n], v> = Id as the solution

to min,, Y o, |[Vas — Yapas)||?. Consider ~y : [n] — [n] with v* = Id any matching of
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units subordinate to the optimal group matching. Specifically, require (i) € Gau.(s) for
each i € gq 5. Let selection variables T, satisfy assumption 9.3. Then the between-group
balancing rate

Bu[Ti(0: = )] = Oy ((n/ Rl La) ™) + 0,(r2) (8.6)

For the proof of these propositions, see Section 9.1 in the appendix.

9 Proofs

9.1 Proofs - Balancing
9.1.1 Proof of Proposition 8.4

Proof. Consider Holder coefficient 1/2 < a < 1. Let vy, = %U(Xz,Cn) let @/Jasn
mmzeg“d’zn and wasn — maXiGQa,s %’,n- Define diam(ga,5’¢( Cn)) = a,s,n a,s,n if
Gas # 0, and 0 otherwise. Then since 2 = pr2@=1/2) < gz for all 0 < x < 1, observe
that

g, 01 G = (b= appe (S0

< (b—a)** ! diam(ga,s, ¥ (-, Gu)) S diam(ga,s, ¥ (-, a))

Using this fact, observe that

‘Ln‘ n |Ln| n
n! Z Z ky ! Z Wm Y, n|2a <n”! Z Z dlam ga s V(- Cn))2a]1(ga,s # (Z))
a=1 s=1 1,7€Ga,s a=1 s=1
i#]
| Ln| |Ln]

_IZ/{Z Zdlam Ga.s, V(5 Gu))1(gas # 0) < _IZk (1—0) = O(|Lp|knn™t)

For the final equality, for g, s # 0 define open intervals I, , = (¢, ¢%,,) € [0,1].
By (i) uniqueness of group membership, and (ii) the ordered construction of the groups
within each level a, the intervals (I, s,)"_, are mutually disjoint for fized a. Then we
have

Z diam(ga.s, (. Go)) = Y LUasn) =L | || Town | < £((0,1])

s=1
ga e?ﬁw g ,s?ém ga,s7é@
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Define E, , = {[¢/} ,,¥%,] N By(a, () = 0} for each a,s. (1) First, we analyze balance in
the the groups where E’M occurs

|Ln] n
nSTS TR ST (X Gy pas Gn) — (80X Ca) s Pas G)PL (B
a=1 s=1 zjiigqu
|Ln| n
<n ' SNk Y CulGlin — P U (Bay) = O( Lylun™)
a=1 s=1 1,7€0a,s
i#£j

The first inequality is by the piecewise Lipschitz assumption, noting that [t ,,1;,] N
Bon =0 Vi,j € gus if E, s occurs. The second equality drops the indicator 1(E, s) and
uses the fact proved above.

(2) Next, we analyze the terms where Ef occurs. Let Qq s = B ;N{diam(ga,s, ¥(:, (n)) >
0}. Note that on the event {dlam(gas,w( Gn)) = 0}, we have ¢;,, = ¥;, Vi,j € Ga.s,
so that h,(Y(Xi, Ca)s Pa, Cn) — hn(V(X;, Go)s Pay G) = 0. Then it suffices to consider the
terms

[Ln| n
Y Y kD (ha(8(X0 G Pas Go) = B ((X5, G Pas 6) P 1(Qu )
a=1 s=1 zjiig; s
[Ln] n |Ln| n
<MY Y k' (Qas) Y 1< MinT Zkz — ko) Y 1(Qas)
a=1 s=1 %,7€ga,s s=1

i#]
To bound the inner sum, define the correspondence

¢ Bu(a, ) = {s: 1(Qus) = 1}
o(b) — {s:bel,,}
where 1, , = | Ls¥4,]. This correspondence assigns each breakpoint to the set of group
intervals it belongs to. We claim that Card(¢(b)) < 2 for all b € B,(a,(,). Suppose
not, then we have b € Ta s N Ta s N Ya ¢ for distinct intervals. Without loss suppose that
fl’S <y < Pl o <Uqg <yl < Yy - The weak inequality follows from the grouping
algorithm, and strict mequality since all indices are in {s : diam(g, s, ¥(-, () > 0}. By
assumption ¢, > b. Then we have ¢} ,, > ¥, > ., > ¢% > b. From the strict
inequality, we see that b & I, o, which is a contradiction. Clearly, the correspondence
is a surjection, so we have

> 1(Qas) = Card ({s: 1(Qus) =1}) =Card | | (b

beBy aan)

(
< Z Card(¢(b)) < 2Card(By,(a,(,)) < 2B

bEB’ﬂ(aﬁC’ﬂ)
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Then continuing the display above gives

|Ln ‘L”L‘
M2n *1Zk (k2 — 211 Qus) < M2En ZZCard (a,C))
g2M§B|Ln|knn = p(|Ln|knn o)

Putting this all together, we have shown that

|Ln n

YN kD (ha($(XG, )y Pas Gn) = i ((X5, G, Par 6a))? = Op(| Ll ™")

a=1 s=1 1,7€a,s
i#]

This completes the proof. n

9.1.2 Proof of Proposition 8.6

Proof. Suppose that ¢(X, (,) € [0,1]%, (,-a.s. and define 1;,, = ¥(X;,(,). Fixm > 1 an
integer. We call (Bl)}ffp an ordered block partition of [0,1]% if (1) diam(By, ||+ ||e) < 1/m
and (2) for all x € B, and y € By, there exists j*(I) such that |z; — y;| < 1/m for all
i€ [dy] © # 5*(1) and |z -y — yj=@y| < 2/m. Intuitively, the (B;); form a contiguous, ex-
haustive path through [0, l]dw See Bai et al. (2021) for an explicit construction. Abusing
notation, define I(i) = min™ " {I : ¢; € B;}.

Algorithm - Fix a and form groups (g,s)7_; by induction as follows. For all units with
[(i) = 1 and p, (X, () = pa, form groups arbitrarily (possibly using external randomness
7). This process results in at most one partially filled group (with less than k, units),
say ga,s. Increment | — [ + 1, adding units to the group until Card(g,s) = k4. Suppose
that g, ¢ is completed with a unit from By. Then repeat the process above starting with
the next group ¢, ¢+1 and the units in block By, excluding all units (with p,,(X;, () = pa)
that are already in a group. Since there are n < oo units, this process terminates. Repeat
this for each a = 1,...,|L,|.

By construction, this creates groups (g,s)r_; with the ordering property
1(3) <UJ) Vi€ Gas,J € Jasy $<8 a=1,...,|Ly] (9.1)
Fix an arbitrary indexing of all within-group pairs (pa757t),lﬁzk“ = {(i,j) : 1 # j; i,j €

Ga,s ), and denote py st = (last, Jast) Define By = {l(iast) = {(Just)}, the event that
a pair is in the same element of the block partition. With this notation, we have

|Ln n |Ln n k2 k'a
_1221{: ! Z |¢ZTL ¢]n|2_n_1zzk ! Z |wla5t, w]a5t7n|2 (gas ®)
a=1 s=1 1,7€ga,s a=1 s=1
i#]

(1) Suppose E,,; occurs. Define do s = Vi, ;0 — Vjusiml2 < rnaxlﬁdfb diam(By, | - |2) <
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\/dy/m on this event. Then we may bound

e Ka ke g bl K2~k

GO MIAD I MICIUN LS wEDIPILAD DR
a=1 s=1 o1 s—1 =1

dw dw

The final equality since the final double sum exactly counts the number of units in the
sample (by group) Z‘L_ " Yo ko1(gas # 0) =, T; < n. An identical calculation shows
that the un-squared distances

|Ln| n k2—kq
nilzzk ! Z dast]l ast _%

a=1 s=1

(2) Now consider the terms where E, ;; does not occur. Fix any such pair (i, Jast)-
Without loss, suppose the block membership 1(igs¢) < {(Jast)- For {(iase) <1 <1(jast),
define a sequence z; as follows. (i, ,) = Via.ems AGass) = Cjesam and 2 € By chosen
arbitrarily otherwise. Note that for x € B; and y € B;;1, by construction of the contigu-
ous blocks |z — y|» < 21/dy/m. Then by telescoping and triangle inequality, on the event
EC

a,s,t

l(ja,s,t)_l
2y/dy , .
a st — Wm 5,t,M 7vbja,sﬂg,n|2 < Z |zl+1 - Zl‘ < m : [Z(Za,s,t) - l(]a,s,t)}

I=l(ia,s,t)

Using this calculation, we have

|Ln] n k2 —kq \Ln k —ka n
_1 sz ! Z daSt]l ast Z mnk Z Z Zast ]a,s,t)]]l<E§7s’t>
a=1 s=1 t=1 s=1

| Ln| |Ln|
ZW_Z dw<22f’” b < 23/ Lo~ s

mnk,

The second inequality follows by the ordering property in equation 9.1 above, since for
each t =1,...,k? — k,, the intervals ([[(iqs+),!(Jast)])"; are non-overlapping, and there
are at most m% blocks. Summarizing the above work, we have shown that

|Ln n |Ln n k2 k'a
a=l s§= 4,J€Ya,s a=1 s=
i#]

2
Note the following fact: for z,y € [0,1]%, |z — y|3 = d, (%) < Vdy|z — yl,, using

%ﬁf <1land ¢® <cfor 0 <c<1. In particular, we have dZ ,, < Vdy - dy . Then we
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have

[Ln] n |Ln| n k2—kq
n—IZZk 1 Z i — ¢m|2<n—1zzk 1 Z A, 1(Eass) + Vdyda s 1(E )
a=1 s=1 Jie;é];s a=1 s=1
_d

- +2dw\L [k~ tm®e!

Let (gas)as be constructed as above, with m =< (n/(|Ln|En))1/d¢. By the first “un-
squared” bound

|Ln| n

" sz;1 Z i = Yjnlz = O ((n/(\Ln%n))_l/dw)

a=1 s=1 7:7j€gCL,s
i#j

Let (gas)as be constructed as in the algorithm above, with m =< (n/(]Ln|En))1/(dw+l).
Then by the second bound

|Ln|l n
n YNk Y i = il = O (n/(LalR) )
a=1 s=1 1,j€Ya,s

i#]

By construction, (g, s)ass satisfies the constraints in the programs 8.2 and 8.4. Then
any groups (g; ,)ss that attain the minima in 8.2 and 8.4 achieve the rates above by
optimality. The conclusion the follows from the Lipschitz condition. For instance, for the
slower rate, let (g; ,)a,s Optimal for program 8.4, then

ILnl n
_1 Z Z k ! Z (¢(X27 Cn)apn(Xia Cn)a gn) - hn(¢<X]7 Cn):pn<Xi7 Cn)a Cn>>2

a=1 s=1 ,Jiigqus
|Ln n

- nil Z Z k ! Z (1/}<X27 gn)upm Cn) - hn(?P(Xg, Cn)apm Cn))2
a=1 s=1 ,]Zig]as
ILnl n ILn| n

CalG)n ™D D Tkt D i — il S VAT Y Y Tk D T [in — Yl
a=1 s=1 ,]iig;s a=1 s=1 Jiigjg,s
ILnl n

< VO YNk Y Wi — il = O (n/(1LafR) )
a=1 s=1 %,7€Ga,s
i#]

The first equality is by constraint satisfaction. The first inequality by the Lipschitz
assumption. The second inequality uses the norm comparison fact above. The final
inequality is by constrained optimality of (g7 )a,s, and since (gas)q,s satisfy the propen-
sity constraints by construction. The fast rate case is similar, just omitting the norm
comparison step. ]
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Proof of Proposition 8.8. We suppress the n notation, letting 1; = v;,,. First, note that
under our matching construction, for ¢ € g, s by comparing with group representatives
and an application of Jensen we have

(% - 7ﬂ'y(z))2 = (wl - wa,s + 7ﬂa,s - wa,ua(s) + wa,ya(s) - w'y(z))z
S 3(,¢}z - ¢a,s)2 + 3(1%,5 - 77Z)a,l/a(s))2 + S(Ma,ya(s) - 1/)’)/(1))2

Consider the first term. We have ¢; — ¢, s = ¢; — k! Dicgn Vi = kot jegas (i — 1)),
N J#i

k, —1\?2
(¢ — ¢a,5)2 < ( 2 ) (kg —1)7* E (¢ — %‘)2 <K' E (¢ — 1/13')2
@ J€ga,s jGQa@
J#i J#t

by Jensen again. Since by construction (i) € gau,(s), the same reasoning applies to the
third term above, giving

|Ln n |Ln n
P2 D (i e F (e — @) ST YD RS D (M=)t = O
a=1 s=1 i€gq,s a=1 s=1 1,7€Ga,s

i#]

Next, consider the middle term ., Ziega (Y — Vaa())? = ka Doney (Wars — Vaa(s))>-
Let n, = 22:1 1(gas # 0). For m, > 1, the same ordered block construction as in
Proposition 8.6 can be used to construct a matching v, with

dy—1
)

dy—1
ka Z(wa,s - wa,ya(s))2 = m2 + kamaw = kana
s=1

a

letting m, < nl/ (dy 1) . Accumulating over levels using Z' ”1| n.k, = n and Jensen gives
[Ln] n | Ly | dy—1 |Ln| dy-1
— d,,+1 _ dy+1 +1
QB IPBUTEL DI PELEE DO U
a=1 s=11i€gq,s a=1
dy 1
% [ Ln| dy—1 d [Ln] dyy+1
5 1
< G L) a3 ) 57 < B ] (LS K
a=1 a=1
d¢—1

derl ,1 1 e 7. \—1 ﬁ
< kn | L[ (| L]~ ) “* = ((|Ln|kn) ™ 1) ™

Then the matching solving the program in Proposition 8.8 achieves this rate by optimality.
This finishes the proof. O
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9.2 Proofs - Asymptotics
9.2.1 Assumptions

Assumption 9.1 (Propensity Approximation). There exist deterministic functions p,,
Dn, P, and v with dependence

These satisfy
(a) Din,DisDin € (0,1 —0) (y-a.s.
(b) Hpn('a <n) _ﬁn(>Cn)||OO <rh = 0(1): Cn-a.s.
(¢) (E[(Bin — pi)?|Ca])/? = Oy (1)
(d) Im(p,) C L, forn>1

Assumption 9.2 (CLT). With variables defined as in assumption 9.1, for t € [T,
consider (fin)n>1 deterministic functions. Define

fi,t,n = ft,n(Xi7 Cn) ui,t,n = ft,n(Xi> Cn) - E[ft,n<Xi7 Cn)‘w(Xm Cn)>pn (X’L7 Cn)7 Cn]
Let ¢, 1L (Wh.,, ™, T) and suppose that

(a) Elfin(X, )% C] = Op(1) and E[uftnKn} = 0,(1) and E[o3(X)?] < o0

(0) 3wy € Lo(Xi,Co) with El(uipn — uie)lG] = 0,(1) and Efu2u2,|G.) = 0,(1)
Vi, t' € [T

(¢) El(pi — p2)ui i p|Ca] = S for t,t' € [T]
(d) There exist ¢ > 0 and polynomial h(-) such that (,-a.s.

Bluiy 1(ufy, > 2)|Ga] < h(2) exp(—cz)

7,t,n
foralln>1,22>0
(¢) BV | Lol = o ((22)"")

Assumption 9.3 (Selection). With variables defined as in assumption 9.1, consider
Th.p, D1,y € {0,1}. Let Dy, ~ Locy (¢, p) with local group structure (gas)a,s and suppose

(a) Ty, ~ Loc, (¥, q) and g =d' /K € (5,1 —9), ged(a', k') =1
(b) V., € o(¥1.), so that Th., € o (U1, 7, )
(C) {Z : T‘Z = 1} = |_|a73 ga,s U/Zth (ga,s)a,s € J(lena wlznvplzn,nv Wﬁ) g U(wlznvplzn,n; 7Tz, Trfw Tt)
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9.2.2 Coupling and General CLT

Lemma 9.4 (Coupling). Suppose assumption 9.1 holds. Consider a function f,(X;, )
with

hn("lb,pa,o = E[fn(Xan)‘w(XuCn> = IP’ pn<Xz; Cn) = Pas Cn = C]
Uj n = fn(Xu Cn) - hn(¢(Xza Cn)>pn(Xu Cn)7 Cn) = fi,n - h'i,n

Let hy, (Y, pa, Gu) satisfy the smoothness conditions in Definition 8.1 or 8.5. Define h; ,, =
h(i, Din, Co). Let Dy, ~ Locy(¢,p) and either Ty, = 1 or Ty, ~ Loc,(¢',q) and
satisfies assumption 9.3. If Elmax}_, h;,] = O(logn)

- 1/2
REATD: = pio) (X, )] = VAER[TL(Ds — pin)itsn] + O, ((7% , EalLil logn> )

n

Proof. Let F,, = U(leﬂ'n, 7t 7", ¢,). Then by assumption 9.3, (ga.s)as, (Rin)i, €
Fam, and F,, AL 7¢. Then by Lemma 9.20 and Proposition 8.4 or Proposition 8.6
(depending on the smoothness condition)

|Ln| n
-1 1 2 —17. n
a=1 s=1 ZJGgas
i#]
7 n kol Lyl 1
< 0p(1%) + 1 og| Ll By = O, (T;g v M)
i= n

The final equality is by Markov. Also we have E[nE,[T;(D; — pin)hin]|Fen] = 0 by
Lemma 9.20, so the claim follows from conditional Chebyshev (Lemma 9.16). O

Theorem 9.5 (CLT). Impose assumptions 9.1 and 9 2 Requz’r’e that either assumption
9.3 holds, or Ty, = 1 and ¢ = 1. Let Fpp, = 0( Xy, 7, w78, (,). Then weak convergence
holds as in definition 9.13

\/ﬁ (En[ﬂ(Dz - pi,n)ui,t,n])z;l ‘fx,n = N(07 Z)
with variance matrix
S = qB(pi — 07 )uiguip|Ca) + 0p(1) t,t" € [T]

Let Floqyn = o(Xip, 7 7t 74 78 C,). We have

T;D;e} Ti(l— o2(X) o2 (X)
Vb e T T T Hf“‘ :’N(O EEI;‘QE{(XQW ~ oY) CD

Proof of Theorem 9.5. The proof is an application of the martingale CLT of Proposition
9.14. Consider the following filtration structure

Fon = {0, 0}
-F(a n+sn — O-(Xl n77rn7 n’T C’rm a’ 1n * 1 < CL/ <a-— 177—a,1:s) 1 <s< n; 1 <a< |Ln’
-F.anln-i-]TL O-(Xl TL77T'n,7 n7T CTL?T 61] d O 1) 1 S j S n
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We will apply the Cramer-Wold device to show the first claim. To that end, let (\;)L, €
R” and define weighted residuals Wiy = Zthl MUt n. Define the martingale difference
increments

Z(afl)n+s7n - Z (D,L — pa)ﬂi,n 1 S S S n; 1 g a g ’Ln‘
iega,s
)\ Lnlntin = S (1 )ei 1<i<n
pi,n - pi,n

We focus on the conditional statements, from which marginal convergence will follow. To
apply Proposition 9.14, we need to check (1) martingale difference condition (2) variance
process limit (and appropriate measurability) and (3) conditional Lindberg. We check
each in turn.

Martingale Condition - First, we claim that (Z, )nlL"Hn defines an MDS. In what follows,
we will make frequent use of the crucial fact that

(A,B) LC = A1 C|B (9.3)
(1) Let 1 <s<mand1<a<]|L,|. By therepresentation in Lemma 9.19.(i)

ka

Dl]l(l € ga,s) = Z IL(Z - gasé) jsf Gi,n(Qa,sa Tis) = Gi,n(¢1:nap1:n,n77rg77rn77— 77-55)
/=1

Then using the fact above

E[Dz]l(z € ga,s)|F(a 1)n+(s—1), ]

E[Gz,n(wlzmpl:n,na71—2’71—7177— T )’Xl n,’/Tn,’/Tn,’T CnaTa/,l:n 1 S Cl/ S a — 1a7_a,1:(sfl)]
E[Gz, (¢1 naplnnaﬂ—;laﬂ—nﬂ— T )’Xl na’”m mT Cn]

E[Dz (Z € Ja s)’Xl na’ﬂna n,T Cn] — [Dz]1<Z € ga,s)’fx,n] = Pa]l(l S ga,s)

The final equality follows by Lemma 9.19.(ii) since F,,, 1L 7 and (o s)a.s € Fen by as-

sumptions 9.3 and 9.1. Using @; , € 0(X1.n, () and this calculation, E[Z,_1)n+(s—1),n| Fla=1)n+(s—1).n)
is equal to

n

E Z(Dl — pa)]l('l S ga,s)ﬂi,n’Xlznyﬂ-TdLaﬂ-ZaTt; CnaTa’,lzn 1 S CL/ S a — 177—(1,1:(5—1) =0
=1

(2) By assumption, p; , € 0(X1.n,(n) C FujL,|+jn for 7 > 1. By the representation in the
previous section, we see that D; € Fyp,|+jn forall 1 < j < n. Let h: R? — R be a fixed
function and note that
E[h(E;’ 6;‘))|‘Fn|Ln|+(j—1)7 ] = E[h< €5 6])|X1 7177T'n,7 m Tt gm Td 6(1) zg 1)]
- E[h‘< j? ]>’X1n,€1 (57— 1)] = E[ ( ]7 j)‘X]
This follows by making repeated use of 9.3, independent sampling, and that the external

variables (7%, 78 7%, o, 7)) 1L (X1, Yiin(1), Y1.,(0)). In particular, applying this shows
that E[e;-l|]:n‘Ln|+(J_1)7n] Ele ;l|Xj] = 0ford =0, 1. Then we see that E[Z, 1| +jn|FnlLn|+G-1)n) =
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0. This shows that (Z;,); (‘IL"‘H) is an MDS. Next, we characterize the variance process.

Variance Process - We will characterize the probability limit of each variance process,
and show the relevant measurability condition.

(1) For 1 < s <nand 1< a<|L,|, we have 1(i € gos), Uiy € Fan € Fla—1)nt(s—1)m-
Similarly to the argument in (1) above, we have E[Z¢, | . [Fla1)nt(s—1)n] = E[Z],
Since (ga,s)as € Fun and F,,, 1L 7% Lemma 9.19.(iii) applies, giving covariances

-1 _ a a - a -2
n E § :EZ(a 1n+sn|"rd n+(s—1),n] — E E U’i,n
a=1 s=1 a=1 s=1 1€ga,s
|Ln n— 1
—n_lg E E U nUjp = Ap + By,
a=1 s=1 %,7€Ga,s

i#£]

Clearly, these are both F, ,-measurable, so we have verified the required measurability
condition. We first consider the diagonal terms A,. Note that by algebra

Pim — Pin — i = D7) = i — Pi)[1 = (0i + Din)] = Wi — Din + Din — Pi)[1 — (0 + pin)]

Then we have

|Ln n

A = n_l Z Z Z Di, n — Di, n En [Epz,n(l - pi,n)ﬂin]

a=1 s=1 i€gq,s
= En[Tipi(1 — pi)us ] + EulTi(pisn — Din + Din — 0i)[1 — (05 + Din) ] )

Consider the second term. First note that

B Eo[Ty(pin — Di)[1 — (i + Pi)JT2,]11Ga] < Ellpn — PulocTsn |Gl
b T OB |G) <78 T Y T NEfun(Xi, 6)?1¢a) = O(r7)

te[T) te(T]

The first inequality since T;|1 — (p; + pin)| < 1 and since (u;,);e, are identically dis-
tributed, conditional on (,,. The second inequality is by Jensen, and the final inequality
by properties of projection. Similarly, we have

HE [ (pzn pi)[l — (pi +pi,n)] ]ch] < EHpin pz|u |Cn]
<E[(in — pi)* 1G] P B[, |Gl = Op(Tp) p(1)

Summarizing, we have shown that A, = E,[Tipi(1 — p;)T;,| + Op(r2) + O, (7%).

Define the population residual sum u; = Zthl At ¢ Claim that

E,[Tipi(1 — pi)(ﬂin - ﬂ?)] =0, (maXE[(ui,t,n - Ui,t)2|§n]1/2>

te([T]

o6
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Note that we have

E[|Eo[Tipi(1 = pi) (@, — @)IIGa] < Ellpi(1 = pi) (@, = @)1IGa] < (/4 E|(@,, — )16
< Bl(@in — )| B (@i +ﬂi)2|(n]1/2 < Bl(@ —w)")"? (E[@,.|G)'? + Bla?1Ga)'?)

S E[(ﬂlﬂ - ) |C ]1/20 < Z |)\t|E Ustn — Uy t) |Cn]1/2

The third inequality uses a® — b*> = (a — b)(a + b) and Cauchy-Schwarz. For the fifth
inequality, observe that

B[, [G]" <> T IMIE ], G < INEfrn(Xi, Gi)?1G] 2 = 0,(1)

te[T) te[T)
E@)C)Y < 37 M B2 1G] = 0,(1)
te(T)

The second inequality follows by properties of projection. The third inequality is triangle
inequality. The claim then follows from conditional Markov inequality (Lemma 9.16).
Above work has shown that

Ay = BuTini(1 - p)i] + 0,(12) + 0,(7) + 0, (maxEKui,t,n - ui,t>2|<nr/2)

te(T)

- Z )\t>\t’ n zpz pi)“i,tui,t’] +0p(1)

tt/=
T
= Z MAv By, — q)pi(1 = piuiguip] +q Z A En[pi(1 — pi)uiguip] + 0p(1)
tt'= tt'=1

If 7)., = 1 and ¢ = 1, the first term is identically 0. Otherwise, by assumption 9.3 we have
Ty ~ Locy (¢, q). Then Lemma 9.20 shows that E,[(T; — q)p; (1 —p;)uiuie] = Op(n=1/?)
for each t € [T] if Efu u,|¢,] < oo, which we assume.

For the second term, note that E[E,[p;(1 — p;)u;tu;v]|Ca] = Elpi(1 — pi)uisu;¢|¢,) and

Var (B [pi(1 — pi)uisuip]|Gn) =n> Y Cov (pz'(l — pi)ui i, pi (1 — Pj)uj,tuj,t'Kn)
i)
+ n T E, [Var(p; (1 — pi)ui i v]C)] < (4n)_1E[u?7tuit,|Cn] = Op(n_l)
For the inequality, note that p;(1 — p;)u;uip L p;(1 — pjlujujp|C, for @ # j by our
assumptions, so the off-diagonal terms vanish. Then, we bound the variance by a second

moment. By conditional Chebyshev in Lemma 9.16 and summarizing the above work,
we have shown that

=q Z M v El(p — )(Xz)uztuzt’Kn] + Op(nil/Q) + Op(l)

tt'=

Next, consider the off-diagonal terms B,. Let Fypyn = (U1, P, To, T, T4 G-
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Note that (gas)as € Fppn)m Dy assumption 9.3. Applying Lemma 9.22 on residual
selection with functions FW(XZ, Cn) = Ztem At fen(Xi, () and random element &, =

(md, 7t 7t) gives the following moments for 4, j, [, f € [n] distinct indices

Bt 0 0| Fo puyn) = 0 Bl oW nTfin| Fppayn] =0 B[ 05T Fyppoyn] = 0
E[H?,nﬂin|f(¢,pn),n] - E[ﬂ?,nwiapi,m Cn]E[ﬂjz',nWj?pj,m Cn]

We apply these facts, computing

|Ln| n—1

— Qa(ka - Qa) = .. —  —
E[Bu|Fypml = E |07 2k —1) > (6,5 € Gas)WinTjn| Fgprym
a=1 s=1 @\"@ i#j
|Ln n—1 .
=n ZZ Zﬂ 0] € Gas) E[WinWjn| F g pu)n] = 0
a=1 s=1
Define w, = qk((k . q“ . Then the conditional variance E[B2|F(yp,)n] i given by
ILn| n-—1
n? Z Z WqWq Zzl i,J € 9as)L(l, f € ga’,S’)E[ﬂi,nﬂj,nﬂl,nﬂfﬂb|-7:(7J)7pn),n]
a,a’=1s,s'=1 i#£] I#£f

Case 1: {i,7} N{l, f} =0 Then E[W; U}, U100 sn|Frpp,)n) = 0. By uniqueness of group
identity, we are in this case if (a, s) # (d/, ).

Case 2: i € {l, f} or j € {l, [}, exclusive. By symmetry, without loss assume i = [, then
the inner conditional expectation is E[@; ,;nT .| Fpp.)nl = 0.

Case 3: {i,j} = {l,f}. By symmetry, the terms associated with (i,7) = (I, f) and
(1,7) = (f,1) are the same. Summarizing these observations, the remaining terms are

E[B72L|]:(1/17pn - _QZ U) Z zn jn|F(wpn ]
a=1 s=1 1,7€Ga,s
1<J
|Ln n
_2zzw Z |¢zapzna§n] [ ?,n @Z)japj,naCn]
a=1 s=1 %,7€Ga,s
1<J
|Ln| n n |[Ln] n
<2n Zzw Z zn|wzupzn7Cn] < 2n ZZka Z Ln‘wi?pi,naé‘n]Q

a=1 s=1 1€7a,s a=1 s=1 1€7Ja,s
‘Ln n

<n 3050 ST B s Gl = n BT i, pins 2] = Oyl ™)

a=1 s=1 i€gq,s

The first inequality follows by adding in the s = n term (positive) and the moments
above. The second inequality follows by adding and subtracting the diagonal terms. The
third inequality is by Jensen. The fourth inequality follows since k,w? = = 71 Pa(1—pg) <
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2 (1/4) for k, > 2. For the final equality, observe that

E[n_lEn [EE[Ein|¢u pi,m Cn]Q] |Cn] S E[E[ﬂin|wupz,na gn]QKN] S E[EinKn]
<Y Blut,l6] = 0,(1)

te[T]

The first inequality is by conditional Jensen and tower law. The second inequality again
by Jensen. Putting this together, we have

T
A, + B, =q Z M E(p — p2>(Xi)ui7tui,t’|<n] + Op(l)

tt'=1
(2) Let 1 < i <n and note that since D;(1 — D;) = 0 we have

T;Di(e})* | Ti(1 — Di)(&})?
E[Z|2Ln|n+i,n|]:Ln|”+(i—1)7”]:E{ 2 + (1 —pin)?

_ TiD;E[(€;)? Xi] L T;,(1 - Dy)E[(€))?|X;]  T;Dio}(X;) . T;(1 — D;)o5(X;)
p?’n (1 - pi,n)2 p'LQ,n (1 - pi,n)Z

]:|Ln|n+(i—1),n]

The second equality uses the fact from our discussion when proving the MDS property
(2) above with h(x,y) = 2* and h(x,y) = y*. Then the sum of conditional variances is

n

e _ T,D;o(X;) Ti(1— D;)od(X;)
Y Bl il Fioainrional =n7' Y =5 T pon)?
i=1 i=1 N L1

Pin (1= pin (1 —pin)?

. :T;(Di o <gg(j(i) - ag(Xi))Zﬂ B [Ti (a%(Xz-) L _ob(Xy) )}

Pin (1 —pin Din (1 —pin

)

pim, (1 — DPin Pin (]- - pz,n)

2 X. 2 X.
+qEn[(01( ), 2olXo) )} = An+ Bn + Ch
pi,n (]-_pz,n)

From the first expression, we see that this process is F(; 4),-measurable. The first three
equalities follow by algebra.

Consider A,. Let v,(X;) = Ui(gxi) — (fi(DX))Q By Lemma 9.20 we have A, = O,(n"1/?) if

sup,,>; Elvn(X;)?] < oo. To see this, note that

AP, oK)

Elv,(X,)? < E |2
X T

<207'E[03(X)? + 05 (X)?] <

The first inequality is Young’s, then using propensity score bound and assumption. If
Ti., = 1 and ¢ = 1, then B, = 0. Otherwise, by assumption 9.3 we have Tj., ~
Loc, (¢, q), then B, = O,(n"'/?) by Lemma 9.20 and an identical argument.
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Next consider C),,. We can calculate

1 1 DPi — DPin _ ~ ~
[ 1) Pin  Pi 71(X) PiDin [71(X) n+ Pin = Pinl]
< E, [ (X)) |pi = Dinl] + 0B [07(X)]
E, [ ( )|pz - ﬁz,n” + Op(rg)
Now taking expectations, note that
BIEAo3(X)lp: = Biallca] = Blo2(X0)Ips = BinllGa] < (Blot(X2) A(El(p: — B IGa])

Then by Lemma 9.16, we have E, [07(X;)|p; — Din|] = Op(72). The analysis for the term
involving o3 (X;) is identical. Then by WLLN, we have shown that

o1 (Xi) | 03(Xy)

Di * (1 - pz')
B ot (Xi) | 05(Xi)
_QE[ Di +(1—Pz‘)

C. = 4B, [ } L0,V )

@] £ 0,(n™) + 0,(1)

Summarizing the work above, the conditional variance process is

0 B2 il FiLamei-na] = ¢E

i=1

ot (Xi) | 03(Xy)
[ Di +(1_pi)

cn] L0, (1) 10, (1) +0, ()

Lindberg Condition - We show the Lindberg condition in probability, conditional on the
appropriate set.

(1) For 1 <s<nand1<a<|Ly|, Za-1nisn = Zz‘eg“(di — Pa)U;n. Now note that

nilzZE (a—1)n+s,n (’Z(a 1n+sn’ >\/_6)‘an}
a=1 s=1
|Ln| n 2 2
=n! Z Z E Z (dz — pa)ﬂi,n 1 Z (dz — pa)ﬂi,n > ne ‘f%n
a=1 s=1 Z’Gga’s iega,s
[Ln| n
Snilzzyga,AE Z d _pa ]l |gas’ Z d _pa >n€2 -F:L",n
a=1 s=1 1€4ga,s 1€4ga,s
Continuing, this is
<kpn! E Z ﬂin]l Z u;, > ne’k ’fzn
a=1 s=1 1€Ja,s 1€Ga,s
|Ln|
TR 308 | 5 St | 3 St 2 ) |
a=1 s=1 ZEga s tE ZEga s tE[T]
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The first and third inequalities follow because (3, ; a;) < 1| >",c; af for any scalar array
(a;)ier by Jensen inequality. The second inequality uses |d; — pa| < max(p,, 1 — p,) < 1
and g, s| <k, by definition. Now note that for any positive scalar array (a;);c; we have

> a1 (Zai > c> <) a1 (a; > ¢/|1) (9.4)

iel el il

To see this, note that in the case a; = max;e; a;, the LHS above is bounded by |I]a;1(]I]a; >
¢). Summing this bound over j € [ accounts for all the cases, giving a uniform upper
bound. Using this in the final expression above yields

[Ln] n
TEnn_lzZE Z Zumn]l Z Zuztn>ne (k. T)~ ‘]—"xn
a=1 s=1 zeg“te[ 1€9a,s t€[T]
[Lnl n
STEnn_lzZE k:TZ Zuztn ztn>ne 2(k,T)~? ‘fxn
a=1 s=1 1€4ga,s t€[T]
\Ln n

]::v,n}

TR Y5 Y B it (> 0T )

tET]a 1 s=1 i1€ga,s

Continuing using {i : T; = 1} = | |,  ga,s from assumption 9.3

-
y

The third equality follows since g, s € F,, for all a,s. Taking an expectation of the final
upper bound gives, using linearity and tower law gives

WD En {TE{ 2 1 (u,, > ne(FT)2)

te[T]

< (Th.)? > B, [E {uim]l (uf > ne® (R T)7%)

te[T)

kn)? Z E [uf, 1 (uf,, > ne(k,T)7?) ] S (kn)*h(ne?(k,T)72) exp (—cne?(k,T) %)

te[T)

T )2 207 -2\ _ T —(1/2)cne? _
< (kn)? exp (—(1/2)cne’(k,T)~?) = exp (2 log(ky) (210g(%n)(EnT)2 + 1)) = o(1)

The first inequality is by assumption. The second inequality follows using that f is
polynomial, so that f(s,)exp(—(1/2)cs,) = o(1) for any s, — oo, and n(k,)"> — oo
by assumption. The last line follows since n~'log(k,)(k,)?> = o(1) by assumption. By
Markov inequality and the chain of upper bounds, we have shown that

‘Ln n

nilZZE Z(a 1)n+s,n (‘Za 1)n+5n‘ > fe)‘fxn} == ( )

a=1 s=1
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(2) Let 1 < i < n and consider the bound

2 Diel (1= D)e\*  T,Di(e)?  Ti(1— Dy)(e))?
Zniiavin = Ti T T - 2 + ERY
Pin 1L —pin Pin (1= pin)
< max(py,, (1= pin) ) D ()2 <072 ()

d=0,1 d=0,1

Then we have

nt Z E [Z|2Ln|n+i7n]1(|Z|Ln|n+i,n| > \/ﬁe)u—(x,d),n}

=1
STt B (67 ) (@)( 07 ) () > e’ le,wz,wz,rd,racn]
i=1 d=0,1 d=0,1
=n 'Y B0 ()1 (07 (e))? > ne XM]
i=1 L d=0,1 d=0,1
=n"' Y B0 ()1 (07 (e))? > ne XZ-]
i=1 L d=0,1 d=0,1

Consider the expectation of the final term, which is

6 nt i E Z (eh?1 (Z (eh)? > 62n€2>] )

i=1 d=0,1 d=0,1

> (e (Z (e1)* > M(ﬂ))]

d=0,1 d=0,1

The inequality holds for any sequence M (n) > §°ne?. The RHS is o(1) as n — oo since

3 (e?Y] Y B < s

d=0,1 d=0,1

E

by law of total variance. Then n™ 'Y " FE [Zan|n+i’n]l(|Z‘Ln|n+i,n] > \/ne)| Flaoagyn| =
0p(1) by Markov inequality.

The MDS condition, variance limits and measurability, and Lindberg conditions in prob-
ability (conditional on F,,, and F(z,d)n Tespectively) are sufficient to invoke Proposition
9.14, which proves the first two claims.

O
Assumption 9.6 (CLT I). Suppose p = a/k. In this context, define

F = Elma(Xo)li] ul = my(X;) - FY

For d = 0,1, require the following conditions
(a) Elmgy(X)?] < oo, E[03(X)?] < oo, and E[(ud)!] < oo
(b) There exist ¢ > 0 and polynomial h(-) such that

E(uf)*1((uf)* > 2)] < h(z) exp(—c2)

(2
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foralln>1,22>0
(c) Fi() = E[mq(X;)|¢s = 9] satisfies the smoothness conditions in either Definition
8.1 or 8.5. Also, E[max_, |F¥|] = O(logn).

Assumption 9.7 (CLT II). Require Assumption 9.1 with (, = ¢ for all n > 1 and

Pin = pi = p(Xi, (). Assume ¢ = ¢Y'(X;,C) € o(¢y) for ¢, = (X, (). In this context,
define the following

F = Ema(X3)|pi, i, €] ud =mg(X;) — Ff
F = Blma(X)|, @ = ma(X,) - Y

For d = 0,1, require the following conditions
(a) Elmg(X)?] < oo and E[o3(X)?] < oo
(b) El(uf, —uf)*|C] = 0,(1).
(¢c) El(u m) ] < 00, El(uf)!|¢] < o0, and E[(af)*|¢] < oo, (-a.s.
(d) There exist ¢ > 0 and polynomial h(-) such that (-a.s.

El(uf,)*1((uf,)* > 2)Ic] v E[(@)*1((a)* > 2)I¢] < h(z) exp(—cz)

foralln>1,22>0

(e) F(1,pa,C) and Fi(y,¢) satisfy the smoothness conditions in either Definition 8.1
or 8.5. Also, Elmax}_, |F{ || = O(logn) and E[max}, |[F|] = O(logn)

(f) Fn V| Ln| = 0 ((logn)1/2)

In the following easy lemma, we justify focusing on the IPW estimator with population
normalization ¢ in this section, rather than the (random) realized propensity E,[T;] .

Lemma 9.8 (Normalization). Under the assumptions of Theorem 3.17

Ti(D; — pu(X3))Y; (D; — pn(X0))Y:
b [ Aon— 12)(X)) ] b [ (o — 12)(X,)

Proof. Suppose that ¢ = a/k. First note that by Definition 2.2, we have w.p.1

7i=1] =0y

ZﬂzZZE+ZEe [ln/k]a, [n/k]a+ k] C [qn —a,qn + K]

Then E,[T;| € [q — a/n,q + k/n]. In particular, this shows that E,[T;]™" = O,(1) and
E,.|T;] — ¢ = Oy(n'). By Theorem 3.17, we have

E [TZ(DZ —pn(Xi))Yz
Then the difference above can be written

1 Ti(D; — pn(X3))Y:
E [ (7 — 12)(X,)

} —0/q = ATE /q+ O,(n""?) = 0,(1)

aB[T]" } (BalTi) = @) = 0p(1)0p(n™") = Op(n™")
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This finishes the claim O

Proof of Theorem 3.17. (1) Assignment Term: With uf, and uf as above, in the notation
of Theorem 9.5 define

bn (X5, Q) my(X;) N mo(X;)

fl,n(Xi7 C) = -
pi7n J— pzn p’L,TL ]' - p’L,’VZ
bn Xiy bn Xia uzln u?n
ui,l,n = ui,n = M - E & wzﬁpi,nag = '7 + 1 _7 ]
Pim = Din \/Pin = Pin Pin Pin
Ui,lEUi:(—)Q—E (—)21%]017C :_+1
vV Pi — P; vV DPi —P; Di — D

We start by verifying Assumption 9.2 for these variables, justifying application of the
general CLT in Theorem 9.5. Observe that

B[f},I¢] < 2672 E[mi(X;) + mg(X5)[¢] S Blmi(X:) + mg(Xi)] < oo

Elu;,,|¢] < 867 B(u;,, )" + (u,)"|¢] < o0
In both lines, the first inequality follows by Young’s inequality and our propensity bound.
This shows assumption 9.2.(a).

Next, we claim that E[(u;, — u;)?|¢] = o0p(1).

1
U; ui,n

Di Din

<672 |uipin — upnpi| S pis — pillud| + |uj — uf,
< bl |+ [pil [ui —ug,|

The first inequality by our propensity bound. The second inequality by telescoping. The
final inequality follows since |p, — pnloo < 72 by assumption 9.1 and since we let p = p,,
known. Using this gives

The proof for d = 0 is identical. This suffices to show E[(u;, —u;)?|¢] = 0,(1), completing
the proof of assumption 9.2.(b). Define the target assignment variance

2

E

C] S ()2 El(u;)?I¢] + Ellu; — uj,*I¢] = 0,(1)

b — Eb|vi, i, C]

VvV DPi— P?

Then assumption 9.2.(c) is trivially satisfied since (,, = { ¥n > 1 is constant. By Young’s

S = El(pi — p})uilc] = E | (pi — p7) ( ) ‘C = E [ (b = Ebiltbs, i, ())* (]
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inequality and propensity bound, w7, < 207*((u;,)* + (u{,)?). Then we have

i\n

E(uin)*1((win)* > 2)|¢] < E[207%((uq,0)* + (ui,)) L2067 ((u)* + (u7,,)*) > 2)[C]
S Bl((uin)” + () ) L(((w ) + (u5)*) > > (1/2)8%2)c]
<2 ) El(uf,)*1((uf,)*) > (1/4)8°2)[C]

The final equality follows by fact 9.4 used in the general CLT proof. Then by our as-
sumption on the tails of u¢ 'ny We see that assumption 9.2.(d) is satisfied, and assumption
9.2.(e) is the same. This completes the verification of assumptions needed for Theorem
9.5.

Let Fpp = 0( Xy, 7, 7wt 78, () and Fladyn = 0(X1, m, ™4t 7t 74 (). Invoking Theorem
9.5 gives weak convergence

\/ﬁEn[ﬂ(Dz - pi,n)ui,n] ‘fm,n = N(07 qzll)

as well as

i [T B = (000 (755 + 2850 5 )

(2) Selection Term: Next, we will apply Theorem 9.5 again using only the selection
variables 1., ~ Loc, (¢, ¢) and different residuals. Define f;,,(X;) = ¢(X;) = mi(X;) —
mo(X;) and

iy = U1 = ma(X;) — mo(X;) — E[mi(X;) — mo(Xo)|W, (] = af — @

This has the same form as fi,, u; 1, defined above, with @; now a linear combination of

(af, a?) with weights (1,—1) instead of (p;,, (1 — p;)~"). Then an identical argument

shows that assumption 9.2 is satisfied for this choice of fl,n(Xi, ¢) and @;. Then applying
Theorem 9.5 with F, = 0(Xi., 7, ¢) and switching roles Ty, — 1 and Dy, — Ty
gives weak convergence

VRE, (T, — q) (@} — @))|FL, = N(0,5")
with variance
2= El(q - ¢")(a; — @)*I¢] = q(1 — @) E[(ci — Eleilyy, (])|¢]
Residual Coupling: In the notation of coupling Lemma 9.4, the projection of fi,, is
ha(¥,pa, ') = B [f1,0(Xi, QY = ¥, Pin = pa, ¢ = (]

bn(Xi7 C)
Pim — Din

1 / 0 /
:pCLvC:CI :Fn(¢7pa7<>+Fn(¢7pa7<)
Pa 1_pa

=F

Then F), satisfies the smoothness conditions in Definition 8.1 or 8.5 if F? does for d = 0, 1.
Similarly F(¢/,¢') = Ele(X)|] = v/,¢ = ¢] = F\@/,¢') — FO(',¢') satisfies the
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smoothness conditions. Under our assumptions (including the maximal inequalities for
Fi and FY ), Lemma 9.4 gives the couplings

VnE, —Hb = VE, [Ty(D; — pin)uin] + 0p(1)

VnE, [(T; — q)e(Xi)] = VnE, (T — ¢)tis] + 0,(1)

To finish the proof, we apply the weak convergence and couplings above to the form of
the IPW estimator. Consider the decomposition

q<pl,n - pz,n) pim — pzn
# 5, |20 BUEDIS] g [o(0] 4 B [ - (X))
T(Di — p; T,Diet  Ti(1 — Dy)é
+ En z( i pz,n) bi,n + En |: i€ _ z( z)EZ:|
DPin 1 — Pin

Pin — P?,n
Using the work above gives the coupling
qv/n(0 — ATE) = qv/nE, [¢(X;) — ATE] + vnE, [(T; — q)i]
VR (1D, ~ piahus,] + VB, | T2 T = DI

pi,n 1 _pi,n
=A,+B,+C,+ D, +0,(1)

| +a0)

Note that A, = N(0,¢* Var(c(X)) by vanilla CLT. Let ¢,, ¢y, ¢, ¢qg be the limiting
characteristic functions for each of these four terms glven by the weak convergence results
above. For instance, E[eOr|F, | B ¢o(t) = e~ 291" Then for any t € R we have

E[eitq\/ﬁ(élATE)‘d — E[eit(An+Bn+Cn+Dn)‘C] — E[eit(An+Bn+Cn)E[ ztDn’J—_-md “C]

Then note that e™AnBntOn) (E[elCn| F, 5 o] — da(t)) = 0,(1) and is totally bounded.
Then by Lemma 9.16, E [¢"(An+BntCn) (E[ePn|F, o] — ¢a(t)) [¢] = 0,(1). Then we
have

B[ VR O-AT| (] = BBt (1)) + 0p(1) = dalt) Bl B B[ F ][] + 0,(1)
= al(t)e(t) E[e™ 4 E[e"P | F7]IC] + 0p(1) = ¢a(t)de(t)pu(t) E[e™ (] + 0p(1)
= Ga(t)pe(t) 0o () Bl ] + 0,(1) = @a(t) 91 (£)c(t)dalt) + 0p(1)

The second equality follows since B,, € F, . The fourth equality follows since A4,, € F, r

The third equality by identical reasoning as above, using that E[ePr|F, | —¢y(t) = op( )

and is totally bounded. The fourth equality since Wi.,, 1L {, then the final equality is by

vanilla CLT. Then by adding variances and continuous mapping applied to z — ¢ —1/24
we have ,/qn(f — ATE)|¢ = N(0,V (1), p)) with the claimed limit.
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Fized Regressors: Consider that by our estimator decomposition

gvn(0 — Eu[e(X)]) = ¢v/n(8 — ATE) — gv/n(E,[c(X)] — ATE)
= B, + Cy, + Dy, 4 0p(1)

The claim then follows by work above, setting A,, = 0, so ¢,(t) = 1. This finishes the
proof. O

9.3 Proofs - Design with a Pilot

Assumption 9.9. Consider 03(z) estimated out-of-sample. The following hold for d =
0,1

(a) Elmg(X)?] < oo and E[03(X)?] < o a.s.

(b) 54— Gallae = 0p(1) o7 52 — 02 = 0y(1)

(¢) min(o2(X),03(X)) >0 >0 and 03(X) < B, (X, (,)-a.s.

(d) mg(x) satisfies either Definition 8.1 or 8.5 and E[max! ; mq(X;)] = O(logn)

Proof of Theorem 4.3. Define ¢, = (Pua)a=01, 50 G L (Wi, 78, 7wt 79, 7%). In the nota-

n *n’

tion of coupling Lemma 9.4, the projection of fi ,(X;, () = % is given by

2

,mn i,m

hn(Iapa7C) =F [fl,n(Xia C)|X7, =T, Pin = Pa, <n = C]
(X5, Q)

\/ pl’n

By the propensity bound p;* V (1 — p,)~! < 67!, we see h,, satisfies the smoothness
conditions in Definition 8.1 or 8.5 if my(x) does for d = 0, 1, which we assume. Similarly,
we have

~ my(x) | me(w)
DPa I Pa

’Xz =X, Pin = men = g = hn(xapa>

ha(,¢) = Ble(X0)|Xi = 2, G = (] = ma(@) = mo(x) = h(z)
Then h(z) also satisfies one of the smoothness conditions. Note that

bn<X17C) _hn( ; pzn Cn (XMC) (XMC)

Pin —p% v%n Pin Vﬂn Pin

u; = c(X;) = ha(X;,6) = ¢(X;) — e(X;) = 0

=0

U n

Then Lemma 9.4 implies that

VIE, [(T; = q)e(Xi)] = 0,(1)  VnEn [Ti(D; = pin)bin] = 0p(1)

Next, we verify conditions in assumptions 9.1, 9.2 of the general CLT Theorem 9.5. Aside
from E[mg(X)?] < oo, the remaining assumptions were only required for the conditional
CLT of /nE,[T;(D; — pin)uin] = 0 in this case. Then we only need verify that (E[(pin» —
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pi)%¢.])Y? = 0,(1). A calculation shows that

B e (G e)@o) + o) (e — Fo)@)
) =0 (@) = = o T orl) + oo(@) 61+ 30) (@) (01 + 00) @)

Then almost surely

(01 — 01)*(X;)05(X;) + 07 (Xi) (00 — 50)* (X))

Yo

B ~
< 31 (G4 — 04)*(X)
g
d=0,1

For the case ||64— 04l|2.x = 0,(1), the claim follows immediately. Otherwise, observe that

3 Ga o006 = 3 (T < 3 6 - o))

2 R
d=0,1 d=0,1 (Ta + 04)*(X5) d=0,1

This shows that ||63—03|2,x = 0,(1) is also sufficient. Let F(; 4y = 0( X, 7, 7t 79, 7%, (o).
By Theorem 9.5, we have

S [EL B0 o0 1 95 )

Summarizing using the coupling above, we have shown that

T:D; 6 T;(1 — D,)é
_ ( ) (3 +0p(1)
pz,n 1_pi,n

Wl - 0) = qyaF, [((X) — 0] + VAE, [

The conclusion follows by repeating the argument at the end of the proof of Theorem
3.17. 0

Proposition 9.10 (Consistent Regressions). Require the assumptions and definitions in
Theorem 4.8. Let p(x) be a fized, known propensity score. If Ti.,, ~ Loc,(v,q) and
D1, ~ Loc(v, p| Ti.n) then /n(6 — ATE) = N(0,V)

A, A |
p(X)  1-p(X)
Proof of Proposition 9.10 and Theorem 4.8. First, we consider coupling arguments. De-

fine ¢, = (Mg)q. In the notation of Lemma 9.4, let f,, (X, () = ¢(X;). Let ¥ = (¢1,15) €
R2.

V =¢Var(e(X))+ E

hn(wapaa C) = E[fTL(XZa Cn)‘w(Xu Cn) = w,pi,n = Pa,Cn = C]
= B [800)|(@X0), Bal(X0) = (1, ¥). Pin = Pas G = C| = i

Then h, is a Lipschitz function of v = (¢/1,13). In particular, in the notation of Lemma
9.4 hin =7(X;), s0 win = fu(Xi, ) — hin = 0. Note that

maxh = max ¢(X;)? < Zm?foﬁdeo < om?

i=1 i=1
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Then E[max}, h7,] = O(1), so the relevant maximal inequality is satisfied. Then Lemma

9.4 implies
VE,[(T; — ¢)e(X)] = VnE[(Ti — q)uin] + 0p(1) = 0,(1)

Similarly, let f! (X, ,) = _BaXi) o1 define projection

\/ pi,n—p?,n

bo(X)) |~
(10 Q) = B | —22E)@(X0),Bu(X0)) = (W1, 2), i = PG = €| = ——2—
Din = Din Pa = Pa

Since p,V1—p, < 67" by assumption, A/, is Lipschitz in (11, 102). Again, f)(X;, ¢u)—hi,, =
0 and E[max}_,(h;,)?] = O(1) by similar arguments. Then Lemma 9.4 implies

B | 1D — iy —22X) |
pi,n_pin

Then by telescoping, the estimator expansion

av/n(0 = ATE) = gy/nE, [e(X;) = ATE] + Vi, [(T; - g) (e(X:) = a(X) + (X))

(XD (X 7).l (1 — D.)eO
bin — bn(X;) + bn(X5) \ JRE, [TZDZeZ_TZ(l Dz)el}

+ \/ﬁEn ﬂ(‘D’L - pi,n) D; 1 — D;

] Pin = Pin
= qVnE, [o(Xi) — ATE] + VnE, [(T; - ¢)(e(X3) — € X0)]
b — bn(X:) + JRE, {TDE - Ti(l—Di)e?} + o)

Pin 11— Din

=A,+B,+C,+ D,

2
pi,n - pi,n

Define F,,, = 0( X1, 7, 7", (o). Then (gas)as € a(zzln,plnmwnﬁ ) € Fun, and for all
i€ [n], by=taX)

’ A/ Pi,n— pln

showing E[C),|F;,] = 0 and conditional variance

€ Fun. Also F,,, AL 7% by randomization. Then Lemma 9.20 applies,

= bn(X;))?2 N (X NS (YN 2
Var(C’n|]:z7n) S 2En (bz,n bn(g(l)) — 2En (ml(Xz) ml(Xz) + mO(Xl) mO(X,)> ]
pi’” - pivn pi;rl 1 — pi,n
<4672 Y " Bu[(ma(Xi) — Ma(X;))?] = Op(n="™)
d=0,1

The last line by conditional Markov, since ¢, 1L W1.,, we have E[E,[(mq(X;)—ma(X;))?]|¢.] =
Mg — mall3p = Op(n~>™). Then by conditional Chebyshev (Lemma 9.16), C, =
Op(n~"). An identical argument, using out-of-sample condition (, 1L Wj.,, estimator
rates, and Lemma 9.20 shows B,, = O,(n~"). Summarizing the work above

T:Diel  Ti(1 — D;)ée’
pz,n 1 _pi,n

¢v/n(0 — 0) = gv/nE, [c(X;) — 0] + VnE,

+ 0p(1)
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This is identical to the final coupling in the proof of Theorem 4.3, which shows the
conclusion for Theorem 4.8. For Proposition 9.10, the required condition (E[(p;, —
pi)2C.])Y? = 0,(1) is trivial, since we may take p = p (known propensity). O
Calculations for Section 4.1.1. Define ¢(S) = E[Y(1)-Y(0)|S] = E[c¢(X)|S] and v3(S) =
Var(Y (d)|S). By the law of total variance

Var(c(X))
B

Var( [c(X)]S]) + EVar(c(X)|S)] = Var(d'(5)) + E[Var(c(X)|S)]
Var(Y (d) —

) = Var(E[Y/(d)|X]|S) + E[Var(Y ()| X)|S] = Var(ma(X)|S) + Elog(X)|S5]

We can use these to rewrite the asymptotic variance in TM (2020) as

, B8, B T e v AX) o)
Var(c'(S)) + £ [p(S) + 1—p(8)] = Var(c¢(X)) — E[Var(¢(X)|S)] + E [ oS + 1—p(S)]
1
+E {mVar(ml(X)]S)+ = (9) Var (mo(X)|S)

Since ¢(X) = my(X) — mo(X), adding the 2nd and 4th terms gives

1—p(S) (1—p(5))
E 09 Var (m(X)]S) + = Var (mg(X)|S) 4+ 2 Cov(m(X), mo(X)|S)

1—p /

= FE |Var (ml(X) p( 1_ ’ ) E[Var(b(X; 9)|9)]
= E[(b(X; 8) — E[b(X; 5)|9])?

Alternatively, this follows from Theorem 3.17 with ¢(z) = S(z) and p = p(S(x)). O

Proof of Proposition 4.11. First, consider the case (D;);er, ~ Locy (¥, p|ly). Let &, be
external randomness forming the partition: (I,)X, = F,(&,) for deterministic F},. Define
the operator E,;[Z;] = n™* Ziefk Z;. A standard expansion of the AIPW estimator
(algebra) gives, for the k' fold estimator

ék = Eni[c(Xi)] + En [(Dl — pa(Xy)) ((m1 ;JZI(S)(XZ) + (m(i :ZO(QS(Z))]

&d u—D)g B

Consider By, ;. Let (gf,)as denote the groups for the k™ design (D;)ies, ~ Locy (1), p|Ii).
Let 7¢(k) and 7 denote tie-breaking randomness and within-group randomization vari-
ables for the k™ design and 7¢ = (7¢(k));. Define F, ;. = o((Yi, D;, Xi)ielg,le,wa,fn).
We check the conditions to apply Lemma 9.20. By cross-fitting of the design, {i : 1(i €
Ii) =1} = |, 9F,. Observe that (g¥,)as € 0((Xi)icr,, 72 (k),&n) € Fuy and, in the
notation of Lemma 9.20

N (1 _ml,k)(Xi) (mo—mo,k)(Xi)
it = (2 ) €
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By Lemma 9.19.(i) and cross-fitting of the design.

(Dicrg € 0 (95 a7 - K # k) € 0((X)ier, mh(k), &7 : K £ K)  (95)
Then we see that
Jrn,k g J((I/Vi)iefga (Di)iGIE>Xl:n77Tg7£n> g U((M)iEI;7X1:n>7T:lL>€n7 7—]?/ : k, 7é k) ui Tk;d

Then we may apply Lemma 9.20 with S; = 1(: € 1), which gives E[B,, x| F.x] = 0 and

(ml - ml,k)(Xz’) (mo - T?lo,k)(Xi) ?
Pn(X5) " 1 — pa(Xi) ) ]

Var(\/ﬁBn,k ’./T"n’k) < 2En

1(i € Ik)(

< 467%E,

16 € L) Y (ma— md,k)<Xi)2]

d=0,1

Now, taking a conditional expectation

E|E, |10 € It) Y (mq — fas) (X;)?

d=0,1

‘(Y%,Di,Xi)iezg,ﬁn] = (11&l/n) Y ma — a3 p
d=0,1

To see the equality, note that 1(i € Iy) € 0(&,) and by tower law and Equation 9.5 above
E[1(i € Ly)(ma — ax) (Xi)?| (Vi Dy, Xy )icrg, &n]

= E[E [1(i € Iy)(ma — Max)(Xo)* | (Wa)ierg, (m(K), 7i0) « K # k. 6] [(Yi Diy Xoiere, €]

=1(i € I)|lma — Maxlp

Then by conditional Markov and conditional Chebyshev (Lemma 9.16), we have shown
that /nBx = 0,(1), so that /n Yt Bu = 0,(1). Then returning to the decomposi-
tion above

V(0 — ATE) = /n (Z 0y, — ATE) = VnE,[e(X;) — ATE] + v/n Y By
r DZEZ1 _ (1 — DZ)E? B
+ Vo, Km(&) 1 —m(XJ)]

— VnE,[¢(X;) — ATE] + VnE, Kpi; ;- f__pii));?))} +0,(1)

Similar reasoning as in the proof of 3.17 may now be used to show the claimed CLT. The
case D; ™! p(X;) follows from Chernozhukov et al. (2017), Theorem 5.1. O
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9.4 Proofs - Inference
9.4.1 Proof of Theorem 5.3

Proof. First, we show the claim in (1). Suppose p = p(, () and 1)’ = 1. In this case

F' = Blma(X)|vi, (v, ¢), ¢] = E[ma(X:) |, ¢]
uf = ma(Xi) = Elma(X)|s, ¢

By Theorem 3.17, in this case the limiting variance of \/ﬁ(é\— ATE) is

V(¥,(g,p)) = qVar(e(X)) + (1 — q) E[(c — Elcl, (])*[C]

i X)X
+ Bl Bl P + B | L 0]

Since ¢ 1L X; we have E[c¢(X;)|¢] = Elc(X;)] = ATE and
Var(c(X;)) = E(c(X;) — ATE)?] = E[(c(X;) — ATE)?|(] = E[(c(X:) — Ele(X))[¢])*[¢]

)
= Var(e(X,)|) = BI((F} — F?) + (u} — u))|¢] — ATE?
= B[(F} — FOIC] + El(u} — u))|¢] — ATE?

+

Similarly we have

Bl(c(X) — Ele(Xa)l¢r, ¢1)*I¢] = El(u; —ui))?[¢]

Then the first two terms can be written

g Var(c(X;)) + (1 — q) E[(c(Xy) — Ble(Xi)[¢i, (])*I¢] = qE[(F} — F?)*|¢] + El(u; —u7))?[(]
— g ATE?

Under our assumptions, with p; = p(¢;, () we have

Eb(X:) i, p(1i,€),¢] = E {mlm —n +””‘O(X”\/1Tipi
-y B

Using this, the middle term becomes
< Vowo \/ 1—pi )
4

d—Em—w>m

wia <:|

E[(b(Xs) — E[b(X3)|vi, p(hi, €)

]

1- % )
=F {(ull)Zp—p + (uo)Zlf + 2ujud

1
=F |(u;)?*— + (u))?
{( )pi ( )1—]77;
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Then adding all four terms gives

qE[(F}! — F)*¢] + E[(u; — u)))*[(] — ¢ ATE* +E [( u;)? + (u)?

¢ Di ]-_pl
o o2(X)  o2(X)
~l(ud - i + 5| T
1\2 20 v 02 4 52( X,
_ {W e 4 + EI(F! — FY)*|(] — g ATE?

Next, we write this in terms of estimable quantities. Note that

15 {3@2)2 C} _z {(ml(Xi)iﬂLEil)Q C} B {(FilJruljnLE})Z C}
_ g {(FU +(pz:)2+ (1) 4 _ [(F})M (ui)zz—i-af(Xi)

|

To see the last two equalities, note that since p; = p(1, ()
Elp; ' F}|(] = Elp; "E[u; F} 144, ¢I¢] = Elp; 'F} Blui i, ¢J¢] = 0
Elp; ! lFlK] Elp; 'F/ Ele;|X;. {]|¢] = Elp; ' F/ Ele;| Xi]|¢] = 0
Elp;‘eju;[¢] = Elp; 'u; Ele;| Xy, ¢1I¢] = Elp; u; Ele; | Xi]|¢] = 0
Elp; ( )?IC) = Elp ' Bl(6)?|1 X, JI¢] = Bl El(6)*1X0[¢) = Elp; ' o7 (X5)|¢]

Similarly for d =0
{

Iy

+qE [(F}' — F?)?*¢] — ¢ ATE?

[

c} _g [(FPV + <1ui>;+ 75(Xy)

Comparing the calculations above, we see that

R

Y;(1)?

%

V(s (ap)) = B {

(- e[t

7

Now observe that

(6
. [<F5>2<1 — )

]l

c} B [(F} — FYI(]

(F)*(1 —q(1 = pi))
1—pi

Di

i

e] +2amiiF2I0
Summarizing, we have shown that
Yi(1)? Y;(0)?
I R b ]

_E |i<F ) (1 _Q(l pl)) C:| . 2qE[F11F10]C] _qATEQ
1 —pi

C] = [(FS)Q(;: qp:)

73



Then by Lemma 9.12 we have

-~ 1= |1 —=q(1— N
V(¥,(q,p)) = V12 — [ pqp] — o [f(fpp)] — 20y — qb* + 0p(1)

Next, consider the limiting variance V' (1, p) — ¢ Var(c(X)) for the fixed regressor case.
By the work above, this is

(L= Bl ~ P+ B[+ (P

, | ¢| = El(u; —ui)?|C]
{ﬁ@ﬂ+?ﬂadEV@%+ﬁMJ+@£+ﬁMJ
Pi —Di )

Di 1 —p;
c p [l el () ]

Then comparing with the calculations above.

o< e[ A2 [

=02 — 01 [p'] =0 [(L=p) '] +0,(1)

4—@Em¢—wﬁm

(- s [

I —p;

d

The final equality follows by Lemma 9.12. Conservativeness is given by the residual
variance

gE((u; —u7)?|¢) = aB[(c — Blelyi, ¢1)*[¢] = qB[Var(e(X;) s, O[]

This completes the proof of claim (1).

Next, we show claim (2). In this general case we have p; = p(X;, ()

F = Elma(X)|vi, p(Xi, (), (]
uf = ma(X;) — Elma(X;)[vs, p(Xi,¢), (]

Identical calculations, substituting the new definitions of F¢, u¢, show the same identities
above for each of the variance components. Then we have
C<‘|

0} (X;) n o3 (X;)
Di 1—p;

wwm=wmax»+Em—Eww@@Wm+E[
_ B(F} - FOYIC) + El(u! — u2)’|(] — ATE?

[ el n2 1 1 042 of(Xi) | 05(Xi)
+E (UZ) EWL(%) 1—p, C] — El(u; —u;) K]"‘E[ i - 1O_pl. C}
M (., 1\2 2 0\2 2
:E(%);ﬁmo+%%t?u04+EW?—Wﬂdﬂ”W
.z 1 —p;
M (12 0)2
- £ [E8d) - B[ )+ g - ryg
L D Di
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Note that the last line is

: [ﬂ 4 e [Eor C} — El(F = F)Id]
~E {(Fj)ﬂ;ip" C} +E {(F;D)?lf_i% 4 B[R]

Then by Lemma 9.12

D; — pin)Yi 1= ~ -
V(¢,p) :Varn (%) — U |: pp:| — Vo |:1 fp:| —2U10+0p<1)

This completes the proof of the second claim. For the fixed regressors case, by the work
above

V) - Var(e(x) = | A | WA - g
WA i
“e [ B e (5] -2

Claim (3) follows from (2) and Lemma 9.12, noting that for the general case ¥ € o(1);)
Var(e(X;)) — g Var(e(X5)) + (1 — q) E[(c — Elelv, ¢])*[¢]
= (1= q)| Var(e(Xy)) — E[Var(c(X;)[¢5, C)!C]} = (1 —q) Var(E[e(X)|¢;, (JIC)

This finishes the proof. O

Assumption 9.11 (Inference). Require assumption 9.1 with (, = ¢ forn>1 andp=1p
and assumption 9.3. Define the projection

Fg(¢7pa7 CI) = E[md(XquvZJ(Xu C) = ¢;pn(Xz; g) = pavc = C/]

AZSO deﬁne E(,jn = F'ril(qu)imapi,n) C) Szmzlarly, deﬁne ‘Fid - E[md(Xz)|¢(Xu C)7p(Xz> C)7 C];
ud, = mg(X;) — FL, and u¢ = my(X;) — F2. Define Ui,z‘,n = E[(uin)*|Yi,pin, (] for

©,n i,n’

Uy = uﬁn and d = 0,1. Require that
(1) E[Y(d)*] < oo and E[(F*)*¢] < F and E[(F{)*|¢] < F < 00, ¢-a.s. ford=0,1
(2) 02, <7 and 03(X;) <T° < 00 for d = 0,1
(3) Fi(1),pa,C) satisfies Hélder conditions in either Definition 8.1 or 8.5 for d =0, 1.
(1) EI(FY, — FAPIC? = Oy(rF) for d = 0,1.

(5) ~v is an admissible matching as in Definition 5.1
(6) knV L, = o(n) and r¥ vV r¥ v r? = o(1)
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Lemma 9.12. Suppose that assumptions 9.1, 9.3, and 9.11 hold. Then the IPW second
moment (for the selected units)
Y;(0)?
C} R { (0)

T ((Di—pin)Vi\*
L —p;

q \ Pin—Din

Vro2 = En

c] £ 0,(n) + 0,(?)

g

{2

Let G be any bounded, Lipschitz function. Then the matching terms satisfy

76 = B, [Z;ic:(pi,nmm] — B [G)(EMIC] + Oylr)
6] = B | T PG00 | = B 6P + Oyfrn)

N _ T;T; 1(g(i) = g(7)) Di(1 — D;)Y3Y;
=op ! J P2 — BIFYFC|ICl 4+ O n

1<i<j<n
With convergence rates
Tin V7o = 0N Y3 +002) + O(rE) + 0(r?)
rom = O™+ O00rE) + O(rY) + O((k,/n)?) + O (M/n)

Proof. First, we show consistency for 7;. From Theorem 9.5, we have § = ATE +0,(n=1/?),
so (0)? = ATE? +0,(n~/?). Since D;(1 — D;) = 0, the first term is

5 n<wrmmm>2_E ﬂ(mmm (Ldmn@>2
"la \ pin—0p2, "la \ pin 1 —pin
T; ( D;Y;(1)* = (1 — D;)Y;(0)?
=En[—( 2()+( ) (Q)H
q Din (1= pin)

Consider the d = 1 term

T, D.Y,(1) T, (Di — pin)Yi(1) T, Yi(1)?
g [BX0Y] _ g [T —pWOF] g, [ XOP]
q pi,n q pi,n q pi,TL
T; (D; — pin)Yi(1)? T, — q Yi(1)? Yi(1)?
:En{—( pé)()}JrEn{ CJ()}JFE”{()}
q p@n pi,n pi,n
=A,+B,+C,

We check the conditions of Lemma 9.20.(4). Let F, = o(Wi.,, (., mt, 7, 7). Then by
Assumption 9.3 and 9.1, (ga.s)a.s, Yia(l)Q L0k € F, and F, 1L 7% Moreover, note that

Pind’ Pind
Yi(1)* Yi(1)*
sup E [ ( )2} <supE [4(—>2] <O EY(1)Y <
n>1 [ (ping) n>1 | Pind

Then Lemma 9.20.(4) shows that A,,, B, = O,(n~'/?), applying first with S,.,, = T%.,, then
with S,, = 1. For the third term, E[Y(1)*] < oo by assumption. Note that G(p) = p~!
is bounded and Lipschitz on [6~%,1]. Then Lemma 9.18 applied with H(W) =Y (1) and
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G(p) = p~! shows

SR

4+@wm+@m1®

We have shown that F), [T &} =F [%1)2} + Op(n=2) + O, (rE). The case d = 0 is

,m

identical. This finishes the proof of the claim for v;.

Matching Corrections - First note that Y;(d) = mq(X;) + €] = F{l +uf, + €. Then for
i # 7 and d,d € {0, 1}, we have

Y(d)Y(d) = (F, +uly, + e)(Fh +ul, + €)= FL S + 5 (ul, +¢f)  (9.6)

i\t jn

+ den(ugn + €j )+ (um + € )(ujyn + ej )= FZanJd;Z + Rd & (9.7)

Define gé,s = gas N {¢ : D; = 1}. Using this decomposition, and noting {i : 7; = 1} =
L.« Ga,s by Assumption 9.3, we have

[Ln] n

e T;D;

U1 = E |:qp (pzn)YY Z):| =N 122 Z qpa lG pa l( ) ) (1)
a=1 s= 1169

|Ln‘ n

=Y Y Y (4pa) T G0 (FLFl ) + Rifey) = An+ By

a=1 s=1 ieg}l’S
Consider that for any 7,5 € [n] and d € {0,1}

Fiopd WW1mmmwmﬂm%me

wne j,n wn- jn

Then the first part of the numerator above becomes

[Ln| n [Ln| n
n DD D (ap) TGP FL e = @)D D D (ap) T G (FL)” + (P )]
a=1 s=1icgl | a=1 s=1ieggl
|Ln| n

)Y DD (apa) T Glpa) (B, — Flpy ) = AL+ AL

a=1 s=1 Zega,s
Consider A},. Since p;, = Pa(iyn = Pa fOr i € go s by matching admissibility, this is

|Ln n

RIS Z @in) ' G(pin) (FL)? + (a0 m) ™ G (0yiiyn) (Fyiym)”

alslzeg5

ZTD (qpin) ' Gpin)(F},)?

The equality follows since 7y is bijective and D; = D.(;), so the second term sums over
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each treated unit exactly twice. Continuing, the expression above is

— n_l ZT pzn qu,n> G(pzn + n- Z G pzn )

_IZT pzn qplﬂ) IG(pzn)(Fl) + _IZ

i=1
+nt Z G(pin)(F}
=1

As in the argument for 0y, let F,, = 0/(Wi.,, G, 7, 7, 78). Note that F,, 1L 7% (ga.s)as €
Fos and (qpin) G (pin)(F,)? € Fn. Moreover, note that

LG, )(FL )

sup B [ (api) " Goon)(FL)?)] S 67 sup B [(FL)'] = 6~ sup B [E[(FL,)'1¢]] < oo

n>1 n>1 n>1

Then by Lemma 9.20.(4), the first term is O,(n~*/2). Similarly, the second term is
O,(n"'/%) by Lemma 9.20.(4), applied with selection variables S;., = 1. For the third
term, by boundedness we have |E,[G(pin)(F},)* — (F)?]| S Eu[|F, — FMIFL, + F).
Taking a conditional expectation

E[E|F, = B F + B S BIFL, = DY (BIFL) I + BIE)?IY?)
< Op(r) Blma (X)) = Oy(ry)

n

The first inequality by Cauchy-Schwarz and triangle inequality. The second inequality is
by assumption and properties of projection. Finally, note that by applying Lemma 9.18

E[G(pia)(F})?] = EIG(pi) (F)?|C] + Op(n~172) + O, (rh)

The lemma applies since E[(F})*|¢] < oo, (-a.s. by assumption. Putting this all together,
we have shown that Al = E[G(p:)(F})?|¢] + Op(n™Y2) + O,(r2) + O,(rE).

Next, consider A%2. By the Lipschitz assumption 8.5, on an almost sure set given by the
definition, |A2]| is bounded by

[Ln| n |Ln| n
YIS (@) NCWI(FL — Flp )P S0y Y D (@

a=1 s=1 iegéys a=1 s=1 jeg} a,s
|Ln| n

<7 YN Y (W= hw)? = EaliW — )] = 0,07)

a=1 s=1 i€ga,s

The final equality follows by matching admissibility as in Definition 5.1.
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Next, we bound the residual terms above

|Lu|

By=n""Y "> (qpa) 'G(pa) R,
a=1 s= 17’€gas
| Ln|

=n" qua 1GpaZZD]lz€gas L(j = 7(0)R;;

s=114,5=1

By definition the matching can be written as a deterministic function

V= ’y((gaﬁ)a,s; wlznvplzn,na Dl:na Tl:n) = (¢1 ny Plin My 7Tna Wga T Td)

By assumption 9.3 and Lemma 9.19.(1). Let Fiy . ra)n = 0(V1ins Pronn, T, 70, 78,74, C).
Again by Lemma 9.19.(1), D; € Fyp, ray, for all 4, and clearly FZd € Flypurd)m-
In the sequel, we will make use of the followmg conditional moments. Momentarﬂy
suppressing the 1-superscript notation, applying Lemma 9.22 with F,, = F(yp, rd)n,
& = (nd 7t 7t 7d), and ¢, = ¢ gives

n’'n

E[ulnlfdenT n] E[
€ Ej‘f(wpnﬁd n] E[
€i€5€1|F(p pnrtyn] = Eleicjacs|Fyp, rtyn] = Elei€jeusnl Fry p, riyn]

€
€€ UL UL | F (o portyn) = El€itjntintis | Fp p, rayn] = Eltintyntintsn] Fypp,ra)n]

il F 6 party 0] = Eltintinl Fppnri)n] = Eltin€i | Fp po,ro)n]
Uy nuj nﬁl’F ,pn,Td),n] = E[ui,nejel‘f(w,pn,rd),n] = E[ui,nujynul,n]}"(w,pnjd),n]

— B
Bl
Efe

Recall that
1,1

By the moments above, E[R 1’1|]-"(¢pn sayn) = 0for 1 < i # j < n. Since Di1(i €
9a2s)1(j = (7)) € Frypn.rayn and 1(j = (i) = 0 for j = i by definition, we have showns
that E[B,|Fyp.r4)n) = 0. Next, consider the conditional variance E[B2|F,
given by

»Pn 7Td)7n] )

[ Lin |
2 2 pa a,a,s,s' 1,1 pl,1
E[BTL|F('¢'7pn7Td)7n] =n Z q p Par Z Z Z C 7’],l,f E R,] Rl,f |‘F(w7pn77d)7"]
a,a’=1 s,8'=1l1i#j=11#£f=1

Cyy™ = DiDA(i € goo) 11 € guro)1(j = 7(D))1(f = (D))

Case 1: f € {i,j} orl € {i,j} exclusive. By definition of our matching, e.g. for the case
{f =1i,1# j} we have 1(j = ~(i))1(i = v(I)) = 0, since each unit is matched uniquely.
The other subcases follow by permuting labels.

Case 2: {i,5} Nn{f,1} = 0. Then we have

Rl 1R I,f — an(uln + € )[Fln uzn +6 ) + F’zl,n(ujl,n + Ejl) + (uzl,n + Ezl)(ujl,n + 61)]

Js

(

+ E,n(uf,n + Ef)[F (U n +6€ ) + F;l,n(u;,n + 6]1) + (uzl,n + Ezl)(ujl‘,n + 61)]
1
€r

J,m J

+ (ug,, + &) (uy, + ;) [Fi(u;, +€) +F£n(u},n+e})+(u%,n+ei)<u},n+e§>]

Let i, 7,1, f jointly distinct indices. Then since Fj, € Fy,, 74y, for all ¢, we see that in
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this case E[R1 'R’ 1|]-(¢p iyn] = 0 by the moments above.

Case 3: {i,j} = {f.l}. Note that if 1(i € g,5)1(j = (7)) = 1 then ]l(j € Gas)1(i =
(7)) = 0, since j can’t both be in an even and odd group, so C’fjajfs = 0 for all 4,3.
Then we only need consider terms of the form

(Rij)? = (Fj)(uiy + €)? + (Bl (uf, + )" + (u, + €)*(ug, + €;)°
1 1 1 1 1 1 1 1\2/,.1 1
+ ‘an‘Fz n( zn + ei)(uj,n + Gj) + Fj,n(ui,n + ei) (U’j,n + Gj)
1 1N2/,.1 1
+ F;,n( J,n + ej) (ui,n + 62’)

In addition to the moments above, note also that for any ¢ # j
0= E[ui,nei‘f(w,pnﬁd),n] = E[ui,neiujmej|f(¢,pn,‘rd),n] = E[(uzl,n + 6@1)( Usn t€; ) “F(wp 79, ]

again by Lemma 9.22. Then all of the cross terms are conditionally mean zero. This
leaves only diagonal terms of the form E [(Ri’jl)2|.7:(¢,pm7d),n], which can be written

E[(F) ((ui)? 4 (€)?) + (FL)* ((),0)* + (€6)°) Fppnrty.n]
+ F [( Uy, Jln)2 + (uzlnejl)2 + (ujln D2+ (ele )2|.7:¢pnT ]

= (Fp)% (00 ,(X0) + E[o7(Xi)[¢, pin, () + (Fi)* (001, (X5) + El07(X) |4, pins €])
+ o (Xi)om (X)) + o, (Xi) B0 (X )W,pm,C]Jr%l (X)) Elo7 (X)) |4, pins €]
Ao

+ Eloy(X )I%pm,C] [0 (X)) |0, pins €] < 20°[(F})* + ()] + 4(7)°

The second equality uses Lemma 9.22, and the final inequality is by assumption. Also,
note that 1(i € g,5)1(i € gws) = 0 for (a,s) # (a/,s’) by uniqueness of group member-
ship. This leaves only the diagonal terms, so that E[B2|F ., r4)..] 18

|Ln|

_ G(p

I LS S DA€ 001 = A ERE Fig
a=1 @ =1 i£j=1
|Ln| n

D3 ; DIt € o) 1(j = (1)) (20°[(FL,)* + (FL, ] + 4(5%)?)
‘Ln n

Y0 3 1€ gua 1 = 5(0) (2D (L, + DUFL )+ 4D
a=1 s=1 i#£j=1

The last equality since D;1(j = 7(i)) = D;. Finally, note that this is

[Ln] n n

S D+ DAL+ D

a=1 s=11i€gq,s

Sn7?Y TD(FL)? + 072 (qn) = Op(n)

The final equality follows since E,[T;D;(F},,)?] = Op(1) by the calculations above for the
term A!. Then by conditional Chebyshev (Lemma 9.16), B, = O,(n"'/?). Putting this
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all together, we have shown that
0= A, + AL+ By = E[G(p)(F})*C) + Op(n™"%) + Oy (1h) + Oplry) + Oy (1)

By symmetry of our assumptions with respect to permutation of the labels d € {0, 1},
the same result holds for the estimator 7.

To conclude, we analyze the cross-moment estimator, expanding using Equation 9.6

bo— ot 3 BhLel) = o) D= D)V,
=, ¢ Card(g) pa(X0)(1—pa) (X))
TR0 ) DESNUSES o 3%
a=1 s=1 “ i€gl s 7€49
1 770 1,0
R I e DID WG R HEL L
/Leg 6]69(1-5
First consider S,. Let Fyp)n = 0(V1n, Diinn, T, T md 7t (), then we have (g, s)as,Fd €
Fappm)n a0d Flyppyn AL 79, s0 by Lemma 9.19
BIS.|Fonl = (00) 3, 30 g B S EID(L = D)l L
a=1 s=1 q qa Zajega,s
a a a F()
#J
|Ln| n
D5 2 Flabla+ FlLE,
a=1 s=1 ’Lngas
1<J
|Ln| n
1 770 1 70 1 0
a=1 s=1 Ka szgae
1<j
= S,i + Sfl

First consider S!. Note that the final sum is

Z Flln‘FzOn Z EylnF}()n Z Elnﬂon Z S gOL,S) Z ]l(j S gCL,S)

ivj'egq,.s i,ngq,s 7>
1<J 1<)
+ ZF;nF;’n J € Gas) D (i € gays) Z FLFRA(i € gas)(ka — 1)
1<J
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NN

Then we have S} = (¢gn)~ Z'L”| Dol Dicus FLFY, = q 'E,[T;F} F?,]. Next we write

EWLE L F) = BlT(F, — F + F)(F, — F + F))]

LN N

= E,[LF} | + E|T(F, — F)(F, — FOl + Ea[Ti(Fy, — FDFY) + E[LF (Fy, — F)]

N

The first term has

E(|EWT(F,, — F)(F, — B < EllF, - F|F, — FId]
< B(|F, — B PIV2EBIE, — FYIPICY2 = 0y((r)?)

n

Also E[|E,[Ti(FL, — FNFPYIC] < E(|F, — FIPICE[F! P[] = Oy(ry). Then by

n
conditional Markov, the last three terms above are O,(rf). Finally, note that

E[LFF) = E,(T: — ) F F) + ¢, [F F] = ¢B[F FY|(] + Op(n %)
For the final equality, note that E,[(T; — ¢) F}! F?] by Lemma 9.20 since by assumption
E((F)*(F)*|c] < EI(F)*I¢] + BI(F?)*I¢] < o0

The conclusion then follows conditional Markov manipulations applied to ¢, [F}! FY]. We
have shown that S} = E[F}EF?|¢] + O,(n~Y2) + O, (rE).

Next, consider the differences in S? above. By the Lipschitz assumption, on an almost
sure set given by definition 8.5 we have

Sa < @)D = 2 = LI, — B
a=1 s=1 l]€gas
1<J
|Ln| n ‘Ln‘ n
Sy S g S - S YR Y Wi ) = 0,0)
a=1 s=1 1,7€9a,s a=1 s=1 1,7€Ga,s
1<J 1#]

Putting this all together, we have shown that
E[Su|Fppuyn] = BIFEC 4+ Op(n™2) + Oy (ryy) + Oy(r))

Next, we will show the coupling S, — E[Su|Fypuymn] = Op((kn /n)l/z). As previously,

P
define the higher-order inverse propensity weight we, = E[D;(1— D;)|Fyppnyn) 10,5 €

Ga,s) = %. By work above, we have

[Lnl n
Sn — E[Sn’}—(d),pn) (qn)~ ZZ /{: 1 Z len Jn — Dj)wapn — 1)
a=1 s=1 1,7€9a,s

i#]
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Therefore, Var(S,|F(yp.)n) is given by the conditional expectation w.r.t. Fyp.)n of

L]

2. Z A S ELELFLFL (D = Dy, = (D1~ Dy -

a,a’'=1s,s'= 1 4,5€9a,s L,fE€Gyr o
i#j I£f

By the weight definition E[D;(1 — D;)wan1(4,5 € gas)|Fppa)n] = 1 for all ¢ # j. Then
taking a conditional expectation, the above simplifies to

qn 1 0 pa,n

ZZ —1p > > FLFLFLELT
a=1 s=1 a ’L]egaslfegas
i#£] I#f

Fzylf_E[DiDl(l_Dj>(1_Df)|F(w7Pn)vn]wc2z,n_1

Case 1: {i,j} N{l, f} = 0. Note that in this case we have k, > 4. By the representation
in Lemma 9.19.(i), we have

N (k7
|zylf|_‘(a 2)((]&) wa,n_l =

Using triangle inequality, the corresponding terms of the sum are bounded by

(Qa - 1)<ka — Ga — 1)
’ e 2u-3 =7

‘Ln‘ n -2
(qn)
S22 I EREL I
a=1 s=1 ( @ ) 4,3,,f€ga,s
i,7.1,f distinct
|Ln|
<3y M LIRS
>~ ( i,n 7N
a=1 s=1 1€Ga,s 1€7a,s

< Tkn(qn)™ (En[ﬂlﬂ,nl |+ E [T, [')
S alqn) ™ (BullF7[ "]+ B[l FL]"]) = Op(kun™)

The first inequality is by Lemma 9.17, and the second noting max,>4 -*5 < 4/3 and

ko, < ky. The third inequality by assumption 9.3, and the final equality follows by con-
ditional Markov, since E[(F},)*¢] < oo by assumption.

Case 2: i € {l, f} or j € {l, f}, exclusive. Then we must have k, > 3.
Subcase (a): ¢ = [, then we have

T | = |BIDA(1 = Dy)(1 = Dy Fipgmyalie?, — 1] = ‘(k‘g)(k“)_lwzm—l

Qa_l q

Using algebra, one can show that |T'"" | < 2’;—2 +1 <2571 + 1. Again applying triangle

B350, f
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inequality, these terms in the sum are bounded by

[Ln| n

(qn)~? 12
ZZ Z |F’i,n| ‘an nHszzf|
a= 1 5= 1 a Zvjﬂfega,s

1,7, f distinct
|Ln‘ n
2(5 + 1)( qn) -2

S > IELPIEL

a=1 s=1 i,j,f€9a,s

1,7,f distinct

<ZZ 12 k2 Z' zn‘4+z‘ﬂ?n|4

a=1 s=1 1€7a,s 1€7a,s

S n’l(EnHFin! |+ EalF7,[") = Op(n7)

Subcase (b): j = f, then we have

ko — 3\ [ko\
T80 | = |EIDDY(1 — D)\ Fooyalt — 1] = ‘( )(q) w?, 1

Ga — 2
(qa — Dka(ka — 1)
< +1<2
(ka - Q)qa(ka - Qa) ka — {4

+1<207+1

Then the relevant terms in the sum are bounded by

Ln| n

(2071 4 1)(qn) 2 )
E:Ej (ka _1 > IELIELIED = 0p(n™)
o=t o=l 3,01,j€Ga,s

i,l,7 distinct

by the same argument as the previous subcase, permuting labels {0, 1}.
Subcase (c): i = f, then I'}, . = E[D; Di(1 — D;)(1 — Di)| Fyp,ym]ws,, —1 = —1. Then
the relevant terms in the sum are bounded by

|Ln| n

-2
DD B @) SR ER LD

a=3 s=1 ,5,l€ga,s
1,7,0 distinct

n

|Ln|
qn
szzﬁuﬁw ) X I+ I
3 s=1

1€Ga,s

S kan Bl " + EullF ") = Op(kan ™)

The first inequality is by Lemma 9.17, and the second uses k, < k,, and maxk>3 ’(g]ikt)l ) =3
Subcase (d): j = I, then '}, , = E[D;D;(1 — D;)(1 — Dy)|Fyp,ymlws, —1 = —1 Then
the relevant terms in the sum are bounded by

[Ln| n 9

> g ) S R FLIELIFS] = Oy ™)

a=3 s=1 a 4,5,f€ga,s

,7,f distinct
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since this is the same expression as the previous case.

Case 3: {1,5} =1L, [}
Subcase (a): (¢,7) = (I, f), then we have
T

= |E[Di(1 = Dj)| Fppu)n)we, — 1| = |wg, — 1 <wen+1<5 241

zgzg| an an

Then the relevant terms in the sum are bounded by

1) 1 121,70 |2
SN S R
a= 1 S= 1 lajega,s
4,5 distinct
|Ln| n 2,52
qn 6 + 1)k, - 0 14
5 3) LG N
a=1 s=1 ’iega,s

THEIE] ]+EnHan\4]) = Op(n"")

The first inequality is by Lemma 9.17, then using maxj>o ﬁ =2
Subcase (b): (4,5) = (f,1), then T3, = E[D;D;(1— D;)(1 = D;)|Fypoymws,, —1 = —1.
Then the relevant terms are bounded by

ZZ ) > IFLIES |<ZZ e O Bl 1
a=1 s=1 a %,J€Ga,s a=1 s=1 a 1€0a,s

4,5 distinct

<20 (EW[|F, "+ EullF]") = Op(n )

By Lemma 9.17 again. From the work above and triangle inequality, we see that

VaI‘(Snlf(wpn < Z Z k? — 1 Z Z | ‘Fl}nF](”),nP}O,nHF?jnlA
a=1 s=1 nggaélfegas

i#]j I#f
= 0y(n™") + Oy ™)

Then by Lemma 9.16, we have the coupling S, — E[Sy|Frypnyn) = Op((kn/n)?).
Together with the result above, we have shown that

Sn = E[FLFL(C) 4 Op(n™72) 4+ Op(ry) + Op(r) + Op((kn/n)'/?)
Next, we consider the residual terms 7,,.

[ Ln| n n

B wa,n . . )
L= (g™ Y030 D0 Dl - D)L € 90,00 € g RYY

1,0 0 1 1 1,0 0 1 1N/, 0 0
Ry = Fj (v, +€)+ F(u, + &)+ (u, + &) (u;, +¢)

Again, let Fy . rayn = 0(V1n, Dinpn, md 7t 7t 74.(). By the residual moments analyzed

above, we have F[R leo\}"(wpn ayn) = 0 for i # j. Since D;(1 — D;)1(i € ga,s)1(J € Gas) €
Fppnriyn, We have E[T,|Fy . ra),] = 0. Next, we consider the conditional variance
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E[T?|Fppnrt)n]- This can be written as

|Ln|
—92 wanwan a,a’,s,s’ 10 1,0
0 Y S S5 e R RNT
a,a’=1 ss’ li#j=11#f=1

,{Zﬁlj?s = Dle(]- — D]>(1 — Df)]].(@ € ga75)]l(j S ga75)]l(l € ga’,s’)]]-(f S ga/751)

Case 1: {i,j} N{l, f} = 0. Then we have E[Rl Ongl}"wpn 4),n) = 0 by the work in our
analysis of Uy, noting that we did not rely on the superscript values. If (a,s) # (d,5),
then {i,j} N {l, f} = 0 on the event {i,j € gos} N{l,f € gu.s}, so all terms with
(a,s) # (d',s") are 0.

Case 2: i € {l,f} or j € {l,f}, exclusive. If i = f then D;D;(1 — D;)(1 — Dy) =
D;Dy(1— D;)(1 — D;) =0 and similarly if j = [. This leaves the subcases i = or j = f,
exclusive. Suppose i = [, then

Rzl,,]ORzl,O an( in +€ )[FO ( 'Ln + 611) + Fz}n(ug,n + 62) + (uzl,n + 63)(“2,71 + 6?)]

+ Fy (uf, + €)FD (g, + el> + F(ud, + €) + (ui, + €)(uf,, + €])]
+ (ui,n + Ez)(“fn + ef)[FO ( zn + 611) + Fz%n(u(]),n + 69) + (uzl,n + 6})(’&?,” + 69)]

Again applying Lemma 9.22, only the first cross moments remains, leaving

[BLR; Ry F N F g pr ity nll = | EFL o Fp (e + €[ F ety
- ‘Ff,n j,n’( ul,n(Xi) + E[Ol( l)‘whpz,n]) S 2’F]97nF;?n‘62

Suppose j = f. Then reasoning similarly the only non-zero cross-moment is
1,0 1,0 _
‘E[Ri,j Rl,j “F(T/J:pn,Td),nH = ’E[F}}nﬂl,n( j n +€ ) ‘F(’ll} P, T4, ” S Q‘F}}nﬂl,nyoz

Case 3: {1,j} = {l, f}. Note that D;D;(1 — D;)(1 — D;) = 0, so we need only consider
the case where ¢ = [ and j = f. We have

(R = (Fpo(ul, +€)+ FL(u), +€0) + (u],, +€)(u),, +€)))
= (F}) (i, +6)° + (an) (u,, + €))? + (u;,, + €)*(u), + €])°
+ 2 (F’jonF’zln( U, n + €; )( j,n + ej) + F}?n(uzl,n + 621)2(u2,n + E;)) + F;l,n(u;),n + 62)2(’&1{” + 611))
I ' U1, usi L2,
As in our analysis of vy, using Lemma 9.22, all the cross terms are conditionally mean
zero. Also
[ Uim Z"prnT ]:E[uzl,nezl(ug ) |‘F’¢'pnT ]_O

Using these observations and application of Lemma 9.22 to compute higher order moments
as in the previous analysis, £ [(R;,}Q)Zlf(wmnﬂ-d%n] simplifies as
(F]Q,n)Q(O—?Ll,n<Xi) + E[O—%(Xl) |w17 Pin, C]) + (E{n)Q(Uzo,n(Xj> + E[Ug(X]) Wj» Pjn, C])
+ 0o ) (Xi) om0, (X;) + 0o (X0 Elog (X5) [0, Dim, €] + Elot(Xi) i, pim, o (X))
+ E[U%(Xlﬂwupl,nv C]E[U(Q](Xjﬂwﬁpj,n? C] < 2(@?71)262 + Q(Fz%n)QEQ + 4(62>2
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From the discussion above, we can simplify

|Ln|

E[Tz‘F(w,pn,Td),n] = (qn> Z k —_ 1 Z Z /i;l]azsjs

|Ln|

1,0
}j )2 |f(¢,Pn,T‘i),n}

s=1 i#j=1

+(qn)” Z (kq _1 Z Z Z K?JazsfsERloleﬂfzﬂpnT) ]

|Ln|

s=1 i£j=1 f#{ij}

+ (qn)” QZ G _1 Z Z D R BIRY Ry F g ety

= Tn,l + Tn,2 + Tn,3

Note the weight bound

2 _ Fa(ka— 1)

s=1 ij=11¢{i,j}

4
A S

wan -
" gi (ke — ga)?

Then we have

|Ln|

Th1= (qn)_QZ Z Z D;(1—
a=1 s=1 i#j=1
|Ln|

s54@m2§jkj_1 §j§jl>1—

a=1 s=1i#j=1

= qa(ka — Ga)?

V1(i,§ € gas) EIRD) I F g pmrty ]

J1(i,J € gass) [2(F},)"5° + 2(F,)*5" + 4(7°)?]

The first term in the brackets is bounded by

|Ln|

n

)1(j € gas)(F)* D> Dill(i € gas)
P

1(j € gas)(F}n)?¢al(gas # 0)

1(j € gaS)(FO )2

L(j € gas)(F},)" = 0 En[Ti(1 — D)) (F},)*] = Op(n7)

Identical reasoning can be used to show that

\Ln\

n- k:—l ZZDl—

s=1 i#j=1

(i, j € ga8>2<F1 )T i Op(n71>
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The last term in the bracket gives

3
3

| Ln| 1

WY iR o 2 D= D)L € 000
a=1 =11

|Ln|
,ZZQak a_l% [( gas?é®>

o (o)

=0p( )+ Op(|Lnln™?)

<45 4@ % [n + | L]

Summarizing, we have shown that T, ; = O,(n!). Next, consider T, 5. By triangle
inequality

|Ln|

73l aass 1,0 1,0
T2l < (qn)” QZ e ZZ Y K EIR R F syl
s=11#j=1 f¢{i,j}
|Ln|

0 QZ L Z Z >. D ~ DpL(i. . f € 9as)|F} )

s=1#j=1 f¢{i,j}

Then E[|T2]|Fppn)al is bounded above by

| Ln| —2 2 n
>SS Y B - D)0 DS €
a= s=1i#j=1 f&{i,j}

[Lnl

2 2 _ _ _
D N I I I e R

s=1i#j=1 f¢{i,j}

We can simplify the (a,n) weight as

wg,nQa(ka —a)(ka — qa — 1) _ kz(ka - 1>2(ka — qo) (ko — qa — 1)
kalka =12 (ko —2)  ka(ka —1)%(ka — 2)@2 (ko — a)?
o ka(ka — 4o — 1)
_(ka - 1)(]{3(1 - Q)QZ(ka - Qa)
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The inner summand 1is

ZZ Z ijEga5|an nl_zzﬂjfegaS’an n‘z ZEgas

s=1i£j=1 f&{i,j} s=1 j#£f iZ{5,f}
2
_Zk _2 Z]ljfEQalefn ,n’gz<ka_2) Z‘F’]()
J#Ef s=1 J€Ya,s
S -2k (1 I < k- 2 Y (2
s=1 J€Ya,s s=1 J€Ya,s

The first inequality is by adding and subtracting the diagonal terms, and the second is
by Jensen. Using the two preceding displays, we have

L]

_ . 2k2(k: —9)(
al a) s=1 j€ga,s
Lok, & USRS S R
S SE S 3D S ETRNED S Sp BTs
a=1 % s=1 jEga,s a=1 s=1 j€Ega,s

ST B [T(F,)] = Op(n )

The first inequality simplifies, using maxy>o % = 2 and maxy>o % < 1. The second
inequality uses kq/q, = o~ < 67" and ¢;' < 1. By Lemma 9.16, T2 = Oy(n~'). A very
similar argument shows that T, 3 = O,(n!). Putting this together, we have shown that
BT Fppnrtynl = Tni+Tnz+Ths = Oy(n~"), so that T, = O,(n~/?) by Lemma 9.16.

Summarizing, we have shown that

vig=Sn + T, = E[Snu:(d},pn),n] + (Sn — E[Snlf(w Dn), nl) + Th
= BIELFI + 0pn™%) + O,(r5) + 0,(52) + Oy (Fufm) 72) + 0, (v/ Ll /)

This completes the proof of the lemma. n

9.5 Propositions

Definition 9.13 (Conditional Weak Convergence). For random variables A4, € R? and
o-algebras (F,),, define conditional weak convergence

AFo=A <<  E[e"|F,]=E["Y +0,(1) VteR?
We require a slight modification of the martingale difference CLT in Billingsley.

Proposition 9.14 (MDS-CLT). Consider probability spaces (S, Gn, P,) each equipped
with filtration (Fi)k>0. Suppose (Yin) i, is adapted to (Fn)k>0 and has E[Yy | Fr—1,,] =
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0 for all k > 1 with r, — oco. Make the following definitions

k k
2 2 2
= § :Y;Cﬂl Okmn = E[Yk,n|]:k—1,n] Zkﬂl = § :O-k,n
= j=1

Denote S, = S,, n and ¥, = %, .. Suppose that ¥, € Fo., for alln and 3, = 0> +0,(1).
Also, suppose for each € > 0

D ENZA(Yeal = O1Fon] = 0,(1) (9.8)
k=1

Then Ele™|Fo,] = e 277 + 0,(1).

Proof. We may compute
B |90 — 307 By, | = [0 (1 = e3™5nem 30 By | 4 Bl 307 (e3P0t — 1) Ry )
For the first term, by conditional Jensen inequality

Bl (1 = A Fol| < BII(1 - el —%t202>|rfo,n1
= |(1 = 3 em2) = 0,(1)

The first equality since X, € Fy,,. Since 3, = 02 + 0,(1), the second equality follows by
continuous mapping. Following the telescoping argument in Billingsley (henceforth BL),
the second term is

|€—%t202E[(6%t22n6itSn _ 1)|}—07n]| _ 6_%t202|E[(6%t22"6itS" _ 1)|}—07n]|
Tn

< |E[(€%t22neit5n — )| Fon]l = Z E[eits’“—l’”e%tQEk*” (eitYkm _ o3t )| Fonl
k=1

1

Tn
e3"n N7 B[|¢itShotn B(¢hn — =30k | Fy_y )| Foal
k=1

IN

<Y BB|(e ™ — e 30| Fosy | Pl + 0p(1)
k=1

The second to last inequality follows by triangle inequality and since Xy, € Fo ., 2pn <
3, and Sy_1,, € Fr_1,for 1 <k <n. Define Z,, = ,_, E[|E[(e“y’“v”—e_%t2"i”)|.7:k_17n]H]:om],
and note that this is positive. For the final inequality, let ¢ > 0% and note that

(2 —e3)Z, < (3™ — e3") Z,1(20 2 o)
< 2n(e2™ — e2)1(S, > o) = 0,(1)
The first inequality since Z, > 0. The second is by (conditional) Jensen inequality. For
the final equality

1,2

P <2n(e%t22" — e (8, > ) > e) < P (3, >c)=o0,(1)

90



Fix € > 0 and let I, = 1(|Ysn| > €). The same argument as in BL shows that for
K, >t2 V|t

. _ 1,2 2
|E[<€ZtYk’n —¢€ 2t Uk’n)|‘/—_.k—17n]| S Kt<o-lin + YkQ,n]k,n + Eai,n)

so that the sum above is
Tn

Z EHE[(@”Y]“" — €_§t2aiwn>’kaljn]Hfo’n] S Kt Z E[U:,n + Yk%n[k,ﬂ + Go'lin’f.(),n]

k=1

—KE | 0k + YiuTkn + wi,nlfo,n] < K,E

Lk=1

Zn(ml?x Ornt€)+ Z Y]znjk,n’f(),n]

k=1

<K,E |%, (ez + Z B2 Tkl Fe-1n] + e> + Z Y2 Tkl Fon

k=1 k=1

=K, 50 (€ + €) + Ki(S0 + 1) Y B2, Lkl Fonl < Kic(€® + €) + Ki(c + 1)0,(1) + 0,(1)
k=1

The first inequality by the fact from BL in second to last display. The first equality is by
Tonelli’s theorem. The second inequality uses the definition of ¥,,. The third inequality
follows as in BL by taking max; on both sides of

0 n = B2 Fern] < ElE + Y2 Lonl Forn] <€+ BV, Tl Fio1n]
k=1

The second to last equality follows by tower law and because ¥,, € Fy,, as assumed above.
The final inequality because (1) £, =c+ %, —c < c+ (X, —¢):1(3,, > ¢) = ¢ + 0,(1)
as shown before and (2) from the assumed Lindberg condition in probability. Then we

have shown that E | — e’%tz‘ﬂfom] = 0,(1). O

Proposition 9.15 (SBR Equivalence). Suppose n = lk for ¢ € N. Then Locy(1,a/k) =
CR(a/k) forany1<a<k-—1

Let 7 € §, and g(7) = 1/nl. For 1 <t < { let gy = {(t — 1)k + 1,...,tk} and the
pre-image 77! (g;) = {77'(i) : i € g;}. Then for Dy., ~ Loc,(1,a/k) by definition

P(Dyy = diy) = Y P(Dyy = din|7)g ZHP 1(ge) = r1(gy)|T)9(T)

TESH TESH t=1

=> H > P(Drigg) = demi(g) |6 m)g(&lT)g(7)

TESH t=1 £,€{0,1}*

=TT S POy = desgl& m)g(€)g(r)

T€SH t=1 g,€{0,1}*
Where by abuse of notation we also denote g(§;,) = (’;)_111(#{2' : & = 1} = a). The

last equality by definition of the design since the index permutation is independent of the
within-group randomizations. The inner probability is in {0, 1}, since the design is totally
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determined by ((&)s, 7). In particular, there exists H deterministic s.t. Dy., = H((&)¢, T)
with (St)t AL 7.

Consider d,d" € {0,1} s.t. #{i : d; = 1} = al and likewise for d’. Clearly there exists
T €Sy s.t. driy = dj for all 1 <4 < n. Then we have

P(Dyy = d) = P((D) = () = P((Di) = (dny)) = P((Ds-19) = (@)

Now note that .

(Di) = H((&)e, ) = H((&)r,mo7) = (Dr1i))

The second equality follows since 7 ~ Unif(S,,), so mo 7 2 7 and because (&) 1L 7.
Putting this together, we see that P(D;., = d') = P(Dy., = d). Since d, d were arbitrary

Locy(1,a/k) = Unif({dy., : E,[di] = a/k}) = CR(a/k)

9.6 Lemmas

Lemma 9.16 (Conditional Convergence). Let (G,)n>1 and (An)n>1 a sequence of o-
algebras and RV’s. Define conditional convergence

A, =o0,6,(1) <= P(|A,]| > €]G,) =0,(1) Ve>0
A, =0,0,(1) <= P(|A.] > sn|Gn) = 0,(1) Vs, = o0

Then the following results hold
(1) A, =0,(1) <= A, =0,g,(1) and A, = 0,(1) <= A, =O,4,(1)
(ii) El|An]|Gn] = 0p(1)/0p(1) = An = 05(1)/0,(1)
(iii) Var(A,|G,) = 0,(c2)/0,(c2) = A, — E[A,|G.] = 0y(cn)/Op(cy) for all positive
(¢n)n

(iv) If (Ap)ns1 has A, < A< o0 Gy-a.s. Vn and A, = 0,(1) = E[|A,]|G.] = 0,(1)
Proof. (i) Consider that for any € > 0
P([An| > €) = E[1(|An] > €)] = E[E[L(|An] > €)[|Gn]] = E[P(|An| > €[Gy)]

If A, = 0,(1), then E[P(|A,| > €|G,)] = o(1), so P(|A,| > €|G,) = 0,(1) by Markov
inequality. Conversely, if P(|A,| > €|G,) = o,(1), then E[P(]A,| > €|G,)] = o(1) since
(P(]An| > €|Gn))n>1 is uniformly bounded, hence UL Then P(|A,| > €) = o(1). The
second equivalence follows directly from the first. (ii) follows from (i) and conditional
Markov inequality. (iii) is an application of (ii). For (iv), note that for any € > 0

E[|An]|Gn] < €+ E[|Au|1(|An| > €)|Gn] < €+ AP(|Ay| > €|Gn) = € + 0,(1)

The equality is by (i) and our assumption. Since € > 0 was arbitrary F[|A,||G,] =
op(1). O
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Lemma 9.17 (Product Diagonalization). Consider positive scalar arrays (z;)%_,, (yi)5_,.
Then the following inequalities are valid

k k k k k k
> mamyyy <KDl ED ul oy <KD b+ Byt
il f=1 i=1 j=1 ij,f=1 i=1 j=1
1,50, f distinct 1,7, f distinct
k k k k k
Z xiyi:ﬁlyjngﬁ%—kaf—l—szZx?—l—k?’ny
ij,l=1 i=1 i=1 i=1 j=1

1,3,0 distinct

k k k k k k
D TSk wi+k) oyl ), away kY a4k} )
i=1 J=1 i=1 j=1

i,j=1 i,j=1
i,j distinct i,j distinct

Proof. Let a > 1, so that ¢(x) = x* is convex on Rx(. Note that by Jensen’s inequality

k a k a k k
(Z :v) =% (k;—l in) SEETY af =k ) af
=1 =1 =1 =1

For the first statement

£ e (o) -((5) (50) < (5) - (5v)

,7,0, f distinct
k k
< kgz:cf—l—k?’Zy?
=1 j=1

The first inequality by positivity, the second by Young’s inequality, and the third by the
fact above. Next we have

k k k 2 k k
Z Yy < (Z l‘?) (Z yj) <k (Z x?) ( yf)
i, f=1 i=1 j=1 i=1 j=1

,4,f distinct
k 2 k 2 k k
<n(3oat) 4r(3) <y ater 3y
i=1 j=1 i=1 j=1

The inequalities follow by positivity and inspection, the fact above, Young’s inequality,
and the fact above again, respectively. Note that by AM-GM inequality and Jensen, for
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a,b,c,d > 0 we have abed < (3(a+ b+ c+d))* < 1(a* +b* + ¢* + d*). Then we have

i Ty < <é xy) (i xl) (g%>

igid=1 =
,5,0 distinct
k 2 /g 12 /oy k k k
< (zxz) (zys) (z) (zyj) < leall (z) (zy)
i1 i=1 =1 =1 =1 =1
k 4 k 4 k k k k
sux\|§+uyu§+<zxz> +(Z%) B S TN S IRt SR ERT) o
=1 =1 i1 i1 i=1 =1

Next we have

k 2 k 2 k i
= (Z$?> +<Zy?> <k a4k y)
i,jié]i‘s:tilnct ' j=1 i=1 =1

Next we have

k k 2 k k
> wyrgy; < <Z xy) < zlPllyl> < )+ lyll* <& af+ k) y
ij=1 i=1 i=1 j=1

4,7 distinct

]

Lemma 9.18 (Discretization Properties). Suppose assumption 9.1 holds with ¢, = ¢ for
n>1,¢ 1 Wiy, and pin = pin = p(Xi, (). Suppose G is bounded, Lipschitz and H a
function with E[H(W;, ()?|¢] < oo, (-a.s. Then we have

E [HW;, Q)G (pin)] = E[HW;, Q)G (p)|C] + Op(rh) + Op(n™"/?)

In particular, this holds for any CY(K) function on K compact.
Proof. Let H; = H(W;, (). We may calculate
| En[HiG (pin)] = En[HiG(p)]] < En [|Hi||G(pin) — G(pi)l] < BEy [|Hil|pin — pil]
S |pn = plocEnl|Hil] = Op(r7)Op(1)
Now note that E[E,[H (Wi, Q)G(p;)]|¢] = E[H (Wi, ()G(p:)|¢] and
Var (E,[H(Wi, Q)G (p(X:, O)IC) = 0" Y Cov(HiG (pin), HynG(psn)[C)

0]

=n" "B, [Var(H;G (pi,n) Q)] S n™ ' EIH;|¢] = Op(n)

The second equality by Lemma 9.21 with r;(W;) = 1 and &, = 1. The first inequality by a
second moment bound of the variance and boundedness of G. By conditional Chebyshev
(Lemma 9.16), this shows the claim. O

Lemma 9.19 (Design Properties). Let Dy., ~ Gry((gas)as, Ln). Let 78 = (7'5{5)(17S jointly
independent with (T;l,s,é)?il ~ CR(qa/kq) for 1 <s<mn—1 and (Tj,n,e)’;il ~ SRS(qa/ka)-
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Let (F,)n>0 a sequence of o-algebras with 0((gas)as) S Fn and F, 1L 7. Then the
following hold

(i) For all 1 < i <m, there are deterministic G; such that

ka
Dil(i € gas) = Z]l(z = Ga,s.0) gsz = Gi(ga,mTis)
(=1
(i1) For each i € [n| we have
‘L*n n
D’F Zzﬂzegas'a
a=1 s=1

In particular, E[D;1(i € gas)|Fn] = 1(i € Gas) * Pa-
(iii) For1<i<nand1<s<n

Var(D;|Fn)1(i € gas) = pa(l — pa)1(i € gus)

For1 <1,5 <n distinct indices and 1 < s <n—1

.. Qa Qa - 1 .o
E[DzD]‘«Fn]]l(Za] € ga,s) = ﬁﬂ(%] € ga,s)
.. Ga ka — Ga ..
Cov(D;, Dj| F)1(3,§ € Gas) = —ﬁﬂ(z,j € Yas)

For 1 <1,7 <n distinct indices and s =n
Cov(D;, D;j|F)1(4,5 € Gas) =0
For 1 <i,5 <n distinct indices

Cov(D;, Dj|Fn)L(g(2) # 9(4)) =

In particular we have

(1/4)1(i € ga,s)

Var(Dy|F) L € gas)| <
| <k 1]1(2,] € Gas)1(s #n)

| Cov(D;, Dj|F)1(i,j € Gas)

Proof. For the first statement, note that

|Ln| n ka

D Zegas ZZZ]I Z—gasé asf]lzegas Zﬂz_gasé asg—Gi(ga,mT(is)

a=1 s=1 /(=1
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For the second, note that under (i) and the assumed conditions

[Ln| n ke [Ln] n ke
E[Di|Fy)] ZZZE (i = Gays,0) T 0| Fa] ZZZ]I i = Gast) E[T2 s 4| F)
a=1 s=1 /=1 a=1 s=1 (=1
[Ln| n ke [Lnl n ke
_Zzzﬂl_gasé asé Zzzll—gasé
a=1 s=1 /=1 a=1 s=1 (=1

The second equality by the first containment. The third equality is by independence.
Then note that 325, 1(i = gase) = 1(i € gas)-

For (iii), by the decomposition above and c-algebra assumption, for 1 < j # i < n we
have

|Ln| n

COV(Di,Djl.F Z Z ZG:Z]I Z—gasé ]—ga s’Z’)COV<a3£7 a’, /e/lf)

a,a’=1s,s'=1 £=1 {'=

By o-algebra independence and joint independence of groupwise randomizations

Cov(rg Tas,00 T / vl Fn) = Cov (7 Tays,00 T df,s/,@/)
0 (a,8) # (d',8)
Pa — D (a,s,0) = (a',s',0)
- —eletd (a,5) = (@, 8); (AL 1<s<n
0 (a,s) = (d',8"); (#£U s=n

The third line follows since by definition of CR(q,/k,), for (a,s) = (a/,s") we have

EN "k —2
%wwbgm:mmfzm:n—mezgj(“ )4wm2

a QQ_Q

Qa(Qa — 1) 2 __ Qa<ka - Q(L)
Thth 1) e

The bounds follow by inspection. O]

Lemma 9.20 (Stochastic Balance). Let (F;,)n>1 such that 0((ga.s)a.s, (hn(W3))i,) C Fn
for a sequence of functions (hy)p>1. Let Dy, ~ Locy(v,p) and require F, 1L 7. Let
St € {0,1}" such that {i: S; =1} = ||, , ga.s- The following hold

(1) E[S{(D; = pa(Xi)) h(W)] = n 0 570 S (Di = pin) (W)
(2) BB [S/(D; — pa(X:)ha(Wi)]|Fo] = 0
(8) Var(E,[Si(Di — pu(X)) ha(W)I|F) < 207 B, [Sih(W;)?] < 207 B by (Wi)?)

(4) If sup,>, E[h,(W)?] < oo and 3 (F,)n>1 satisfying the conditions above, then
En[Si(Di = pu(Xi)ha(Wi)] = Op(n172)
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Finally, (5) we have a representation by within-group differences

Lol n
Var(En[Si(Di = pn(X:))) hn(Wi)]| Fn) sz ' Z (A (W3) = hn(W))

Cids
+ 12k | Lo - max , (W3)?

Proof. For (1), by assumption {i: S; =1} =[], , ga,s, 50 we have

ILn|l n
En[Si(Di = pin)hn(Wi)] =0~ Z (D; = pig)hn(W;) = 07" Z Z Z (Di = pin)hn(Wi)
:5;=1 a=1 s=11i€gq,s

[Ln] n n

=nt)y > > (D Wi)L(i € ga.s)

a=1 s=1 i=1

For (2), by Lemma 9.19.(ii) and our measurability assumptions
E[(Dz - pa)hn(VVz)]l(Z € ga,s)|Fn] = hn(VVz)E[(Dz - pa)ﬂ(Z € ga,s)|fn] =

Then E[E,[(D;—pin)hn(W;)]|F.] = 0. Using the expansion, Var(E,[(D;—pin)hn(W:)]|Fn)
is
[Ln| n
_2 Z Z ZCOV h (W’L)]l(z S ga,s)7 (D] _pa’)hna/vj)]l(j € ga’,s’)"’rn)
a,a’ s,s'=1 1,)
[Ln| n
=n?> ) Zh V1(i € gos)1(j € gur.sr) Cov(Dy, D;|F)
a,a’ s,s'=1 14,)
[Ln] n n

—n*2ZZZh J1(i,j € gas) Cov(D;, D;|Fp)

a=1 s=1 14,5

The final equality follows from Lemma 9.19.(iii). By triangle inequality and the covariance
bound in Lemma 9.19.(iii), this is bounded above by

|Ln| n n
nZZZ[Zh zegas+2\h (W10, € ga)kiz 1 (s # n)

a=1 s=1 Li=1 i#]

[Ln] n n

<0 Ba[ha (WPl 4 )03 D (W)l ha(W)IL(i, j € gas)ky !

a=1 s=1 i#j
<n'E,[h, —I—n_QZZ(ZUz |]lz€ga5)> k!
a=1 s=1 i=1
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Continuing the calculation

[Ln] n

=n" By (W) + 0%k Y > kD [ha(W,
a=1 s=1 1€0a,s
[Ln] n

< By (W) 4072k 3 ) kY [ (W,
a=1 s=1 1€79a,s

= 207 B, [Siha(Wi)?] < 207 By [ (W5)?]

The first inequality by removing the 1(s # n) indicator. The second inequality by adding
and subtracting diagonal terms. The third inequality is Jensen’s. This completes the
proof of (3). Claim (4) follows by applying (2), (3) with (F,),>1 any sequence satisfying
the conditions, followed by conditional Markov inequality (Lemma 9.16).

For the final identity (5), note that from Lemma 9.19.(iii) for s # n

Z B W;) Cov(D;, D;| Fy) = Z B

'L]egas ZE.gas
Qa(ka_Qa) =
+ ]Cg(k?a—l) L= ( ) n( ’L) Tl( J)

1<j

Note that —2ab = (a — b)? — a® — b%. Then the second sum is

D (Wb (Ws) = D7 [(en(W) = (W) = b (Wi)? = (W)
= 37 (W) = (W) = (ks = 1) 3 ha(W)°

Substituting in the first display above, the diagonal terms cancel For the claimed con-
stant, note that maxye1p(l — p) < 1/4 and maxyss 27 < 2, so ’Jk‘g((k’"l—‘]l‘l) < kb
Aggregating over (a, s) gives

‘Ln n—1

ny ZZ +Zh L(i € gan)

a=1 | s=114,jEga,s

i<j
The second term is
1SS ARG € ) < b (S 310 € )
a=1 i=1 = a=1 i=1

< n_QEn|Ln| . mﬁalx hn(I/VZ-)2
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This finishes the proof. O
Lemma 9.21 (Conditional Moments). Write W; = (X, Y;(1),Y:(0)). Let (h;)!, and

(ri)f_y a collection of deterministic functions. Consider random elements (&,,(,) such
that (Wi, &, Go) are jointly independent. Let F,, = o((ri(Wi, Gu))iy, &n,y Ga). Then for
any I C [n]

E | [T h(WirGa) |f] [T 2 1h:(We, Go) (Wi, o), G

el i€l

In particular, if 3j € I such that E[h;(W;, ,)|ri(W;, G), G] = 0 then

E th(mfz,%)’fn] =0

iel

Proof. First, note that since the elements of W7, are jointly independent, and W1.,, 1L (,,
one can show that ((W;, (,))™, are jointly independent given (,,. The proof heavily relies
on the following fact: (A, B) 1L C = A 1L C|B. We have

=F H hi(Wi; Cn)

(Ti(VVia Cn))?:l? Cna gn]

Lict icl
= E | hWi, 6a)|(rsWi, GV G | = B T 2s(Wi, G) (i (W, Cn))z'ean]
Licr icl

=E| [] mWi,G)E | h;(W;,¢.)
[ie1\{j}

T Vi, G, ri( Wi, Ga)dier G
iel\{j}

(Ti(Wu Cn))z‘el, Cn

The second equality is by &, L (Wi.,,(,) and the fact above. The third equality is by
independent sampling the fact above with (A, B) = ((h;(W;, (u))ier, (ri(Wi, Ga) )ier) and
C = (r;(W;,(a))iere, applied under the conditional measure given (,. The final equality
is by tower law. The inner expectation is

E bWy, 6| [T hi(Wir Ga)s (ri( Wi, Ga))iers G
iel\{5}

=E |h(W;,.6)| T ha(Wi, G). (rs(Wi Ga)Jiengy 75 (Wi Ga) G
| i€\{j}
=F [hj(Wj7 Cn) |Tj(Wj7 Cn)’ Cn]

The final equality uses the fact above with C' = (Hia\{j} hi(Wi, Cn), (i (W5, Cn))z’d\{j})
and (A, B) = (h;(W;, (), 7m;(W;, (), again applied conditionally on ¢,. Returning to
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the display above, we have

=FE [hj<Wj7 Cn)|rrj<Wj7 Cn)v Cn} E H hz<Wz7 Cn) (Ti(Wia Cn))iela Cn
| ieI\{j}

el

= E (W, G)lri(W5, ), GLE | T ha(Wa, Go) | (ri(Wi, G)ien gy G
e {3}

The last equality uses (A, B) = (Hiel\{j} hi(Wi, Cn), (i (W5, Cn>)i€]\{j}> and C' = r;(W;, ().
This expression has the same form as in the first display, so the conclusion follows by
induction. ]

Lemma 9.22 (Residual Selection). Let F,, = 0 (V1.0 Pronns Gy En)s With pin = pu(Xi, C),
i = P(Xi, (). Assume (Wi, &, G) are jointly independent. Suppose that for (F;,)",
deterministic functions

uz,n = E,n(Xia gn) - E[Fz,n(Xla Cn) ”le, pi,rw Cn] Ui,i,n = E[uzz,n|¢i7pi,na Cn]

Let i,5,1, f € [n] dz’stinct indices. The following moments hold for arbitrary miztures of

superscripts €; € {e}, %}, which we suppress.

Eluin|Fn] = El&|Fn] = Eluin€i| Fo] = Eltintjn|Fn] = Eluin€;|Fo] = Elei€;|F]
Elu; nujn€l|Fn] = Elunejel|Fn] = Eltintynin|Fn] = Elei€je|Fn] = Elecjecs| F)
E[EiEj‘Eluf,n|Fn] - [€Z€jul nufnl ] [Ezuj,nul,nuf,n|fn] - E[ui,nuj,nul,nuf,n|fn]
[

Bl n€itijn€5| Fu] = El(uin + €)(uy, j) [Fnl =0

The higher order moments

Elu; | Fa]
E[(“Zﬂ“]ﬂ) | F]
Ele;|Fy)

]
]

uzn

Q Q

u,i,n ugn

E[o*(X3) |41, Dins il
o o (Xi) E[0(X;)[05, Djims Cal
Elo 2( i)|Vi, Din, Co] Elo ( j)’wjvpj,nacn]

Proof. We start with the first three inequalities. By applying Lemma 9.21 with h;(W;, (,,) =
Uin, Ti(Wiy Go) = (W(X5, Gn)y n(Xiy G)) and I = [n], we have Eu; | Fn] = Elwin|i, Din, Gi) =

0. Similarly, we have
E[Ezp:n] - E[Eiw)iapi,n) Cn] = E[E[€Z|X“ Cn} |¢i7pi,m Cn] = E[E[61|XZ] |¢i7pi,m Cn] =0
Also, Efu; ;| F,] = 0 because

E[ui,n€i|’¢iapi,n7 Cn] = E[E[ui,n€i|Xia Cn]|¢z‘7pz',n, Cn] = E[Ui,nE[€¢|Xi]|¢z‘7pz',m Cn] =0

E(u; ne]) | Fo
El(ei€;)?| Fn

The claims in the first display follow from these moments by applying Lemma 9.21 with
ri(Wi, ¢,) = (¢, pi) and varying the index set I and functions (h;),. For instance, for
the second to last statement I = {7, j}, hi(W;, () = win+6 and hj(W;, G,) = (ujn+e€;)>
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The other equalities are similar.

For the second display, by Lemma 9.21 we have E[u;,|F.] = Eu, Vs, Din, Gl = 0p 0
and

Ele}|Fa] = E[&[vi, pin: G = ELE[€] | X, Gal[i, pins G = ELE[E|Xi] Wi, pins Gl
= E[O—Q(Xi”wiapim,a Cnl
The first line by applying Lemma 9.21, then tower law and independence. The other
equalities in the display now again follow by applying the Lemma 9.21 with r;(W;,(,) =

(¢i,piy) and varying the index set I and functions (h;)?,. For instance, for the last
equality let I = {i,5}, hi(W;, () = €2. =

101



	Introduction
	Related Literature

	Motivation and Description of Method
	Motivating Example
	Variance due to Selection
	Variance due to Assignment

	Efficient Estimation under Local Randomization
	Formal Definition and Local Group Construction
	Group Construction
	Varying Treatment Proportions

	Efficient Design with a Pilot Study

	Asymptotics and Optimal Designs
	Constant Treatment Proportions
	The Optimal Design
	Varying Treatment Proportions
	Fully Optimal Designs
	Theory Discussion

	Efficient Design with a Pilot Experiment
	Robust Solution
	Comparison with Optimal Stratification Trees

	Using a Pilot Study to ``Estimate what to Balance''

	Inference Methods
	Empirical Results
	Simulations

	Conclusion
	Local Balancing Rates
	Proofs
	Proofs - Balancing
	Proof of Proposition 8.4
	Proof of Proposition 8.6

	Proofs - Asymptotics
	Assumptions
	Coupling and General CLT

	Proofs - Design with a Pilot
	Proofs - Inference
	Proof of Theorem 5.3

	Propositions
	Lemmas


